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1. Introduction

”Market model”

Riskless asset:

(1.1) dS0(t) = r(Xt)S
0(t)dt, S0(0) = s0.

Risky assets:

(1.2)


dSi(t) = Si(t){αi(Xt)dt +

∑n+m
k=1 σi

k(Xt)dW k
t },

Si(0) = si, i = 1, ..., m

Factors:

(1.3)

 dXt = β(Xt)dt + λ(Xt)dWt,

X(0) = x ∈ Rn,



Total wealth:

Vt =
m∑

i=0

N i
tS

i
t

N i
t : Number of the shares

hi
t =

N i
tS

i
t

Vt
: Portfolio proportion i = 0,1,2, . . . , m.

ht = (h1
t , . . . , hm

t )

dVt

Vt
= r(Xt)dt + h(t)∗(α(Xt) − r(Xt)1)dt + h(t)∗σ(Xt)dWt,

logVT = logV0

+
∫ T

0
{−

1

2
h∗

sσσ∗(Xs)hs + h∗
sα̂(Xs) + r(Xs)}dt +

∫ T

0
h∗

sσ(Xs)dWs,

α̂(x) = α(x) − r(x)1.



Problem at the level of the law of large number

1
T logVT (h) = 1

T logVT (h)

= −
1

2T

∫ T

0
{ht − (σσ∗)−1α̂(Xt)}∗σσ∗{ht − (σσ∗)−1α̂(Xt)}dt

+
1

2T

∫ T

0
{α̂(Xt)

∗(σσ∗)−1α̂(Xt) + r(Xt)}dt +
1

T

∫ T

0
h∗

tσ(Xt)dWt

hK
t := (σσ∗)−1α̂(Xt) maximizes pathewise the growth rate of VT (h)

on a long run and it is called ”Kelly portfolio” (log utility portfolio)

or ”numéraire portfolio”. If Xt is ergodic, then

lim
T→∞

1

T
logVT (hK) =

1

2

∫
{α̂(x)∗(σσ∗)−1α̂(x) + r(x)}m(dx)



While, we are interested in the large deviation estimate related

to downside risk minimization

inf
h∈HF(T )

P (
1

T
logVT (h) ≤ κ) ∼ e−TI(κ), T → ∞

κ : a given target growth rate

Problems • find the rate function I(κ)

• asymptotically optimal strategy ?



While, we are interested in the large deviation estimate related
to downside risk minimization

inf
h∈HF(T )

P (
1

T
logVT (h) ≤ κ) ∼ e−TI(κ), T → ∞

κ : a given target growth rate

Problems • find the rate function I(κ)

• asymptotically optimal strategy ?

cf. upside chance maximization

sup
h∈HF

lim
T→∞

1

T
logP (

1

T
logVT (h) ≥ κ) = − inf

[κ,∞)
sup

θ∈[0,θ∗)
{θk − χ+(θ)}

Pham ’03; Stettner ’04; Hata-Sekine ’05; Hata-Iida ’06;
Sekine ’06; Knispel ’12; Sekine ’12 , etc,..



Results on downside risk minimization χ′
0(−∞) < κ < χ′

0(0−)

(1.4)
J0(κ) := limT→∞

1
T infh∈H(T ) logP (1

T logVT (h) ≤ κ)

= limT→∞
1
T logP (1

T logVT (h(θ(κ),T )) ≤ κ)

J0(κ) = −I(κ) ≡ − infk∈(χ′
0(−∞),κ] supθ<0{θk − χ0(θ)}

= −{θ(κ)κ − χ0(θ(κ))},

(1.5) χ0(θ) := lim
T→∞

1

T
inf
h.

logE[eθ logVT (h)], θ < 0.

cf. Hata - N. - Sheu ’10, AAP; N. ’11 QF ; Hata ’11 APFM;
N. ’12 AAP ; Watanabe ’13 SPA; Hata-Sekine ’10 AMO



Complete market case:
Assume that the solution of the SDE

dXi
t = {αi(Xt) −

1

2
(σσ∗(Xt))

ii} +
m∑

j=1

σi
j(Xt)dW

j
t , Xi

0 = 0

is given, and set Xi
t = logSi

t, i = 1,2, . . . , m.

The solution to this SDE is regarded as ”factors” and Si
t = sieXi

t

satisfies the equation (1.2) of the dynamics of the security prices.
The ”factors” are governed by

dXt = β(Xt)dt + λ(Xt)dWt, X0 = x ∈ Rm,

with β(x)i = α(x)i −
1

2
(σσ∗)ii(x), λ(x) = σ(x).

and security prices: S0(t) = s0e
∫ t
0 r(Xs)ds,

(1.2)


dSi(t) = Si(t){αi(Xt)dt +

∑m
k=1 σi

j(Xt)dW
j
t },

Si(0) = si, i = 1, ..., m



2. Large deviation estimates for controlled semi-martingales

(2.1) dXt = β(Xt)dt + λ(Xt)dWt, X0 = x ∈ RN ,

Wt : M- dim. Ft B.M., λ(x): RN 7→ N ⊗ M , β(x): RN 7→ RN

(2.2) J(κ) := lim
T→∞

1

T
inf
h.

logP

(
1

T
FT (X., h.) ≤ κ

)
.

FT (X., h.) =
∫ T

0
f(Xs, hs)ds +

∫ T

0
ϕ(Xs, hs)

∗dWs

hs: Ft - prog. m’ble, Rm-valued, m, N ≤ M

f(x, h) := −
1

2
h∗S(x)h + h∗g(x) + U(x), ϕ(x, h) = δ(x)h,

S(x) : RN 7→ Rm ⊗ Rm, g(x) : RN 7→ Rm, δ(x) : RN 7→ RM ⊗ Rm,



Risk-sensitive control and its H-J-B equation

Consider averaging limit of the portfolio optimization

(2.3) χ̂(θ) := lim
T→∞

1

T
inf

h∈A(T )
J(x;h;T ), θ < 0,

where

(2.4) J(x;h;T ) := logE[eθ{
∫ T
0 f(Xs,hs)ds+

∫ T
0 ϕ(Xs,hs)∗dWs}],

and h ranges over the set A(T ) of all admissible investment strate-

gies defined by

A(T ) = {h;h : [0, T ] × RN 7→ Rm; Borel, |h(t, x)| ≤ C(1 + |x|),
h(t, Xt) is progressively m’ble}

Then, we shall see that (2.3) could be considered the dual problem

to our current problem (2.2).



Assumptions

(2.3)

λ, β, S, g, δ are smooth and globally Lipschitz,
U is smooth and bounded below

|U(x)|, |DU | ≤ M1|x|2 + M2

(2.4) c0δ∗δ(x) ≤ S(x) ≤ c1δ∗δ(x), x ∈ RN , c0, c1 > 0

(2.5) cδI ≤ δ∗δ(x) ≤ c′δI, cδ, c′δ > 0

(2.6) c2|ξ|2 ≤ ξ∗λλ∗(x)ξ ≤ c3|ξ|2, c2, c3 > 0, ξ ∈ Rn,

FT (X., h.) =
∫ T

0
f(Xs, hs)ds +

∫ T

0
ϕ(Xs, hs)

∗dWs

f(x, h) := −
1

2
h∗S(x)h + h∗g(x) + U(x), ϕ(x, h) = δ(x)h,



Note that, when setting

Qθ := S(x) − θδ∗δ(x), θ < 0,

Qθ satisfies

(2.7) (c0 − θ)δ∗δ(x) ≤ Qθ(x) ≤ (c1 − θ)δ∗δ(x)

and

(2.8) θQ−1
θ (x) ≤

θ

c1 − θ
(δ∗δ(x))−1,

θ

c0 − θ
(δ∗δ(x))−1 ≤ θQ−1

θ (x)

Moreover, we have

(2.9)
c0

c0 − θ
I ≤ I + θδQ−1

θ δ∗ ≤ I

(
• In the case of the above market model Q−1

θ = 1
1−θ(σσ∗)−1

)



Transformation to Risk-sensitive control

(2.10) v∗(0, x;T ) = inf
h.∈A(T )

logE[eθ{
∫ T
0 f(Xs,hs)ds+

∫ T
0 ϕ(Xs,hs)∗dWs}].

Introduce a probability measue

Ph(A) = E[eθ
∫ T
0 h∗

sδ
∗(Xs)dWs−θ2

2

∫ T
0 h∗

sδ
∗δ(Xs)hsds : A]

Then, under the measure Xt satisfies

dXt = {β(Xt) + θλδ(Xt)ht}dt + λ(Xt)dWh
t , X0 = x

with B. M. Wh
t defined by

Wh
t := Wt − θ

∫ t

0
δ(Xs)hsds

and the value v∗(0, x;T ) is described as

(2.11) v∗(0, x;T ) = inf
h.∈A(T )

logEh[eθ
∫ T
0 {f(Xs,hs)+

θ
2h∗

sδ
∗δ(Xs)hs}ds]



The H-J-B equation :

∂v
∂t + 1

2tr[λλ∗D2v] + 1
2(Dv)∗λλ∗Dv

+infh{[β + θλδh]∗Dv + θf(x, h) + θ2

2 h∗δ∗δ(x)h} = 0,

v(T, x) = 0,

which is written as

(2.12)



∂v
∂t + 1

2tr[λλ∗D2v] + β∗
θDv + 1

2(Dv)∗λNθλ
∗Dv

+θ
2g∗Q−1

θ g + θU = 0,

v(T, x) = 0,

where

βθ = β + θλδQ−1
θ g, Nθ = I + θδQ−1

θ δ∗, Qθ = S − θδδ∗.



Note that

(2.7) (c0 − θ)δ∗δ(x) ≤ Qθ(x) ≤ (c1 − θ)δ∗δ(x)

and that

(2.9)
c0

c0 − θ
I ≤ Nθ = I + θδQ−1

θ δ∗ ≤ I

• Under our assumptions we can see that H-J-B equation (2.12)

has a sufficiently smooth solution v(t, x) satisfying the nice gradient

estimates.

cf. Bensoussan-Frehse-N ’98 AMO, N. ’96, ’03 SICON,



Then, we have the following verification theorem.

Proposition 1 Assume assumptions (2.3) - (2.6) and let v(t, x;T )

be a solution to (2.12). Then, setting

ĥ(t, x) := Q−1
θ (δ∗λ∗Dv(t, x) + g(x)),

ĥ
(T )
t ≡ ĥ

(θ,T )
t := ĥ(t, Xt) is an optimal strategy:

v(0, x;T ) = logE[eθ{
∫ T
0 f(Xs,ĥ

(T )
s )ds+

∫ T
0 ϕ(Xs,ĥ

(T )
s )∗dWs}]

= infh.∈A(T ) logE[eθ{
∫ T
0 f(Xs,hs)ds+

∫ T
0 ϕ(Xs,hs)∗dWs]



H-J-B equation of ergodic type

Now let us consider the infinite horizon counterpart of (2.12),

called H-J-B equation of ergodic type:

(2.13)

χ(θ) = 1
2tr[λλ∗D2w] + β∗

θDw + 1
2(Dw)∗λNθλ

∗Dw

+θ
2g∗Q−1

θ g + θU.

Owing to Bensoussan-Frehse ’92, Reine Angew. Math. and

Proposition 3.2 in N. ’12 AAP we have the following proposition

concerning (2.13).



Proposition 2 i) Assume that

(2.14) lim
r→∞ inf

|x|≥r
{g∗(δ∗δ)−1g(x) + U(x)} = ∞

besides assumptions (2.3) - (2.6). Then, we have a solution

(χ(θ), w) of (2.13) such that w(x) is bounded above. Moreover,

such a solution (χ, w) is unique up to additive constants with

respect to w and satisfies the following estimate

(2.15) |∇w̄(x)|2 ≤ Cw|x|2 + C′
w

Furthermore, if we assume stronger assumption

(2.16) c4|x|2 − c5 ≤
1

c1 − θ
g∗(δ∗δ)−1g(x) + U(x)

than (2.14), then we have

(2.17) −cw|x|2 + c′w ≥ w(x), cw, c′w > 0.



ii) Assume that

(2.18) β(x)∗x ≤ −cβ|x|2 + c′β, cβ > 0 , c′β > 0

besides assumptions (2.3) - (2.6). Then, there exists a positive

constant b∗ > 0 such that ψb∗(x) := b∗|x|2 satisfies

F (ψb∗)(x) → −∞, as |x| → ∞,

where

F (ψ) =
1

2
tr[λλ∗D2ψ]+β∗

θDψ+
1

2
(Dψ)∗λNθλ

∗Dψ+
θ

2
g∗Q−1

θ g+θU

and we have a solution (χ(θ), w) to (2.13) such that

w − ψb(x) with 0 < b ≤ b∗ is bounded above. Moreover, such

solution is unique up to additive constants.



ii) can be reduced to i) when considering w − ψb in place of w

χ(θ) = 1
2tr[λλ∗D2(w − ψb)] + (βθ + λNθλ

∗Dψb)
∗D(w − ψb)

+1
2(Dw − ψb)

∗λNθλ
∗D(w − ψb) + F (ψb),

cf. also Ichihara ’11, SICON

• In what follows we shall proceed assuming the assumptions of

Proposition 2 i) with (2.16). We can develop parallel arguments

as well in the case of ii) of the proposition.



Large time asymptotics of the solution

Theorem 1 Under the assumptions of Proposition 2 i) with (2.16),

as T → ∞, v(0, x;T ) − {w(x) + χ(θ)T} converges to a constant

c∞ ∈ R uniformly on each compact set.

Corollary 1 Under the assumptions of Theorem 1 we have

lim
T→∞

v(0, x;T )

T
= χ(θ),

where (χ(θ), w(x)) is the solution to H-J-B equation of ergodic

type:

(2.13)
χ(θ) = 1

2tr[λλ∗D2w] + β∗
θDw + 1

2(Dw)∗λNθλ
∗Dw

+θ
2g∗Q−1

θ g + θU,



• As for the proof of Theorem 1, cf. Ichihara and Sheu, ’13 SIMA

, and also N. ’12 preprint.

• A direct proof of Cor. 1 is seen in N. ’ 12 AAP.

Convexity

• The solution v(0, x;T ) to H-J-B equation (2.12) of parabolic

type chatacterize the value of another stochstic control problem,

which can be seen to be convex with respect to θ

• Owing to Corollary 1, we have also convexity of χ(θ).



Ergodicity and exponential integrability

(2.13)
χ(θ) = 1

2tr[λλ∗D2w] + β∗
θDw + 1

2(Dw)∗λNθλ
∗Dw

+θ
2g∗Q−1

θ g + θU,

We can see that the diffusion process governed by

dX̄t = λ(X̄t)dWt + {βθ + λNθλ
∗Dw}(X̄t)dt

with the generator

Lwψ :=
1

2
tr[λλ∗D2ψ] + β∗

θDψ + (Dw)∗λNθλ
∗Dψ

turns out to be ergodic. Further, for each θ1 ≤ θ ≤ θ0 there

exist positive constants k > 0 and C > 0 independent of T and

θ ∈ [θ1, θ0] such that

(2.19) E[ek|X̄T |2] ≤ C



Differentiability of H-J-B equation with respect to θ

We obtain

(EE)′

χ′(θ) = Lww′ + U +
1

2
(λ∗Dw + δ(δ∗δ)−1g)∗

∂Nθ

∂θ
(λ∗Dw + δ(δ∗δ)−1g),

where w′ = ∂w
∂θ (cf. Lemma 6.4 in N. ’12, AAP), after seeing that

Poisson equation :

(2.20) γ(θ) = Lwu(x) + f(x)

has a unique solution (u, γ(θ)) for f ∈ FK defined by

FK = {f ∈ L∞
loc; esssupx∈Bc

R0

|f(x)|
K(x; w̄)

< ∞}, w̄ = −w

K(x; w̄) :=
1

2
(Dw̄)∗λNθλ

∗Dw̄ −
θ

2
g∗Q−1

θ g − θU



and u ∈ Fw̄:

Fw̄ = {u ∈ W
2,p
loc ; esssupx∈Bc

R0

|u(x)|
w̄(x)

< ∞}.

When setting

f(x) = U +
1

2
(λ∗Dw + δ(δ∗δ)−1g)∗

∂Nθ

∂θ
(λ∗Dw + δ(δ∗δ)−1g)

we have (EE)’.



Duality theorem

Theorem 2 Under the assumptions of Theorem 1, we have

for κ ∈ (χ′(−∞), χ′(0−))

lim
T→∞

1

T
inf

h∈A(T )
logP

(
1

T
FT (X., h.) ≤ κ

)
= − inf

k∈(χ′(−∞),κ]
I(k) = −I(κ)

rate function : I(k) := sup
θ<0

{θk − χ(θ)}

Moreover, for θ(κ) such that χ′(θ(κ)) = κ ∈ (χ′(−∞), χ′(0−)) take

a strategy ĥ
(θ(κ),T )
t . Then,

lim
T→∞

1

T
logP

(
1

T
FT (X., h

(θ(κ),T )) ≤ κ

)
= − inf

k∈(χ′(−∞),κ]
I(k) = −I(κ)



Linear Gaussian case (can be independently discussed)

λ(x) ≡ λ, β(x) = Bx + b;

S(x) ≡ S, g(x) = Ax + a, U(x) = 1
2x∗V x + m, δ(x) ≡ δ

λ, B, S, A, V, δ are constant matrices

b, a are constant vectors and m is a constant

δ∗δ > 0, S > 0, V ≥ 0

In this case, the solution v(t, x) to H-J-B equation (2.12) has an

explicit representation such that

v(t, x) =
1

2
x∗P (t)x + q(t)∗x + l(t),

where



Ṗ (t) + K∗
1P (t) + P (t)K1 + P (t)λNθλ

∗P (t) + θA∗Q−1
θ A + θV = 0

K1 = B + θλδQ−1
θ A

q̇(t) + (K1 + λNθλ
∗P (t))∗q(t) + P (t)k1 + θA∗Q−1

θ a = 0

k1 = b + θλδQ−1
θ a

l̇(t)+
1

2
tr[λλ∗P (t)]+ k∗1q(t)+

1

2
q(t)∗λNθλ

∗q(t)+
θ

2
a∗Q−1

θ a+ θm = 0

with the terminal conditions P (T ) = 0, q(T ) = 0, l(T ) = 0.



If we assume that

(I) λλ∗ > 0, A∗A > 0,

or

(II) B is stable,

then we can see that as T → ∞,

P (t;T ) → P , q(t;T ) → q,
l(t;T )

T
→ χ(θ),

where P is the unique non-positive definite solution to the station-

ary Riccati equation:

K∗
1P + PK1 + PλNθλ

∗P + θA∗Q−1
θ A + θV = 0

such that K1 + λNθλ
∗P is stable, q is the one of the algebraic

equation:

(k1 + λNθλ
∗P )∗q + PK1 + θA∗Q−1

θ a = 0,



and χ(θ) is the constant given by

χ(θ) =
1

2
tr[λλ∗P ] + k∗1q +

1

2
q∗λNθλ

∗q +
θ

2
a∗Q−1

θ a + θm.

Further, the pair of a function w(x) = 1
2x∗Px+ q∗x and a constant

χ(θ) turns out to be a solution to the H-J-B equation of ergodic

type. Differentiability of the solution to the H-J-B equation with

respect to θ is also seen through independent arguments of the

above general case and thus, we can deduce the same statement

as Theorem 2 under assumption (I) or (II)



3. Robust estimates of the large deviation probability under

drift uncertainty

dP ζ

dP

∣∣∣∣∣
FT

:= e
∫ T
0 ζ∗sdWs−1

2

∫ T
0 |ζs|2ds

W
ζ
t := Wt −

∫ t
0 ζsds : B.M. under P ζ

(3.1) dXt = {β(Xt) + λ(Xt)ζt}dt + λ(Xt)dW
ζ
t .

(3.2)

J1(κ) := lim
T→∞

1

T
inf
h.

sup
ζ.

logP ζ

(
1

T
{FT (X., h.) +

µ

2

∫ T

0
|ζs|2ds} ≤ κ

)
.

ζt: an uncertainty parameter process, µ > 0: certainty level of β



We are going to see the following duality relationship

J1(κ) := limT→∞
1
T infh. supζ. logP ζ

(
1
T {FT (X., h.) + µ

2

∫ T
0 |ζs|2ds} ≤ κ

)
= − supθ<0{θκ − χ̂1(θ)}.

χ̂1(θ) := lim
T→∞

1

T
inf
h.

sup
ζ.

logEζ[eθ{FT (X.,h.)+
µ
2

∫ T
0 |ζs|2ds}].

(3.3) FT (X., h.) :=
∫ T

0
f(Xs, hs)ds +

∫ T

0
ϕ(Xs, hs)

∗dWs

f(x, h) := −
1

2
h∗S(x)h + h∗g(x) + U(x), ϕ(x, h) = δ(x)h,



Formulation of the game

Lower value function:

u∗(0, x;T ) := inf
h∈∆H

sup
ζ∈Z

logEζ[eθ{FT (X.,h.)+
µ
2

∫ T
0 |ζs|2ds}]

Z = {ζt; ζt = ζ(t, Xt) is prog. m’ble, |ζ(t, x)| ≤ C(1 + |x|) }

ζt: an uncertainty parameter process

∆H = {ht;ht = h(t, Xt, ζt) is prog. m’ble, h(t, x, ζ) ∈ H},

H : the totality of Borel functions h(t, x, ζ) : [0, T ]×RN ×RM 7→ Rm

such that |h(t, x, ζ)| ≤ C(1 + |x| + |ζ|), ∃C > 0.



Transformation to Risk sensitive stochastic differential game

dP ζ,h

dP ζ

∣∣∣∣∣
FT

= eθ
∫ T
0 ϕ(Xs,hs)∗dW

ζ
s −θ2

2

∫ T
0 |ϕ(Xs,hs)|2ds

W ζ,h = W ζ − θ
∫ t

0
ϕ(Xs, hs)ds

dXt = λ(Xt)dW
ζ,h
t + (β(Xt) + λ(Xt)ζt + θδ(Xt)ht)dt

u∗(0, x;T ) = infh∈∆H supζ∈Z logEζ[eθ{FT (X.,h.)+
µ
2

∫ T
0 |ζ|2ds}]

= infh∈∆H supζ∈Z logEζ,h[eθ
∫ T
0 η(Xs,hs,ζs)]

η(x, h, ζ) := f(x, h) + h∗δ(x)∗ζ + µ
2|ζ|

2 + θ
2|δ(x)h|

2

= −1
2h∗Qθh + h∗(δζ + g) + U + µ

2|ζ|
2



Lower Isaacs equation

(3.4)
∂u
∂t + 1

2tr[λλ∗D2u] + β∗Du + 1
2(Du)∗λλ∗Du + H−(x, Du) = 0

u(T, x) = 0,

H−(x, p) = supζ∈RM infh∈Rm Λ(x, p, ζ, h)

= − 1
2θµ(Nθλ

∗p + θδQ−1
θ g)∗R−1

θ,µ(Nθλ
∗p + θδQ−1

θ g)]

+θ
2(g + δ∗λ∗p)∗Q−1

θ (g + δ∗λ∗p) + θU,

Λ(x, p, ζ, h) := {ζ + θδ(x)h}∗λ(x)∗p + θη(x, ζ, h)

Nθ = I + θδQ−1
θ δ∗, Rθ,µ = I +

1

µ
δQ−1

θ δ∗,



For a given solution u to Lower Isaacs equation (3.4), ζ̂(t, x) and

ĥ(t, x, ζ) defined by

ζ̂(t, x) = − 1
θµR−1

θ,µ(Nθλ
∗Du + θδQ−1

θ g)

ĥ(t, x, ζ) = Q−1
θ (g + δ∗ζ + δ∗λ∗Du)

satisfy

ĥ(t, x, ζ) = arg min
h∈Rm

Λ(x, Du(t, x), ζ, h)

ζ̂(t, x) = arg max
ζ∈RM

Λ(x, Du(t, x), ζ, ĥ(t, x, ζ))

and

H−(x, Du) = supζ∈RM infh∈Rm Λ(x, Du(t, x), ζ, h)

= Λ(x, Du(t, x), ζ̂(t, x), ĥ(t, x, ζ̂(t, x)))



Upper Isaacs equation

(3.5)
∂u
∂t + 1

2tr[λλ∗D2u] + β∗Du + 1
2(Du)∗λλ∗Du + H+(x, Du) = 0

u(T, x) = 0,

H+(x, p) := infh∈Rm supζ∈RM Λ(x, p, ζ, h)

≡ infh∈Rm supζ∈RM [{ζ + θδ(x)h}∗λ(x)∗p + θη(x, ζ, h)]

= θ
2{(

1
θµ − 1)δ∗λ∗p − g}∗Q−1

θ−1
µ

{( 1
θµ − 1)δ∗λ∗p − g}

− 1
2θµp∗λλ∗p + θU



For a given solution u to Upper Isaacs equation (3.5), ζ̌(t, x) and

ȟ(t, x, ζ) defined by

ζ̌(t, x, h) = − 1
θµ(λ∗Du + θδh)

ȟ(t, x) = − 1
θµQ−1

θ−1
µ

((1 − θµ)δ∗λ∗Du − θµg)

satisfy

ȟ(t, x) = arg min
h∈Rm

Λ(x, Du(t, x), ζ̌(t, x, h), h)

ζ̌(t, x, h) = arg max
ζ∈RM

Λ(x, Du(t, x), ζ, h)

and

H+(x, Du) = infh∈Rm supζ∈RM Λ(x, Du(t, x), ζ, h)

= Λ(x, Du(t, x), ζ̌(t, x, ȟ(t, x)), ȟ(t, x))



Lemma 1 The Isaacs condition holds :

H−(x, p) = H+(x, p)

and also

ĥ(t, x, ζ̂(t, x)) = ȟ(t, x)

for given a solution u to (3.4).

Isaacs equation (3.4) can be written as

(3.6)



∂u
∂t + 1

2tr[λλ∗D2u] + β∗
θ,µDu

+1
2(Du)∗λNθ,µλ∗Du + θ

2g∗Q−1
θ,µg + θU = 0

u(T, x) = 0,

βθ,µ = β + (θ −
1

µ
)λδQ−1

θ−1
µ

g, Nθ,µ = (1 −
1

θµ
)N

θ−1
µ
, Q−1

θ,µ = Q−1
θ−1

µ



Proposition 3 Under the assumptions (2.3) - (2.6) Isaacs equa-

tion (3.6) has a solution such that

u(t, x) ≤ K0

u, ∂u
∂t ,

∂u
∂xi

, ∂2u
∂xi∂xj

,∈ Lp(0, T ;L
p
loc(R

n))

∂u
∂t ≥ −C

∂2u
∂2t

, ∂2u
∂xi∂t,

∂3u
∂xi∂xj∂xk

, ∂3u
∂xi∂xj∂t ∈ Lp(0, T ;L

p
loc(R

n))

|Du|2 + (c0−θ)(1+c)
c0c2

(∂u
∂t + C) ≤ c′(|DNθ,µ|22r + |Nθ,µ|22r + |D(λλ∗)|22r

+|Dβθ,µ|2r + |βθ,µ|22r + |θU |2r + |θDU |2r

+|θg∗Q−1
θ,µg|2r + |D(θg∗Q−1

θ,µg)|2r + 1)

x ∈ Br, t ∈ [0, T ),



where, c > 0 is an arbitrary positive constant, c′ is a positive

constant depending on c0, c2, c, C, θ and n but not on r, and −C is

the lower bound of U .

• cf. Bensoussan-Frehse-N ’98 AMO, N. ’96, ’03 SICON,

Remark Uniqueness results in viscosity sense are seen in

F. Da Lio - O. Ley, SICON ’06,



Saddle point

Let us set

J(ζ, h(ζ)) := logEζ,h(ζ)[eθ
∫ T
0 η(Xs,h(s,Xs,ζs),ζs)],

where

h(ζ) = h(t, x, ζ), ζ ∈ Z.

Then, we can see that for the solution u(t, x;T ) to (3.4),

u(0, x;T ) = J(ζ̂, ĥ(ζ̂)),

where

(3.7) ζ̂ = ζ̂(t, Xt), ĥ(ζ̂) = ĥ(t, Xt, ζ̂(t, Xt)).

Further, (ζ̂, ĥ(ζ̂)) turns out to be a saddle point of the game:

J(ζ, ĥ(ζ)) ≤ J(ζ̂, ĥ(ζ̂)) ≤ J(ζ̂, h(ζ̂))



and hence

J(ζ̂, ĥ(ζ̂)) = inf
h∈∆H

sup
ζ∈Z

logEζ,h[eθ
∫ T
0 η(Xs,hs,ζs)] ≡ u∗(0, x;T )

Thus, we have the following proposition.

Proposition 4 Let u(t, x;T ) be a solution to (3.4). Then, under

the assumptions (2.3) -(2.6), the pair (ζ̂, ĥ(ζ̂)) of the strategies

defined by (3.7) satisfies ζ̂ ∈ Z, ĥ(ζ̂) ∈ ∆H and attains the value

of the game:

u(0, x;T ) = J(ζ̂, ĥ(ζ̂)) = u∗(0, x;T )

We further have the following proposition.

Proposition 5 ĥ(t, Xt, ζ̂(t, Xt)) = ȟ(t, Xt).



H-J-B equation of ergodic type

Now let us consider the infinite horizon counterpart of (3.6), called

H-J-B equation of ergodic type:

(3.8)

χ1(θ) = 1
2tr[λλ∗D2w] + β∗

θ,µDw + 1
2(Dw)∗λNθ,µλ∗Dw

+θ
2g∗Q−1

θ,µg + θU,

βθ,µ = β + (θ −
1

µ
)λδQ−1

θ−1
µ

g, Nθ,µ = (1 −
1

θµ
)N

θ−1
µ
, Q−1

θ,µ = Q−1
θ−1

µ



Proposition 6 i) Assume that

(3.9) lim
r→∞ inf

|x|≥r
{g∗(δ∗δ)−1g(x) + U(x)} = ∞

besides assumptions (2.3) - (2.6). Then, we have a solution

(χ(θ), w) of (3.8) such that w(x) is bounded above. Moreover,

such a solution (χ, w) is unique up to additive constants with

respect to w and satisfies the following estimate

(3.10) |∇w̄(x)|2 ≤ Cw|x|2 + C′
w

Furthermore, if we assume stronger assumption

(3.11) c4|x|2 − c5 ≤
1

c1 − θ
g∗(δ∗δ)−1g(x) + U(x)

than (3.9), then we have

(3.12) −cw|x|2 + c′w ≥ w(x), cw, c′w > 0.



ii) Assume that

(3.13) β(x)∗x ≤ −cβ|x|2 + c′β, cβ > 0 , c′β > 0

besides assumptions (2.3) - (2.6). Then, there exists a positive

constant b∗ > 0 such that ψb∗(x) := b∗|x|2 satisfies

F (ψb∗)(x) → −∞, as |x| → ∞,

where

F (ψ) =
1

2
tr[λλ∗D2ψ]+β∗

θ,µDψ+
1

2
(Dψ)∗λNθ,µλ∗Dψ+

θ

2
g∗Q−1

θ,µg+θU

and we have a solution (χ(θ), w) to (3.8) such that

w − ψb(x) with 0 < b ≤ b∗ is bounded above. Moreover, such

solution is unique up to additive constants.



• Thus, we have seen the situation is almost same as the non-

robust case and we can proceed assuming the assumptions of

Proposition 6 i) with (3.11). The case of ii) of the proposition

could be similarly discussed according to the above comment.

• Similarly to the non-robust case, we can develop parallel argu-

ments to obtain our duality theorem. Indeed,



• Under the assumptions of Proposition 6 i) with (3.11), as T →
∞, u(0, x;T ) − {w(x) + χ1(θ)T} converges to a constant c∞ ∈ R

uniformly on each compact set.

• As its corollary, we have

(3.14) lim
T→∞

u(0, x;T )

T
= χ1(θ),

where (χ1(θ), w(x)) is the solution to H-J-B equation of ergodic

type:

χ1(θ) = 1
2tr[λλ∗D2w] + β∗

θ,µDw + 1
2(Dw)∗λNθ,µλ∗Dw

+θ
2g∗Q−1

θ,µg + θU,

• Convexity of χ1(θ) is seen in a similar manner to the non- robust

case, Indeed,



• To see the convexity of the solution u(t, x) to the H-J-B equa-

tion of parabolic type with respect to θ we introduce a classical

stochastic control problem

(3.15) ũ∗(0, x;T ) = sup
Z.∈Z

E[
∫ T

0
Φ(Xs, Zs)ds],

with the controlled process Xt governed by the stochastic differ-

ential equation

(3.16) dXt = λ(Xt)dWt + {G(Xt) + λ(Xt)Zt}dt, X0 = x

where

G(x) = β − λδ(δ∗δ)−1g.

Φ(x, z; θ) = θµ
2(1−θ)z

∗N−1
θ−1

µ

z − θµ
1−θµz∗δ(δ∗δ)−1g

+ θµ
2(1−θµ)g

∗(δ∗δ)−1g + θU.



Its H-J-B equation turns out to be identical to the original H-J-B-
Isaacs equation for the risk-sensitive differential game. From the
convexity of Φ(x, z; θ) and the verification theorem we can see that
u(0, x;T ) is convex. Further, Owing to (3.14) above we see the
convexity of χ(θ)

• We can see that

χ(θ) = limT→∞
1
T u(0, x;T ) = limT→∞

1
T supz. E[

∫ T
0 Φ(Ys, zs)ds]

= supz. limT→∞
1
T E[

∫ T
0 Φ(Ys, zs)ds].

the generator of the optimal diffusion process for the problem on
infinite time horizon is seen to be

Lwψ :=
1

2
tr[λλ∗D2ψ] + β∗

θ,µDψ + (Dw)∗λNθ,µλ∗Dψ

and we see that Lw is ergodic.
The optimal diffusion is governed by:

dX̄t = λ(X̄t)dWt + {βθ,µ + λNθ,µλ∗Dw}(X̄t)dt



• Further, under the assumptions of Theorem 1, for each θ1 ≤ θ ≤
θ0 there exist positive constants k > 0 and C > 0 independent of

T and θ ∈ [θ1, θ0] such that

(3.17) E[ek|X̄T |2] ≤ C

• Differentiability of H-J-B equation with respect to θ

can be seen similarly to the non robust case and we have

χ′
1(θ) = Lw̄w′ + (

∂βθ,µ
∂θ )∗Dw + 1

2(Dw)∗λ
∂Nθ,µ

∂θ λ∗Dw

+1
2g∗

∂Q−1
θ,µ

∂θ g + U,

where w′ = ∂w
∂θ .



• Introduce a stochastic differential game

(3.18)
J̄(0, x;T ) = infh. supζ.ν. E

ζ,h,ν[θ{
∫ T
0 f(Xs, hs)ds +

∫ T
0 ϕ(Xs, hs)∗dWs}

+µ
2

∫ T
0 |ζs|2ds − 1

2

∫ T
0 |νs + θδ(X̃s)hs|2ds],

where Xt is a solution to the stochastic differential equation

dXt = {β(Xt)+ λ(Xt)(ζt + νt + θδ(Xt)ht)}dt + λ(Xt)dW̃t, X0 = x,

P ζ,h,ν is a probability mesure:

P ζ,h,ν(A) = Eζ[e
∫ T
0 (νs+θδ(Xs)hs)∗dW

ζ
s −1

2

∫ T
0 |νs+θδ(Xs)hs|2ds;A]

W̃t = W
ζ
t −

∫ t

0
(νs + θδ(Xs)hs)ds.



Setting

Ξ1(x, h, ν; θ) = −
θ

2
h∗Qθ(x)h+θh∗(g(x)+ζ)+θU(x)+

θµ

2
|ζ|2−

1

2
|ν|2,

(3.18) is written as

J̄(0, x;T ) = inf
h.

sup
ν.,ζ.

Eζ,h,ν[
∫ T

0
Ξ1(Xs, hs, ζs, νs; θ)ds].

The corresponding Isaacs equation:

∂u
∂t + 1

2tr[λλ∗D2u]

+ supζ,ν infh[{β + λ(ν + ζ + θδh)}∗Du + Ξ1(x, h, ζ, ν; θ)] = 0,

which is same as
∂u
∂t + 1

2tr[λλ∗D2u] + β∗Du + 1
2(Du)∗λλ∗Du + H−(x, Du) = 0

u(T, x) = 0,



Ergodic type equation

χ1(θ) = 1
2tr[λλ∗D2w]

+ supν∈Rn,ζ∈RM infh∈Rm[{β + λζ + λ(ν + θδh)}∗Dw + Ξ1(x, h, ζ, ν)]

can be written as

(3.19) χ1(θ) = Lw
1w + Ξ1(x, h̃, ζ̃, ν̃)

where

Lw
1ψ =

1

2
tr[λλ∗D2ψ] + β∗

θ,µDψ + (Dw)∗λNθ,µλ∗Dψ

h̃ = Q−1
θ (g + δ∗ζ̃ + δ∗λ∗Dw)

ζ̃ = − 1
θµR−1

θ,µ(Nθλ
∗Dw + θδQ−1

θ g) = − 1
θµN

θ−1
µ
λ∗Dw − 1

µδQ−1
θ−1

µ

g

ν̃ = λ∗Dw



(3.19)′ χ1(θ) = Lw
1w −

1

2
(Dw)∗λNθ,µλ∗Dw +

θ

2
g∗Q−1

θ,µg + θU

(3.20)

χ′
1(θ) = Lw

1w′ + (
∂βθ,µ
∂θ )∗Dw + 1

2(Dw)∗λ
∂Nθ,µ

∂θ λ∗Dw

+1
2g∗

∂θQθ,µ
∂θ

−1
g + U.

(3.19)’ and (3.20) lead

χ1(θ) − θχ′
1(θ) = Lw

1 (w − θw′) −
1

2
|ν̃ + θδh̃|2

and

1

2
|ν̃ + θδh̃|2 =

1

2
{N

θ−1
µ
λ∗Dw + θδQ−1

θ−1
µ

g}∗{N
θ−1

µ
λ∗Dw + θδQ−1

θ−1
µ

g}



Let us consider the worst case uncertainty ζ̃t = ζ̃(Xt) with

ζ̃(x) = −
1

θµ
R−1

θ,µ(Nθλ
∗Dw + θδQ−1

θ g)

and take a probability measure P̃ defined by

dP̃

dP ζ̃

∣∣∣∣∣
FT

= e
∫ T
0 {ν̃+θδh̃}(Xs)∗dW

ζ̃
s −1

2

∫ T
0 |ν̃+θδh̃|2(Xs)ds

Then, under the probability measure P̃ , Xt satisfies

dXt = {β(Xt)+ λ(Xt)(ζ̃t + ν̃t + θδ(Xt)h̃t)}dt + λ(Xt)dW̃t, X0 = x,

where

W̃t = W
ζ̃
t −

∫ t

0
(ν̃s + θδ(Xs)h̃s)ds.

ν̃t = ν̃(Xt), h̃t = h̃(Xt)



Duality theorem

Theorem 3 For κ ∈ (χ′
1(−∞), χ′

1(0−)), we have

lim
T→∞

1

T
inf

h∈∆H
sup
ζ∈Z

logP ζ(FT (X., h.) +
µ

2

∫ T

0
|ζs|2ds ≤ κT ) = −I1(κ)

I1(k) := sup
θ<0

{θk − χ1(θ)}

Moreover, for θ(κ) such that χ′
1(θ(κ)) = κ ∈ (χ′

1(−∞), χ′
1(0−))

take a strategy ĥ(θ(κ))(t, x, ζ̃). Then,

lim
T→∞

1

T
logP ζ̃(FT (X., ĥ

(θ(κ))(·, X., ζ̃.))+
µ

2

∫ T

0
|ζ̃s|2ds ≤ κT ) = −I1(κ)



Note that

infh∈∆H logP ζ̃(FT (X., h(·, X., ζ̃.)) + µ
2

∫ T
0 |ζ̃s|2ds ≤ κT )

≤ logP ζ̃(FT (X., ĥ(θ(κ))(·, X., ζ̃.)) + µ
2

∫ T
0 |ζ̃s|2ds ≤ κT )

≤ supζ logP ζ(FT (X., ĥ(θ(κ))(·, X., ζ.)) + µ
2

∫ T
0 |ζs|2ds ≤ κT )

≤ supζ logEζ[eθ{(FT (X.,ĥ(θ(κ))(·,X.,ζ.))+
µ
2

∫ T
0 |ζs|2ds}−θκT ]

= logEζ̂[eθ{(FT (X.,ĥ(θ(κ))(·,X.,ζ̂.))+
µ
2

∫ T
0 |ζ̂s|2ds}] − θκT

= u(0, x;T ) − θκT

for θ < 0.



• µ is considered as the certainty level of β since we have the

following estimate:

‖ ζ̃ ‖L∞
loc

= O(
1

µ
)

ζ̃(x): the worst case uncertainty



Linear Gaussian case

β(x) = Bx + b, g(x) = Ax + a, U(x) = 1
2x∗V x + m,

λ, δ, S, A, B, V : const. matrices

u(t, x) =
1

2
x∗P (t)x + q(t)∗x + l(t), sol. to the Lower Isaacs eq.


Ṗ (t) − 1−θµ

θµ P (t)λN
θ−1

µ
λ∗P (t) + K∗

1P (t) + P (t)K1

−C∗C + θV = 0

P (T ) = 0

K1 = B + (θ − 1
µ)λδQ−1

θ−1
µ

A

C∗C = −θA∗Q−1
θ−1

µ

A





q̇(t) + (K∗
1 − 1−θµ

θµ P (t)λN
θ−1

µ
λ∗)q(t) + P (t)b

−θA∗δQ−1
θ−1

µ

a − 1−θµ
µ P (t)λδQ−1

θ−1
µ

a = 0

q(T ) = 0



l̇(t) + 1
2tr[λλ∗P (t)] + 1

2(1 − 1
θµ)q(t)λN

θ−1
µ
λ∗q(t)

+(b + (θ − 1
µ)λδQ−1

θ−1
µ

a)∗q(t) + θ
2a∗Q−1

θ−1
µ

a + θm

l(T ) = 0



In this case, if we assume that

(i) B is stable,

or

(ii) λλ∗ > 0, A∗A > 0

then,

P (t;T ) → P , T → ∞ q(t;T ) → q̄

P is a solution to the stationary equation:

−
1 − θµ

θµ
PλN

θ−1
µ
λ∗P + K∗

1P + PK1 − C∗C + θV = 0

such that

K1 −
1 − θµ

θµ
λN

θ−1
µ
λ∗P is stable



q̄ is the solution to

(K∗
1 − 1−θµ

θµ PλN
θ−1

µ
λ∗)q̄ + Pb

−θA∗δQ−1
θ−1

µ

a − 1−θµ
µ PλδQ−1

θ−1
µ

a = 0.

Further,

l(0;T )

T
→ χ1(θ)

χ1(θ) = 1
2tr[λλ∗P ] + 1

2(1 − 1
θµ)q̄λN

θ−1
µ
λ∗q̄

+(b + (θ − 1
µ)λδQ−1

θ−1
µ

a)∗q̄ + θ
2a∗Q−1

θ a + θm

• differentiability of P , q̄, χ1(θ) is seen in a similar way to Hata-

N.-Sheu.
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