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Introduction-3

@ Dynamic programming approach and martingale method
are often used in the study of optimization problems in
finance.

@ The dynamic programming approach is useful for
Markovian model.

@ We can obtain an optimal portfolio by solving
Hamilton-Jacobi-Bellman (HJB) equation.

@ Martingale method is very useful when the market is
complete.

It avoids solving nonlinear (complicated) HJB equation.

@ Martingale method can be applied in general (complete)
diffusion models and general utility functions.
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Introduction-2

In this note we want to show the possibility to use dynamic
programming approach together with martingale method to
solve the problem.

@ We use dynamic programming approach to derive HJB
equation.

@ Martingale method suggests a stochastic differential game
problem.

@ This suggests to rewrite HJB equation as
Hamilton-Jacobi-Isaacs’ equation of a game problem.
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Introduction-1

@ An iteration procedure is used to solve the portfolio
optimization problem.

@ The market in each step is complete.
Martigale method can be used.

@ The limit is a solution.

The talk is based on discussions (and on going project) with
Prof. Fleming (Brown University).
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Optimal Consumption Problem-4

General Utility Functions

.
(C1) sup E[[ e Plu(eXS™)dt+ e PTu(X$™)]
(c,m)eA 0

u is a utility function: u is increasing and concave.

e X" is the wealth with strategy (c, 7).

@ 7 is a trading strategy.
e X is the rate of consumption.

@ Ais a family of admissible strategies.
@ p is the discount factor.

Purpose: To find an optimal strategy (¢, ¢;).
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Optimal Consumption Problem-3

CRRA Utility Functions:
o u(eeX™) = LX), v < 0,9 #0.
@ u(eeXS™) = log(ciXP™), v = 0.

We optimize
T 1 C T1 C
(C2) sup E[[ e P'—(aX™)dt+e PT—(X$T)],
(cr)eda  Jo y y

Shuenn-Jyi Sheu Portfolio Optimization



Optimal Consumption Problem-2

Expected Utility of Final Wealth

No consumption ¢ = 0.
X[ is the wealth process with trading strategy = .

(E) sup E[u(X7)]
TeEA

Risk Sensitive Portfolio Optimization

(RS) sup E[ (X7)71;

TEA

The consumption problem (C2) on infinite time horizon and the
problem (RS) on infinite time has close relation.
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Optimal Consumption Problem-1

Relation between consumption problems and rsik-sensitive
protfolio optimization problems can be found in the papers.

References:
H. Hata and S. J. Sheu (2012), On the HJB eqution for an optimal
consumption problem: I. Existence of Solution, Vol 50, 2373-2400.

H. Hata and S. J. Sheu (2012), On the HJB eqution for an optimal
consumption problem: Il. Verification Theorem, Vol 50, 2401-2430.
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Factor Models-4

Invest on N risky assets and a bank account.
@ Prices of risky assets: Sj(t), i=1,2,---,N,

dSi(t) = Si(t)('(Y(1)dt + ab(Y(£))dBy(1)),

@ Bank account: interest rate is r(Y(t)).

@ Factor process: Y(t) = (y1(t), -, ¥n(1))-
Dynamics:

dY(t) = b(Y(t))dt + o (Y())dB(1).
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Factor Models-3

Wealth Process
@ Investment strategy =y, ¢t:

() = (w1 (1), m2(t), - -, 7w (1))

7i(t) is the proportion of wealth on asset i.
¢ X™¢(t) is the consumption rate.
X™C(t) is the wealth process.

@ Dynamics of X™¢(t):

N dS N
axX™o(t) = X)) mi(t i Z — crdit}.
i=1 =1
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Factor Models-2

Dynamics of Wealth Process

axme(t) = Xme(t){(;m(O(u (Y (1) — r(Y(t)
+r(Y(t) — c(t)dt + mi(t)op(Yr)dB;(1)}.

Dynamics of Factor Process

dy(t) = b(Y(1))dt + or(Y(1))dB(1).

Optimal Consumption Problem:

Find (¢, 7) to optimize
(C1y
=

V(T.x.y)= sup E[| e *'u(eXf™)dt+ e u(X™)
(c,m)eA 0
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Factor Models-1

Thaleia Zariphopoulou(2009), Optimal asset allocation in a
stochastic factor model: an overview and open problems.
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HJB Equations-9

@ Dynamic programming approach has been extensively
used in control theory.

@ HJB (Hamilton-Jacobi-Bellman) equation can de derived.
HJB is a nonlinear partial differential equation.

@ A solution of HJB equation gives a candidate of optimal
control.
@ Merton (1970) implements the idea in continuous time

models to derive an optimal trading strategy for an
investment problem.
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HJB Equation-8

@ Hamilton-Jacobi-Bellman (HJB) equation for V(-):
(HJB) )
9 = 3>;ar(y)DV + b(y) Dy V +sup, . [u(cx) — pV

+xm*op(y)op(y)* Dy V + 3x2m*op(y)op(y)mDex V

XDV (x, y){r(y) + 7 (u(y) = r(y)1) — c}l,

c, 7 are taken ¢ € [0,00), ™ € R™.
@ From V(t,x,y), we define c*(t, x, y), 7" (¢, x, y) by

u'(cx) = Dy V(t,x,y)

X2Dy Vap(y)op(y) m + x(or(y)op(y) Dy V(L X, y)
+Dx V(t, X, y)(u(y) — r(y)1) = 0.

@ c*(T —t, X(t), Y(1)), m(T — t, X(t), Y(t)) gives a
candidate of optimal strategy.
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HJB Equation-7

@ The verification theorem is a theorem to verify this
optimality.

The final form of the HJB Equation becomes:

= 1al(y)Dyy,V +g(y) Dy, V + rxDx V + u*(Dy V) — pV

Q‘J‘QJ
=<

— 3007 (DxV(u(y) = r(y)1) + op(¥)of(y) Dy V)
-ap(y) "' (Dx V(u(y) — r(y)1) + op(y)o(y) Dy V).

The initial condition is V(0, x, y) = u(x).
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HJB Equation-6

CRRA Utility Function
@ We consider u(x) = %x”,y <1, v#0.
@ Assuming
X7 JW(T.y)
V(T,x,y):7e ),

The equation for W(T, y):
N OW 1 7
(HIB) - =5 > al(y)DiW + Hy(y, W(y), DW(y)).
i

@ Candidate of optimal strategy: =*(T —t, Y(t)),c*(T — t, Y(t)),
©(ty) = 758 W)((uy) = rYN) + op(Y)op(Y)VW(L,y)),

c*(t,y) = exp(— 4L,
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HJB Equation-5

Notations:

~

H (v, w.p) = Fh(y,p) + (1 =) exp(—1 =) —p.

N 1 mo
Ai(y.p) =5 > dW)pip+ D b pi+ Us(y),

ijj=1 i=1

ar(y) = or(¥)or(y), ap(y) = op(y)op(y).
b,(y) = b(y) + 1 oF(¥)op(y) @p(y) " (u(y) — r(y)1),

a,(y) = ar(y) + 1 jVap(y)ap(y)*ap(y)*op(y)oF(y)*,

Uy(y) = 5 (uly) = r(y)1)*ap(y) " (u(y) — r(y)1) +r(y)
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HJB Equation-4

General Untility Functions

@ HJB equations for general utility functions are very
complicated.

@ How to study the equation is not well understood.
@ Existence of the solution? Regularity of the solution?

@ The candidate of an optimal strategy is a function of the
derivatives of the solution.
The regularity of the solution is an important issue.

@ For the existence of the solution, we may need to use the
concept of viscosity solution.
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HJB Equation-3

CRRA Utility Functions
There are several recent studies:

Nagai [1996, 2003], Fleming-Sheu[1999, 2000, 2002],
Fleming-Hernandez[2003], Fleming-Pang[2004],
Kaise-Sheu[2004,2006], Hata-Sheu[2012a, b],
Hata-Nagai-Sheu[2013], Nagai[2013].
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HJB Equation-2

There is a particular case that the equation is very simple.
@ op(y) is invertible. The market is complete.
@ HJB equation in the case of CRRA utility function becomes

W — 15 al(y)DyW + by(y)DW + 55— DW* ar(y) DW
__w
H(1—m)e ™ + (Uy(y) - ).

@ Y(ty)= exp( ~) satisfies a linear equation:

% — 1y2;al(y)Dy + by (y)Dy
+ﬁ(u“/ o +1.
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HJB Equation-1

The solution of this linear equation is given by:

W(T.y) = Eylfy exp( _vfo(U (8)) — p)ds)at
+exp(v5 [y (Uy(Ys(s ))— p)as)].

Y, (t) = by (Y, (1)) dt + o (Y-(1))dB(1).
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Market Completion-10

@ The problem is difficult to solve when the market is
incomplete.

@ The idea of the market completion is developed in
Pages[1987], He-Pearson[1990],
Karatzas-Lehoczky-Shreve-Xu[1991].

@ The idea of "fictitious” completion is discussed in
Karatzas-Lehoczky-Shreve-Xu[1991].

Shuenn-Jyi Sheu Portfolio Optimization



Market Completion-10

Consider the wealth process

P~ (Y (1) + w2y (Y (D) — r(Y(D)D)
—c(t))dt} + m(t)*op( Vi) aBj(1).

o We write 7(f) = op(Y(1))*x(t).

o We define fi(y) — r(y)1 = op(y)*ar(y)~" (1(y) — r(y)1).
@ The wealth process has equation

et = {r(Y() + 7O (@Y (1) — r(Y(1)1)
—c(t)}dt + 7 (t)*dB(t).
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Market Completion-9

From
T(t) = op(Y (1)) (1),
we have
ap(Y(1)7(t) = op(Y(8)ap(Y(1))n(t) = ap(Y(t))r(1).
That is,
(t) = ap(Y (1)) Top(Y(1)R(1).
We also have

()" (p(Y (1) — r(Y(O)1)
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Market Completion-8

@ The weath process

@) 8= o)+ EY) - YO
—c(t)}dt + 7(t)*dB(t).

@ This corresponds to market with the stocks

(2) dgé;) = @(Y(t)dt + dB(t), j=1,2,--- ,d.

@ The market with price of stocks in (2) is complete.

@ The original price processes are special cases of (1) with
7(t) = op(Y(1)*n (D).

@ In some sense, we complete the market from (S) to (S).
Then there are more choices of the porfolio.

Shuenn-Jyi Sheu Portfolio Optimization



Market Completion-7

@ We show such complete market is equivalent to a market
completion by Karatzas-Lehoczky-Shreve-Xu[1991].

@ They introduce the "fictitious” stocks:

dSi(t)
Si(t)
® ai(y) = I —ap(y)*(cp(¥)op(y)*) op(y)-
@ Special properties of o¢(y):

(1) or(y)or(y) = or(y).

(ii) op(y)or(y) =0, or(y)op(y) =0
@ We have m stocks S'(t) and d stocks S/(t).
@ A portfolio is given by ¢, 7, 7.

7'(t) is the proportion of the wealth in S’( f).
#I(t) is the proportion of the wealth in S/(t).

(3) = r(Y(t)dt + oH(Y(t))dBx(t), j=1.2,--- ,d,
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Market Completion-6

@ The wealth process X(t) = X*:¢™7(t) has the dynamics,

% = {r(Y(@®)) +7(6)"(u(Y (1)) = r(Y())1) — c(t)} ot
+Hop(Y (1) m(t) + or(Y(1))7(t))"dB

@ There is one-one correspondence for trading strategies for

(§'(t)) and for (S'(t), S/(t)) with the same wealth process.
@ Hence two markets are equivalent.
@ For each (n(t),7(t)), we have

m(t) = op(Y () 7 (t) + or(Y(1))7(1).

@ Using properties of o above, we have

op(Y(1)7(t) = op(Y(1)op(Y (1)) 7 (t) = ap(Y(t))n(1).
Then
w(t) = ap(Y(t)) " ap(Y(1)(t).
@ We can see : ) o
X0 (1) = XX ().
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Market Completion-5

The First Observation:
@ Market with price (S) (or (S, S)) is complete.
The wealth process is X™:¢ (or X™%:°).

@ Market with price (S) is not complete.
The wealth process is X™°.

@ For each 7, we take 7(t) = op(Y(t))n(t), we have
X7r,c _ )_(7?,0‘

@ The value fungtion satisfie§
V(T,x,y) < V(T,x,y)=V(T,x,y).
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Market Completion-4

The Second Observation:

@ (S, S) is a special case of "fictitious” completion of the
market in Karatzas-Lehoczky-Shreve-Xu[1991].

@ Let 4(t) be a R9-valued progressive measurable process.
@ Using this, we can construct additional stocks for trading.

D — (r(Y() + (YOOt + (Y ()Y Bi(D),
(2

j: 1727"' )d'
@ 7/(t) is the proportion of wealth on S’stock_.

#I(t) the proportion of the wealth on the S, stock.

Shuenn-Jyi Sheu Portfolio Optimization



Market Completion-3

@ The wealth process Xy(t) = X*:¢™7(t), has the dynamics,

L — LY (1) + (= ()" (Y (D) = r(Y(O)1) + 7 or(Y(0)0y
—c(t)}ydt + (op( Y (1)) m + or( V(1)) (1)) dB(1)

@ Denote 7(t) = op(Y(1))*n(t) + or(Y(1))7(1).
@ The dynamics is rewritten as

2 W ((f)*(ﬁ(Y()

~
N—r
|
—~~
-<
—~
~
-t
N—r
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Market Completion-2

@ The dynamices for the wealth process Xj(t) = X*¢m7(¢):
LA — LY (1) + (= () (Y (D) = r(Y(O)1) + 7 or(Y(D)0y
—o(t)}at + (op(Y(1)) me + or( Y(1)7(1)*dB(1)

@ This is the wealth process for the market with stock price
dynamics

d_é.é(t) = (# (Y1) + (o(Y(1)O(1)))dt + dBi(t), j=1,2,--- ,d.
S;(1)

@ Markets with stock prices (S, Sy) and (Sy) are equivalent.

Shuenn-Jyi Sheu
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Market Completion-1

@ We denote V? the value function for the consumption
problem in 8-market.

@ Karatzas-Lehoczky-Shreve-Xu[1991] uses the duality
argument to derive the fundamental relation:

V(T,X,y) = inf9 VQ(T,X,y)-
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Issacs’ Equation-7

The relation _
V(T,x,y) =infg VO(T, x,y).

suggests the following result.

Lemma 1. The HJB equation for V(T, x, y) can be rewritten as

97 = 3ar(y)"Dyy,V + b(y)*Dy,V + xr(y)DxV
+infy supz c{u(xc) — pV + 3|7 |?X2Dyx V
+X(or(y)7) Dy V + x(@*(i(y) — r(y)1 + o4(y)0) — ¢)Dx V'}.

HJB equation:
9 — 13°,;a(y)DV + b(y) Dy V + sup,,, [u(cx) — pV
(i) +x7*0r(y)op(y) Dy V + 1x270p(y)ob(y)m D V

+XDx V(x, y){r(y) + 7 (u(y) — r(y)1) — c}l,
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Issacs’ Equation-6

@ This is the Issacs’ equation for a stochastic differential
game.

@ We can also verify Issacs’ condition. That is,

infsup{---} = supinf{--- }.
0 c,m c,m 0
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Issacs’ Equation-5

The 6 to take inf will be important for the following analysis, we
give a proof of Lemma 1.

@ Ininfgsup, .{---}, we fix 0. Take supremum on ¢, r. The
result is

—2B5v|0F(Y) Dy V + ((A(y) — r(y)1) + 04(y)0) Dx V2
+xr(y)DxV + u*(DxV) — pV.
@ The 7 taking supremum is equal to
7= =iy (or(Y) Dy V + ((i(y) — r(y)1) + o1(y)0) Dx V).

@ We need condition Dy V < 0. V(T, x, y) is concave in x.
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Issacs’ Equation-4

@ We now choose 6 to minimize

oY) Dy V + ((A(y) — r(y)1) + o7(y)0) Dy V2
+xr(y)DyxV + u*(Dy V) — pV.

@ We write
or(y) Dy V + (i(y) — r(y)1)DxV = op(y)'m + o¢(y)7.

m and 7 will be given later.
@ We need to minimize

lop(y)*m + ar(y) (7 + 0D« V)2
= |op(y)* l? + |or(y)(7 + 6Dx V)[2.

J— J— *
Here we use opos = 0 = or0p.
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Issacs’ Equation-3

@ The minimum satisfies @ + 6D,V = 0.

@ infysup, .{---} is equal to

1 2
S — * “(DxV) — pV.
*2DXXV|0-P(y) 7T| +Xr(y)DXV+u( X ) P

@ 7,7 solves

or(¥) Dxy V + (i(y) = r(y)1)DxV = op(y)"m + o¢(y)7.
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Issacs’ Equation-2

@ We now solve the following relation for 7, 7:
or(¥) DayV + (ay) — r(¥)1)DxV = op(y)'m + o1(y)7.
@ We have
m = ap(y) " op(y)(or(y) Dy V + (Aly) — r(y)1)Dx V)

ory) = o1(¥)(or(y) Dy V + (i(y) — r(y)1)Dx V)
= o1(y)or(y) Dy V.

@ In the second relation, we use
ar(y)(a(y) — r(y)1) =0.
This follows from the definition of

fi(y) — r(y)1 = op(y)ap(y) " (u(y) — r(y)1)

and ofop = 0 = opoy.
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Issacs’ Equation-1

@ We use the expression of = to check Issacs’ equation.
@ We use the expression of 7 to obtain

1

az_av

or(y)or(y) Dxy V.
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lteration Procedure-10

In the following, we want to show a use of this game
interpretation of HJB equation.

@ In the rest we consider CRRA utility functions:

u(x) = ty(y) = lxv,

where v < 1 and for v = 0 we understand up(x) = log x.

@ In the following, we consider 0 < v < 1.
The case v < 0 can be similarly treated.
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Iteration Procedure-9

@ In this case the value function of the consumption problem
has the form

V(T,x,y) = lx” exp(W(T,y)).

@ The equation for W(T, y) is given by

¥ = 3ar(y)'Dyy W + 5Q,(y. DW)
U (y) = p+ (1= ) exp(—%5).

W(o,y)=1.
@ Here

Q,(y,p) = P or(y)(I + 15 0p(y) ar(y)op(¥))or(¥)* P,

Uy (¥) = gy (0(y) = r(y)1)*ap(y) ' (uly) — r(y)1) +r(y).
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Iteration Procedure-8

@ We return to the fundamental relation
V(T,x,y)=infg V(T,x,y).
@ |s it possible to choose 6 in a smart way that the value is

closeto V(T,x,y)?

@ We shall try an iteration procedure so that we can
gradually reach this purpose.
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lteration Procedure-7

@ We now consider the Markovian fictitious completion,
o(t) = o(t, Y(t)).
@ The stock price dynamics
dS;(t)
8)(1)

= (F(Y () +or YOO, Y(1)Y)at+aBy(1), j= 1.2, .d.

@ Factor process dynamics

dY () = b(Y(t))dt + or(Y(t))dB(t).

Shuenn-Jyi Sheu Portfolio Optimization



Iteration Procedure-6

@ The wealth process dynamics :

LD — (Y (D) + (RO (EY(D) = r(Y()))

R o (Y(£)0(t) — c(t)} dt + 7(1)* dB(2).

@ The value function is

VOt x,y) = sup, . Evylf, exp(—p(t - 5))1(c(s)X°7(s))7ds
+exp(—p(T — 1)L (X7 (T))].

@ Here E; [ - -] indicates Y(t) = y.
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lteration Procedure-5

@ Assume 1
Vit x,y) = X exp(W'(t,y)).

@ The HJB equation: (HJB-0)
W’ i )
9
+bi(t, y)'DW’ + Uﬁ(t, y) —p+ (1 - )eXp(fﬁ) =0
@ Here

bi(t,y) = b(y) + 150 (V) (E(Y) — r(y)1 + ar(¥)8(t, ¥))
V(1Y) = s ) — (V) + 01(1)OE, Y2 + 4r().
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lteration Procedure-4

@ Define 1
—0 0
Y(ty)= exp(ﬁW (t,y))-
@ We have
07 i —0 R
% + %aF(Y)UDyf}Q?ﬂi;' b?y(L y) Dy
(Ut y) - 0P’ +1=0.
—6
Y (T.y)=1.
@ A solution is given by
—0
U (ty)= Eiylf; exp ﬁf (1)) — p)du)ds
+exp1 — Ji (Uy(u, YV( u)) — p)du)].
@ Here

dY'(s) = bﬁ(s, Y7(s))ds+opr(Y7(s))dB(s),t<s, Y'(t)=y

Shuenn-Jyi Sheu Portfolio Optimization



Iteration Procedure-3

@ Assume a smooth solution @9(1‘, Y).
A candidate of the optimal strategy is given by

(1) = exp(— = W' (8, Y(1)

(1) = 7 (E(Y(1) — r(Y(O)1) + or(Y(1)(t, Y (1))
+or(Y (1) DW' (1, Y(1))).

@ Now we want to use the solution for §-market to switch to
another 0 so that we can get a better value (for the
approximation of the original problem).
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lteration Procedure-2

@ Issacs’ equation suggests to change to

6(t, y) = —o1(y)or(y) DW' (t, y).

@ With this particular 6(t, y) = 6(Y)(t, y), the value function is
denoted by

_ 1 _
V1 (t,X,y) = ;X’y eXp( W1(t7 y))

— —p(1)
o W‘I(tay):W (tay)
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lteration Procedure-1

o Wi satisfies (HJB-6(1):

o + 3ar(y)'Dyy Wi + si=;ar (V) ID, Wi D, Wy
+b(t,y)* Dy Wy + UO(t,y) — p+ (1 — 7) exp(—2) = 0.
@ Here
1 0 1 _ 19
b(t,y) = bi(y), UN(t,y) = Ui(y)

with 8 = 60)(t, y).

Lemma 2. We(t, y) is a supersolution (subsolution) of
(HIB-0M) if v > 0 (if v < 0).
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Results-7

Assumption (A)

(A1) oL(-),aL(-), b(), #(-), r(-) are smooth functions.

(A2) For any r > 0, there are c4(r), co(r) > 0 such that for all
y € Br, we have

c1(Nlm < op(y)op(y)* < 2(r)Im,
ci(Nh < oe(y)or(y)" < ca(r)in.

(A3) r(y) > 0forall y.
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Results-6

Theorem 2. Assume (A), 6(t, y) is a smooth function such that
0(T,y) =0 for all y. Assume HJB equation has smooth

subsolution W and (HJB-6) has a smooth solution W’ such that
W(T—ty) <W'(ty), te[0,T].
We take

60(t, y) = —o1(y)or(y) DW' (T — t, ).

—
Then (HJB-6()) has a smooth solution W’ satisfying

W(T = t,y) < W (t,y) < W(ty).
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Results-5

Theorem 3. Assume (A), 6(t, y) is a smooth function such that
6(T,y) =0 for all y. Assume (HJB) has subsolution W and

(HJB-6) has a solution W’ such that
W(T—t,y) < W(ty), teo,T].
Then (HJB) has a solution

W(T —ty) < W(t,y) < W(t,y).
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Resulis-4

Assumption (A)’
(A1) aL(-),ab(), b'(-), 1'(-), r(-) are smooth functions.
(A2)" There are ¢y, ¢, > 0 such that for all y € R"

Cilm < op(y)op(y)* < c2lm,
Ciln < op(y)or(y)" < coln.

(A3)" There is ry > 0 such that r(y) > ry for all y.

(A4)" The functions in (A1)’ are bounded with bounded first order
derivatives.
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Results-3

@ We consider 6 = 0.
@ The (HJB-0) is given by

5 = 3ar(y)'DyyW + ﬁaF(Y)”DinDij
+b,(y)* Dy W+ Uy (y) — p(1 — ) exp(— ).
@ Here
b,(y) = b(y) + 250F(¥)(E(y) = r(¥)1)
Uy(¥) = s [AY) = rn)1E +r(y).
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Results-2

Lemma 4. We assume the condition (A)’. Then (HJB-0) has a
solution given by Wo(T,y) = (1 —v)logvo(T, y), where

vo(T,y) = Elfy exp(+5 7fo Y(s)) — p)ds)
+exp(5= vfo U L(Y(s)) — p)ds)].
Wo(T,y) satisfies

Wo(T,y) < (1~ 7)(log(£ % + cT),

where ¢ = sup, {11 U,(y)}.
(HJB) has a subsolution given by

W(T.p) = (1=)log {121 el 2T +emp(— 2 D)}

Moreover, we have W(T,y) < Wo(T,y), ye R", T > 0.
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Results-1

Theorem 5. Assume (A)’, we can define recursively 0,(t, y)
and W, such that 6, = 0,

Oni1(t,y) = —or(y)or(y) DWn(t, y),

Wat,y) = Erylf; exp(+L [S(UM(u, YO (U)) - p)du)ds
+exp(+L fT (UM (u, YO(u)) — p)du)],

where
U (s,y) = Un(s,y), b\ (s, y) = b"(s, y)

dY(M(s) = b{"(s, Y("(s))ds + o (Y"(s))dB(s).

Then W, converges to W. W is the unique solution of (HJB)
such that W is bounded.
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@ Hata-Nagai-Sheu [2013] proves the existence and
uniqueness of HJB equation under some condition of the
cofficients.

@ Similar ideas may be applied for general utility functions.

@ In such case, the equation (HJB-6) may not have smooth
solution even if § is Markovian and smooth.

We may need to use martingale method (for complete
market) to find solution for each Markovian 6.
@ The detail analysis shall be interesting.

@ The incompleteness due to the portfolio constrains or
transaction costs may be also interesting cases to
implement such idea.
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