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sup
(π,c)

E

[
∫ T

0
e−ρtU1(ct)dt+ e−ρTU2

(

Xx,π,c
T

)

]

,

where Xx,π,c is the sol. to

dXt =

n
∑

i=1

πi
t

dSi
t

Si
t

+

(

Xt −
n
∑

i=1

πi
t

)

dS0
t

S0
t

− ctdt,

X0 =x : budget constraint

Here,

■ x: initial wealth,
■ π := (πt)t∈[0,T ]: dynamic investment strategy,
■ c := (ct)t∈[0,T ]: consumption plan,
■ ρ(≥ 0): discount rate, U1, U2: utility functions.
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Merton Prob. subject to

■ floor constraint:

Xx,π,c
t ≥ Kt for all t ∈ [0, T ],

◆ (Kt)t∈[0,T ]: floor process (given, adapted).
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Merton Prob. subject to

■ floor constraint:

Xx,π,c
t ≥ Kt for all t ∈ [0, T ],

◆ (Kt)t∈[0,T ]: floor process (given, adapted).

■ (generalized) drawdown constraint:

Xt ≥ g
(

Xt, X̄t

)

for all t ∈ [0, T ],

where

◆ X̄t := sup
s∈[0,t)

Xs,

◆ g(·, ·) : R2
+ → R.
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■ Asset Management

◆ portfolio insurance + optimization
◆ protected drawdown-based performance + optimization
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■ Asset Management

◆ portfolio insurance + optimization
◆ protected drawdown-based performance + optimization

■ Mathematical

◆ stochastic control with state constraint

■ e.g., Ishii and Loreti (2002): analysis of HJB eq. via
viscosity approach

■ difficulty in constructing optimal control

◆ El Karoui, Jeanblanc and Lacoste (2005), El Karoui and
Meziou (2008): U1 ≡ 0 (no consumption) + Complete
market case.

■ probabilistic approach,
■ optimality from stochastic order relation.
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■ Simplified long-term asymptotic criterion:

sup
π

lim
T→∞

1

T
logEU(Xx,π

T ) (log x = − log(−x) if x < 0)

■ Long-term risk-sensitive criterion:

(RSPO) sup
π

lim
T→∞

Cx,π
T , Cx,π

T :=
1

γT
logE(Xx,π

T )γ .
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■ Simplified long-term asymptotic criterion:

sup
π

lim
T→∞

1

T
logEU(Xx,π

T ) (log x = − log(−x) if x < 0)

■ Long-term risk-sensitive criterion:

(RSPO) sup
π

lim
T→∞

Cx,π
T , Cx,π

T :=
1

γT
logE(Xx,π

T )γ .

“Risk-sensitized” modification of

sup
π

lim
T→∞

EGx,π
T , Gx,π

T :=
1

T
logXx,π

T ,

recalling cumulant expansion:

Cx,π
T =

1

γT
logEeγTG

x,π
T = EGx,π

T +
γ

2
var[

√
TGx,π

T ] +O(γ2).
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■ The scale-invariant property,

lim
T→∞

1

γT
logE(xX)γ = lim

T→∞

1

γT
logEXγ , ∀x ∈ R++,

lim
T→∞

1

γT
logE(NX)γ = lim

T→∞

1

γT
logE(X)γ ∀N(> 0): bdd r.v.,

disregarding a bounded-factor.
■ The translation-invariant property,

lim
T→∞

1

γT
logEeγ(log x+logX) = lim

T→∞

1

γT
logEeγ logX ∀ log x ∈ R.
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§1 Introduction

§2 RSPO with floor constraint

◆ PI techniques + optimization

§3 RSPO with drawdown constraint

◆ Azéma-Yor technique works for discounted problem

§4 A dual approach to Merton problem with floor constraint

◆ To overcome RSPO’s drawbacks..
◆ To treat consumption maximization via a systematic

approach..
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sup
π

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ
s.t. Xx,π

t ≥ Kt for all t ≥ 0

■ to reduce computational difficulties.
■ to consider applications of other PI techniques.



RSPO: Review

§1. Introduction

§2. RSPO with Floor

⊲ Problem

⊲ RSPO: Review

⊲ Market Model

⊲ SF Investor

⊲ Baseline Prob.

⊲ BS Model

⊲ Lin. Gauss Factor

⊲ Wishart factor

⊲ RSPO with Floor

⊲ Key Observation

⊲ CPPI (1)

⊲ CPPI (2)

⊲ OBPI

⊲ DFP

⊲ OBPI-G

⊲ Example

§3. RSPO with DDC

§4. A Dual Approach

9 / 55

■ Without Floor: Bielecki and Pliska (1999), Fleming and Sheu
(2000, 2002), Kuroda and Nagai (2002), Nagai (2003), Davis
and Lleo (2008), Hata and S (2013), etc.

■ With Floor: S (2012), Cherny and Obloj (2013).
■ Large Deviations Controls:

(Heuristics: Bielecki and Pliska, Stutzer).
Pham (2003a-b), Hata and S (2005, 2010), Hata, Nagai and
Sheu (2010), Nagai (2012a-b), Knispel (2012), etc.
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■ S0 := (S0
t )t≥0: bank account process, nondecreasing adapted s.t.

S0
0 ≡ 1.

■ S := (S1, . . . , Sn)⊤: price process of n-risky assets,

dSi
t = Si

t−

(

dRi
t +

dS0
t

S0
t

)

, Si
0 ∈ R,

with the excess return, R := (R1, . . . , Rn)⊤, a given n-dim.
semimartingale s.t. R0 ≡ 0.

Si
t =Si

0S
0
t E(Ri)t, where

E(Ri)t := exp

(

Ri
t −

1

2
[Ri]ct

)

∏

s≤t

(1 +∆Ri
s)e

−∆Ri
s .
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dXx,π
t =Xx,π

t−

[

n
∑

i=1

πi
t

dSi
t

Si
t−

+

(

1−
n
∑

i=1

πi
t

)

dS0
t

S0
t

]

Xx,π
0 =x.

■ x ∈ R>0 : initial wealth,
■ π := (πt)t≥0, πt := (π1

t , . . . , π
n
t )

⊤ : dynamic investment policy.

dXx,π
t =Xx,π

t−

(

π⊤
t dRt +

dS0
t

S0
t

)

, Xx,π
0 = x,

Xx,π
t =xS0

t E
(
∫

π⊤dR

)

t

.
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First, consider

(RSPO) Γ̄ := sup
π∈A0

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ

without floor, assuming

Hypothesis:

(1) A0 ∋ 0, and (predictably) convex,
(2) (RSPO) has an x-independent sol., that is,

∃π̂ ∈ A0 so that X̂ := X1,π̂ satisfies

Γ̄ := sup
π∈A0

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ
= sup

π∈A0

lim
T→∞

1

γT
logE

(

X1,π
T

)γ

= lim
T→∞

1

γT
logE

(

X̂T

)γ

.
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S0 ≡ 1,
dSt = diag(St) (µdt+ σdwt) ,

■ w: n-dim. BM,
■ µ ∈ R

n, σ ∈ R
n×n.

■ S is a multi-dimensional GBM.
■ A := L2,n, where

L2,n :=

{

(πt)t≥0

∣

∣

∣

∣

n-dim. prog. m’ble,
∫ T

0 |πt|2dt < ∞ for ∀T > 0

}

.

■ π̂(γ) ≡ 1

1− γ
(σσ⊤)−1µ.
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S0 ≡ 1,

dSt =diag(St) {µ(Yt)dt+ΣdWt} ,
dYt =(b0 +B1Yt)dt+ ΛdWt, Y0 ∈ R

m,

■ W : m+ n-dim. BM.
■ Σ ∈ R

n×(m+n), Λ ∈ R
m×(m+n), b0 ∈ R

m, B1 ∈ R
m×m.

■ µ(y) := m0 +M1y, m0 ∈ R
n, M1 ∈ R

n×m.
■ A := L2,n.
■ Long-term RSPO = LEQG with infinite horizon.

■ π̂
(γ)
t :=

1

1− γ
(ΣΣ⊤)−1

{

µ(Yt) + γ(ΣΛ⊤)
(

q̂ + Q̂Yt

)}

.
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S0 ≡ 1,

dSt =diag(St)
{

µ(Yt)dt+Σ
√

Ytdwt

}

,

dYt =
(

LL⊤ +KYt + YtK
⊤
)

dt+
√

YtdBtΛ
⊤ + ΛdB⊤

t

√

Yt.

■ (B, z) is a (d× d+ d)-dim. BM.
wt := Btρ+

√

1− |ρ|2zt: d-dim. BM. ρ ∈ R
d s.t. |ρ| ≤ 1.

■ Y0 ∈ S
d
++ := {M ∈ S

d; M > 0}.
■ Σ ∈ R

n×d, L,K,Λ ∈ R
d×d.

■ µ(y) := (ΣyΣ⊤)λ, λ ∈ R
n.

■ A := {π ∈ L2,n; bounded}.
■ π̂(γ) :≡ 1

1− γ
(ΣΣ⊤)−1

(

λ+ 2γQ̂ΣΛρ
)

.
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Next, admitting Hypothesis, consider

Γ̄K := sup
π∈A K(x)

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ

where

■ A
K(x) := {π ∈ A0; Xx,π

t ≥ Kt for all t ≥ 0},
■ K := (Kt)t≥0: given nonnegative adapted floor.
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Find some π̌ ∈ A K(x) so that

X̌ := Xx,π̌ ≥ ǫX̂ with some ǫ > 0.
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Find some π̌ ∈ A K(x) so that

X̌ := Xx,π̌ ≥ ǫX̂ with some ǫ > 0.

Then,

lim
T→∞

1

γT
logE

(

X̌T

)γ ≥ lim
T→∞

1

γT
logE

(

X̂T

)γ

=: Γ̄,

which implies

Γ̄K = Γ̄ = lim
T→∞

1

γT
logE

(

X̌T

)γ
,

the optimality of π̌ ∈ A K(x)(⊂ A0) for RSPO with floor.
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Let

■ K̄ := (K̄t)t≥0: superhedging of the floor K := (Kt)t≥0,
■ x > K̄0.

X̂(CPPI-1) :=(x− K̄0)X̂ + K̄

≥(x− K̄0)X̂ +K

is an RSOP with floor.



Generalized CPPI (2)

§1. Introduction

§2. RSPO with Floor

⊲ Problem

⊲ RSPO: Review

⊲ Market Model

⊲ SF Investor

⊲ Baseline Prob.

⊲ BS Model

⊲ Lin. Gauss Factor

⊲ Wishart factor

⊲ RSPO with Floor

⊲ Key Observation

⊲ CPPI (1)

⊲ CPPI (2)

⊲ OBPI

⊲ DFP

⊲ OBPI-G

⊲ Example

§3. RSPO with DDC

§4. A Dual Approach

19 / 55

Let x > K0 and K/S0 be nonincreasing. X̂(CPPI-2), the sol. to SDE,

dYt =(Yt− −Kt−)

n
∑

i=1

π̂i
t

dSi
t

Si
t−

+

{(

1−
n
∑

i=1

π̂i
t

)

(Yt− −Kt−) +Kt−

}

dS0
t

S0
t

,

Y0 =x,

which has the expression,

X̂
(CPPI-2)
t =

{

(x−K0)−
∫ t

0

S0
u

X̂u

d

(

Ku

S0
u

)}

X̂t +Kt

≥(x−K0)X̂t +Kt,

defines an RSOP with floor.
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In a complete market, American perpetual:

VOBPI(t, λ) := sup
t≤τ≤∞

Ẽ

[

S0
t

S0
τ

(

Kτ ∨ λX̂t

)

∣

∣

∣

∣

F̃t

]

:= sup
t≤τ≤∞

Ẽ

[

S0
t

S0
τ

(

Kτ − λX̂t

)+
∣

∣

∣

∣

F̃t

]

+ λX̂t.

Superhedging portfolio X̌OBPI, which satisfies

X̌OBPI
t ≥ VOBPI

(

t, λ̂(x)
)

≥ Kt ∨ λ̂(x)X̂t

and X̌OBPI
0 = x, is an RSOP with floor.
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Russian-type option (American lookback perpetual):

VDFP(t, λ) := sup
t≤τ≤∞

Ẽ

[

S0
t

S0
τ

{

λ ∨ max
s∈[0,τ ]

(

Ks

X̂s

)}

X̂τ

∣

∣

∣

∣

F̃t

]

.

Superhedging portfolio X̌DFP, which satisfies

X̌DFP
t ≥ VDFP

(

t, λ̂(x)
)

≥ λ̂(x)X̂t ∨Kt

and X̌DFP
0 = x, is an RSOP with floor.
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Apply EJL (2005) and EM (2006, 2008): Let

Gt := sup
u∈[0,t)

Lu, Lt := sup
{

λ ∈ R>0; VOBPI(t, λ) = Kt ∨ λX̂t

}

.

Then,

X̌OBPI-G
t := VOBPI

(

t, λ̂(x) ∨Gt

)

is an self-financing wealth process.
It defines an RSOP with floor, since

X̌OBPI-G
t ≥Kt ∨ (λ̂(x) ∨Gt)X̂t

≥Kt ∨ λ̂(x)X̂t

and X̂OBPI-G
0 = x.
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Explicit representations are obtained for OBPI/DFP-based methods
in the following situation:

■ Market model:

dS0
t =rtS

0
t dt,

dSt =diag(St) (µtdt+ σtdwt)

on (Ω,F ,P, (Ft)t≥0) with n-dim. BM w, where

◆ σ: Ft-adapted,
◆ µt = rt1+ σtθ with the constant market price of risk

θ ∈ R
n,

◆ r := (rt)t≥0: inedpendent of w.

■ Floor:
Kt = K0S

0
t ×GBM(wt).



Risk-Sensitive Optimal Portfolio with Drawdown Constraint

§1. Introduction

§2. RSPO with Floor

§3. RSPO with DDC

⊲ Problem

⊲ RDD

⊲ Drawdown Analysis

⊲ Performances

⊲ CAL/STE/BUR

⊲ Lower-bdd Ratios

⊲ Related Works

⊲ RSPO

⊲ Baseline Prob.

⊲ Upgraded Prob.

⊲ DD equation

⊲ AY Process

⊲ Plotting AY

⊲ Result

⊲ Variant

§4. A Dual Approach

24 / 55

sup
π

lim
T→∞

1

γT
logE(Xx,π

T )γ

subject to

Xx,π
t ≥ f

(

sup
s∈[0,t)

Xx,π
s

)

for all t ≥ 0.

■ 0 < f(x) < x.
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■ Relative drawdown:

RDDt :=
X̄t −Xt

X̄t

, where X̄t := sup
s∈[0,t)

Xs,

a measure of “riskiness” of fund wealth.
■ DD constraint:

Xt ≥ f(X̄t) ⇔ RDDt ≤ 1− f(X̄t)

X̄t

.

■ Example: f(x) := x
∑m

i=1 αi1[Ki−1,Ki)(x) with
x0 = K0 < · · · < Km−1 < Km = +∞ and αi ∈ [0, 1)
(i ∈ {1, . . . ,m}). Piecewise const. constraint on RDD:

RDDt ≤ 1− αi1[Ki−1,Ki)(X̄t) for all t ≥ 0.
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(http://www.pro-trading-profits.com/risk reduction/compare.asp)
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■ Calmar Ratio:

CALT :=
RT

MDDT

:=
RT

maxt∈[0,T ]DDt
,

■ Sterling Ratio:

STET :=
RT

ADDT

:=
RT

1
T

∫ T

0 DDtdt
,

■ Burke Ratio:

BURT :=
RT

√

∫ T

0 DD2
tdt

,

where (Rt)t≥0 is the cumulative (excess) return and

DDt := R̄t −Rt, R̄t := R̄0 ∨ max
s∈[0,t]

Rs.



Lower-bounds of CAL/STE/BUR Ratios

§1. Introduction

§2. RSPO with Floor

§3. RSPO with DDC

⊲ Problem

⊲ RDD

⊲ Drawdown Analysis

⊲ Performances

⊲ CAL/STE/BUR

⊲ Lower-bdd Ratios

⊲ Related Works

⊲ RSPO

⊲ Baseline Prob.

⊲ Upgraded Prob.

⊲ DD equation

⊲ AY Process

⊲ Plotting AY

⊲ Result

⊲ Variant

§4. A Dual Approach

29 / 55

■ Let Rt :=
Xt −X0

X0
.

Xt ≥
β

1 + β
X̄t +

X0

1 + β
∀t ≥ 0

⇒ CALT ≥ β, STET ≥ β, BURT ≥ β√
T
, ∀T ≥ 0.

■ Let Rt := log
Xt

X0
.

Xt ≥ X
1

1+β

0 X̄
β

1+β

t
∀t ≥ 0

⇒ CALT ≥ β, STET ≥ β, BURT ≥ β√
T
, ∀T ≥ 0.
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■ f(x) = αx (0 < α < 1):

◆ Grossman and Zhou (1993), Cvitanic and Karatzas (1995), S
(2006)

■ Nonlinear f :

◆ Cherney and Obloj (2013), S (2013).

■ Cosumption optimization with BS model under linear DD const:

◆ Roche(2006), Rogers(2006), Elie and Touzi (2008), Elie
(2008).
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Γα(x, γ) := sup
π∈Aα(x)

lim
T→∞

1

γT
logE(Xx,π

T )γ ,

where discounted wealth is governed by

dXx,π
t

Xx,π
t

=
n
∑

i=1

πi
t

dSi
t

Si
t

, Xx,π
0 = x,

with continuous Si, and Aα(x) is a suitable subset of

{

π; Xx,π
t > fα

(

M0 ∨ max
s∈[0,t]

Xx,π
s

)

for all t ≥ 0

}

.
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Γα(x, γ) := sup
π∈Aα(x)

lim
T→∞

1

γT
logE(Xx,π

T )γ ,

where discounted wealth is governed by

dXx,π
t

Xx,π
t

=
n
∑

i=1

πi
t

dSi
t

Si
t

, Xx,π
0 = x,

with continuous Si, and Aα(x) is a suitable subset of

{

π; Xx,π
t > fα

(

M0 ∨ max
s∈[0,t]

Xx,π
s

)

for all t ≥ 0

}

.

■ x ≥ M0 with ∃M0 > 0, the current running maximum,
■ fα : [M0,∞) → R>0 satisfies, with ∃α ∈ (0, 1) and ∃β < 1,

0 < ∃δ < fα(x) < x for ∀x ≥ M0 and fα(x) = αx+O(xβ) as
x → ∞.
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First, consider

(RSPO) Λ(γ) := sup
π∈A

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ

without floor, where A is (predictably) convex, 0 ∈ A .
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First, consider

(RSPO) Λ(γ) := sup
π∈A

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ

without floor, where A is (predictably) convex, 0 ∈ A .
Suppose (RSPO) has an x-independent sol., that is,
∃π̂(γ) ∈ A so that X̂ := X1,π̂(γ)

satisfies

Λ(γ) := sup
π∈A

lim
T→∞

1

γT
logE

(

Xx,π
T

)γ
= sup

π∈A

lim
T→∞

1

γT
logE

(

X1,π
T

)γ

= lim
T→∞

1

γT
logE

(

X̂T

)γ

.

Moreover, suppose Λ(·) is continuous on some interval.
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Next, using the solution to Baseline problem (without floor), we
construct a solution to

Γα(x, γ) := sup
π∈Aα(x)

lim
T→∞

1

γT
logE(Xx,π

T )γ ,

where Aα(x) is a suitable subset of

{

π; Xx,π
t > fα

(

max
s∈[0,t]

Xx,π
s

)

for all t ≥ 0

}

.
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For a given X > 0, consider SDE,

(DD)
dYt

Yt − fα(Ȳt)
=

dXt

Xt
, where Ȳt := sup

s∈[0,t]
Ys.
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For a given X > 0, consider SDE,

(DD)
dYt

Yt − fα(Ȳt)
=

dXt

Xt
, where Ȳt := sup

s∈[0,t]
Ys.

The solution is the Azéma-Yor process, given by

(AY) Yt := Uα(X̄t)− uα(X̄t)
(

X̄t −Xt

)

=: MUα(X)t,

where

■ Vα : [M0,∞) → [v∗0,∞) by

Vα(y) = v∗0 exp

{
∫ y

M0

dx

x− fα(x)

}

, v∗0 ∈ R>0.

■ Uα := V −1
α , uα := U ′

α.



Result by Carraro, El Karoui and Ob lój (2010)
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(1) Ȳ = Uα(X̄), X̄ = Vα(Ȳ ).
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(1) Ȳ = Uα(X̄), X̄ = Vα(Ȳ ).
(2) Let X :≡ XVα(x),π, and Y :≡ MUα(X). Then,

Y − fα(Ȳ ) = uα(X̄)X > 0. Moreover,

Y ≡ Xx,ρ with ρt :=

{

1− fα(Ȳt)

Yt

}

πt.
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(1) Ȳ = Uα(X̄), X̄ = Vα(Ȳ ).
(2) Let X :≡ XVα(x),π, and Y :≡ MUα(X). Then,

Y − fα(Ȳ ) = uα(X̄)X > 0. Moreover,

Y ≡ Xx,ρ with ρt :=

{

1− fα(Ȳt)

Yt

}

πt.

(3) Let Y :≡ Xx,ρ with ρ ∈ Aα(x), i.e., Y − fα(Ȳ ) > 0. Then, Y
solves (DD):

dYt
Yt − fα(Ȳt)

=
dX

Vα(x),π
t

X
Vα(x),π
t

with ∃π. Moreover, letting vα := V ′
α,

X
Vα(x),π
t = Vα(Ȳt)− vα(Ȳt)

(

Ȳt − Yt
)

.



Plotting Azéma-Yor processes: f(x) := αx, i.e., RDD < 1− α.
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(1) Γα(x, γ) = (1− α)Λ ((1− α)γ) for ∀x ≥ x0. Here,

Λ(λ) := sup
π

lim
T→∞

1

λT
logE(Xx,π

T )λ

= lim
T→∞

1

λT
logE(Xx,π̂(λ)

T )λ,

imposing no DD-constraint.
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(1) Γα(x, γ) = (1− α)Λ ((1− α)γ) for ∀x ≥ x0. Here,

Λ(λ) := sup
π

lim
T→∞

1

λT
logE(Xx,π

T )λ

= lim
T→∞

1

λT
logE(Xx,π̂(λ)

T )λ,

imposing no DD-constraint.

(2) Let X̂ := XVα(x),π̂((1−α)γ)
. Ŷ := MUα(X̂) is optimal for GDD

constrained problem. The associated optimal investment strategy
is

π̌t :=

{

1−
fα
(

sups∈[0,t] Ŷs
)

Ŷt

}

π̂
((1−α)γ)
t .
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Optimization under

Xx,π
t > Kt and Xx,π

t > fα

(

max
s∈[0,t]

Xx,π
s

)

for ∀t ≥ 0,

where (Kt)t≥0 is a given floor process and fα(x) := αx.
Optimal strategy:

π̌t :=

{

1−
α
(

maxs∈[0,t] Ŷs
)

Ŷt

}{

1− Vα

(

1
α
K
)

MVα(Ŷ )t

}

π̂t,

where dŶt =

{

Ŷt − α

(

max
s∈[0,t]

Ŷs

)}

dX̄t

X̄t

, Ŷ0 = x,

dX̄t =

{

X̄t − Vα

(

1

α
K

)} n
∑

i=1

π̂i
t

dSi
t

Si
t

, X̄0 = Vα(x)

with π̂ := π̂((1−α)γ) (Ŷ := MUα(X̄)).
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dS0
t =rStdt, S0

0 = 1,

dSt =diag(St) {µ(Yt)dt+ σ(Yt)dW (t)} , S0 ∈ R
n
++,

dYt =b(Yt)dt+ a(Yt)dWt, Y0 ∈ R
m,

where W := (W 1, . . . ,Wn)⊤, W i := (W i
t )t≥0: n-dim. BM, r ∈ R,

µ : Rm → R
n, σ : Rm → R

n×d so that

σσ⊤(·) > 0,

b : Rm → R
m, and a : Rm → R

m×n.
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dXt =

n
∑

i=1

πi
t

dSi
t

Si
t

+

(

Xt −
n
∑

i=1

πi
t

)

dS0
t

S0
t

− ctdt,

X0 =x ∈ R++.

(X,Y ) satisfies

dXt =
{

rXt − ct + π⊤
t λ(Yt)

}

dt+ π⊤
t σ(Yt)dWt,

X0 =x ∈ R++,

dYt =b(Yt)dt+ a(Yt)dWt,

Y0 =y ∈ R
m,

where, with 1 := (1, . . . , 1)⊤ ∈ R
n,

λ(y) := µ(y)− r1.
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■ Floor K := (Kt)t≥0

dKt = Kt(r + α)dt, K0 = k0 ∈ R+,

(α ≥ 0: absorbing barrier, α < 0: reflecting barrier)
■ Space of admissible strategies

A
K
T (x) := {(π, c)| c ≥ 0, Xx,π,c

t ≥ K(t) for all t ∈ [0, T ]} .

■ U1, U2 : R++ → R are utility functions so that, for i = 1, 2,

Ui ∈ C2(R++), U ′
i > 0, U ′′

i < 0, U ′
i(0+) = +∞, U ′

i(+∞) = 0.
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Associated with Merton problem with floor constraint, deduce the
HJB equation,

−Vt = sup
(π,c)∈Rn×R++

H(x, y, π, c, V, Vx, Vy, Vxx, Vxy, Vyy),

(t, x, y) ∈ [0, T )× [K(t),∞)× R
m,

V (T, x, y) =U2(x),

where we define

H(x, y, π, c, Vx, Vy, Vxx, Vxy, Vyy)

:= −ρV + U1(c) + (rx− c+ π⊤λ)Vx + b⊤Vy

+
1

2
π⊤σσ⊤πVxx + π⊤σa⊤Vxy +

1

2
tr
(

aa⊤Vyy

)

.
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Assuming that Vxx < 0, HJB is rewritten as

−Vt =− ρV + Ũ1(Vx) + rxVx + b⊤Vy +
1

2
tr
(

aa⊤Vyy

)

− 1

2Vxx

(

λVx + σa⊤Vxy

)⊤
(σσ⊤)−1

(

λVx + σa⊤Vxy

)

,

(t, x, y) ∈ [0, T )× [K(t),∞)× R
m,

V (T, x, y) =U2(x).

where
Ũ1(y) := sup

c>0
{U1(c)− cy},

and the maximizers are given by

c̄ :=(U ′
1)

−1(Vx),

π̄ :=− 1

Vxx
(σσ⊤)−1

(

λVx + σa⊤Vxy

)

.
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Suppose K = 0. Ṽ (t, z, y) := sup
x∈(0,∞)

{V (t, x, y)− xz} satisfies

Ṽ (t, z, y)

= E

[
∫ T−t

0
e−ρuŨ1 (Zu) du+ e−ρ(T−t)Ũ2(ZT−t)

∣

∣

∣

∣

Z0 = z, Y0 = y

]

,

with

dYt = b(Yt)dt+ a(Yt)dWt, dZt = Zt

{

(ρ− r)dt− θ(Yt)
⊤dWt

}

and θ := σ−1(µ− r1). So,

Ṽt + (L− ρ)Ṽ = 0, Ṽ (T, z, y) = Ũ2(z),

L :=b⊤∂y + (ρ− r)z∂z +
1

2
tr(aa⊤∂yy)− θ⊤a⊤z∂yz +

1

2
|θ|2z2∂zz.
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For the constrained Fenchel-Legendre transform:

V̂ (t, z, y) := sup
x∈(K(t),∞)

{V (t, x, y)− xz} ,

we deduce the variational inequality,

max
{

V̂t + (L− ρ)V̂ , V̂ −K
}

= 0, V̂ (T, z, y) = Û2(T, z)

where

K(t, z, y) :=V (t,K(t), y)−K(t)z,

Û2(T, z) := sup
x≥K(T )

{U2(x)− zx} .
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The associated dual stochastic control problem is

inf
η∈BT−t

E

[
∫ T−t

0
e−ρuŨ1 (Z

z,η
u ) du+ e−ρ(T−t)Û2

(

T, Zz,η
T−t

)

+

∫

[0,T−t)
e−ρuK (t+ u, Zz,η

u , Yu) dηu

∣

∣

∣

∣

Y0 = y

]

,

where BT is the space of nondecreasing, LCRL, adapted processes
on the time-interval [0, T ], starting from 0 at time 0, and

dZz,η
s =Zz,η

s

[

(ρ− r)ds− θ(Y (s))⊤dWs

]

− dηs,

Zz,η
0 =z.

Not described in “closed-forms”. They contain the solution V to the
primal.
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Compute the equation for g : [0, T ]× R+ × R
m, which satisfies

(i) g := g(t, z, y) ≥ K(t),

(ii) Vx(t, g, y)− z = 0 if g(t, z, y) > K(t).

We deduce that

min
{

−gt − (L̂− r)g + Ũ ′
1, g −K

}

= 0,

where

L̂ := (b−aθ)⊤∂y+(|θ|2+ρ−r)z∂z+
1

2
tr(aa⊤∂yy)−θ⊤a⊤z∂yz+

1

2
|θ|2z2∂zz.
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This is deduced from the optimal stopping problem associated with
the differential of the dual stochastic control problem:

sup
t≤τ≤T

E

[

−
∫ τ

t

e−ρ(s−t)Z(s)Ũ ′
1(Z(s))ds

+ e−ρ(τ−t)Z(τ)
{

K(τ)1{τ<T} − Û2z(T, Z(T ))1{τ=T}

}

∣

∣

∣

∣

Ft

]

,

where Û2z := ∂zÛ2, or

Z(t)× sup
t≤τ≤T

Ẽ

[

−
∫ τ

t

e−r(s−t)Ũ ′
1(Z(s))ds

+ e−r(τ−t)
{

K(τ)1{τ<T} − Û2z(T, Z(T ))1{τ=T}

}

∣

∣

∣

∣

Ft

]

,

introducing a measure change.
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−ĝt =(L̂− r)ĝ − Ũ ′
1 for z < β(t, y),

ĝ >K for z < β(t, y),

ĝ(t, z, y)|z=β(t,y)− =K(t),

ĝ =K for z > β(t, y),

−ĝt >(L̂− r)ĝ − Ũ ′
1 for z > β(t, y),

ĝ(T, z, y) =− Û2z(T, z)

with smooth-fit conditions:

gz(t, z, y)
∣

∣

z=β(t,y)−
= 0, gy(t, z, y)

∣

∣

z=β(t,y)−
= 0,

assuming that, with some β : [0, T ]× R
m → R+,

C = {(t, z, y) ∈ [0, T ]× R+ × R
m; z < β(t, y)} ,

D = {(t, z, y) ∈ [0, T ]× R+ × R
m; z ≥ β(t, y)} .
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Suppose that the free-boundary problem has a nice solution:

(i) The solution is C1,2,2 in C.
(ii) The smooth-fit condition (4.8) is satisfied at the free-boundary.
(iii) The free-boundary satisfies β ∈ C1,2([0, T ]× R

m) (to apply Itô’s
calculs).

Recovering the primal value function V directly from g (differential
of the dual) is not easy (∃ambiguity of (t, y)). However, maximizers
are written as

c̄(t, x, y) :=(U ′
1)

−1(Vx(t, x, y)) = (U ′
1)

−1(z),

π̄(t, x, y) :=−
{

(σσ⊤)−1λVx + σa⊤Vxy

Vxx

}

(t, x, y)

=− zgz(t, z, y)((σσ
⊤)−1λ)(y) + ((σσ⊤)−1σa⊤)(y)gy(t, z, y)

with z = h(t, x, y) (h := g−1).
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Let

dZ(z)(s) =Z(z)(s)
{

−θ(Y (s))⊤dW (s) + (ρ− r)ds
}

,

Z(z)(0) =z.

Define the process Ȳ := (Y 0, Y ) by the SDE with (non-sticky)
reflection

dY 0(t) =dZ(z)(t)− dβ(t, Y (t))− dη(t), Y 0(0) = z − β(0, y),

dY (t) =b(Y (t))dt+ a(Y (t))dW (t), Y (0) = y ∈ R
m.

Here, Y 0 ≤ 0, and η is a continuous, adapted and non-decreasing
process such that η(0) = 0 and that

∫ t

0
1{Y 0(s)=0}dη(s) = η(t).
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Write

Z̄(y,z)(t) := Y 0(t) + β(t, Y (y)(t)), Y (y)(t) := Y (t),

emphasizing the initial value (Z̄(y,z)(0), Y (y)(0)) = (z, y) ∈ R× R
m.

Note that the process Z̄ always stays below the free-boundary, i.e.,

Z̄(t) ≤ β(t, Y (t), ∀t ∈ [0, T ],

and (non-stickly) reflects on the free-boundary. Define

c̃(z) :=(U ′
1)

−1(z),

π̃(t, z, y) :=− zgz(t, z, y)
(

(σσ⊤)−1λ
)

(y) +
(

(σσ⊤)−1σa⊤
)

(y)gy(t, z, y)
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Define
Ξ̂(t; y, z) := g

(

t, Z̄(z,y)(t), Y (y)(t)
)

.

Use Itô’s formula to see that

dΞ̂(t) =gz
(

t, Z̄(t), Y (t)
)

dZ̄(t) + gy
(

t, Z̄(t), Y (t)
)

dY (t)

+ gt
(

t, Z̄(t), Y (t)
)

dt+
1

2
gzz
(

t, Z̄(t), Y (t)
)

d〈Z̄〉(t)

+ gzy
(

t, Z̄(t), Y (t)
)

d〈Z̄, Y 〉(t) + 1

2
gyy
(

t, Z̄(t), Y (t)
)

d〈Y 〉(t)

=
(

−zgzθ
⊤ + g⊤y a

)

(

t, Z̄(t), Y (t)
)

{dW (t) + θ(Y (t))dt}

− gz
(

t, Z̄(t), Y (t)
)

dη(t) + (∂t + L̂)g
(

t, Z̄(t), Y (t)
)

dt.
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Note the following:

(i) −zgzθ
⊤ + g⊤y a = π̃⊤σ.

(ii) gz
(

t, Z̄(t), Y (t)
)

dη(t) = 0 a.e. (t, ω) by smooth-fit.
(iii)

(

t, Z̄(t), Y (t)
)

∈ C for a.e. (t, ω), hence, the drift

L̂g
(

t, Z̄(t), Y (t)
)

dt is well-defined and we see that

(∂t + L̂)g
(

t, Z̄(t), Y (t)
)

dt =
{

rg
(

t, Z̄(t), Y (t)
)

− c̃
(

Z̄(t)
)}

dt.

So,

dΞ̂(t) =
{

rΞ̂(t)− c̃+ π̃⊤λ
}

(

t, Z̄(t), Y (t)
)

dt+ (π̃⊤σ)
(

t, Z̄(t), Y (t)
)

dW (

Ξ̂(0) =g(0, z, y).
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Define the wealth process

X̂(t) = Ξ̂(t;h(0, x, y), y) = g
(

t, Z̄(y,h(0,x,y))(t), Y (t)
)

,

which satisfies X̂(0) = x. The associated portfolio isinvestment
strategy is

π̂(t) := π̃
(

t, Ẑ(t), Y (t)
)

, ĉ(t) := c̃
(

Ẑ(t)
)

,

where
Ẑ(t) := Z̄(y,h(0,x,y))(t).

Using

X̂(t) = g(t, Ẑ(t), Y (t)), Ẑ(t) = h(t, X̂(t), Y (t)),

we verify that X̂ is the optimal wealth and can write down the
feedback-form dynamics of (X̂, Y ).
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