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Put simply

Parametric estimation

of the stable Ornstein-Uhlenbeck processes

based on discrete-time but high-frequency infill sampling.
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Symmetric β-stable Lévy process J

E[exp(iuJt)] = exp{−t|u|β} ∼ Sβ(1), β ∈ (0, 2).

Characterized by the Lévy density:

g(z) =
1

2
σβ

{
1

β
Γ(1 − β) cos

βπ

2

}−1

|z|−β−1, z ̸= 0

P (J1 ∈ dy) = ϕβ(y)dy:

Positive density: ∀y ∈ R, ϕβ(y) > 0
ϕβ is smooth in (y, β) ∈ R × (0, 2)

Selfsimilarity: Jt
d
= t1/βJ1

Lack of finite variance: E(|Jt|q) <∞ iff q ∈ (−1, β).
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Model setup
.
Stable-Lévy driven Ornstein-Uhlenbeck process
..

......

dXt = −λXtdt + σdJt, X0 = x0.

Equidistant sample over a fixed period [0, T ]:

(Xt1 , . . . , Xtn), tj = jh, h = hn := T/n
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Goal

dXt = −λXtdt + σdJt, X0 = x0, (Xtj)
n
j=0

.
Local Asymptotic Mixed Normality (LAMN) for λ ∈ R
..

......

Local quadratic approximation of the likelihood ratio (rn →∞):

log
Pλ+u/rn

Pλ

(Xt1 , . . . , Xtn) = ∆n(T )u−
1

2
Γ0(T )u2 + op(1),

clarifying the ideal asymptotic phenomenon in estimation of λ:

Optimal rate of convergence;

Minimal asymptotic variance;

Efficiency (in test) of the score statistics ∆n(T ).

.
Practical estimators for the unknown parameters
..
......MLE is not quite convenient...so resort to something else.
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Remark: Case of Gaussian OU process

dXt = −λXtdt + σdwt

LAN or LAMN available for λ only under

Tn := nhn →∞

Ergodic (λ > 0) ⇒ LAN (Local Asymptotic Normality).
Non-ergodic (λ < 0) ⇒ LAMN (Local Asymptotic Mixed Normality).
Unit-root (λ = 0): Locally Asymptotically Brownian Functional.

.
Our question
..
......Case of the β-stable driven case for β < 2...?

.
Answer
..
......Entirely different phenomena
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Remark: How about the Least-Squares Estimator...?

The LSE λ̃n := arginf
λ>0

n∑
j=1

(Xtj −Xtj−1
+ λXtj−1

h)2.

Explicit asymptotic hebavior, cf. Hu and Long (2009):(
Tn

logn

)1/β

(λ̃n − λ0)→d
S′
β

S′′+
β/2

.

Ergodicity is essential.
T = Tn → ∞ inevitable.
Construction of a confidence interval may not be straightforward.
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Transition probability

For any 0 ≤ s ≤ t,

Xt = e−λ(t−s)Xs + σ

∫ t

s

e−λ(t−u)dJu.

Stable-integral property:

L
(∫ tj

tj−1

e−λ(tj−u)dJu

)
= Sβ(κh(λ)),

where

κh(λ) :=

{
1− exp(−λh)

λβ

}1/β

∼ h1/β

For each j ≤ n:

L(Xtj |Xtj−1
= x) = δx exp(−λh) ∗ Sβ(σκh(θ))
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The likelihood function in question
.
Loglikelihood (w.r.t. λ)
..

......

ℓn(λ) =
n∑

j=1

log

{
1

σκh(λ)
ϕβ(ϵj(λ))

}
where

ϵj(λ) :=
1

σκh(λ)

(
Xtj − e−λhXtj−1

) Pλ∼ Sβ(1)

For k ∈ N,

∂k
λℓn(λ) =

n∑
j=1

{
−∂k

λ log κh(λ) + ∂k
λ logϕβ(ϵj(λ))

}
= o(1) +

n∑
j=1

∂k
λ logϕβ(ϵj(λ)), n→∞.
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Stochastic expansion: rn := n1/β−1/2-rate localization

ℓn

(
λ +

u

rn

)
− ℓn(λ) =

u

rn
∂λℓn(λ)−

1

2

(
−

u2

r2n
∂2
λℓn(λ)

)
+ Rn(u)

...1 Stable convergence in law of the martingale term

∃r.v. ∆0, (r−1
n ∂λℓn(λ), Fn)

L−→ (∆0, F0) for any Fn
p−→ F0.

...2 Law of large numbers for the quadratic term

∃positive r.v. Γ0, −r−2
n ∂2

λℓn(λ)
p−→ Γ0.

...3 Negligibility of the remainder term

∀u, Rn(u) = Op(n
−1/2)

p−→ 0

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013 12 / 27



. . . . . . . .
Objective and Background

. . . . . .
Claims

. . .
Simulation

. . . . .
Summary and Remarks

Main claim: LAMN for λ ∈ R when T is fixed

dXt = −λXtdt + σdJt, λ ∈ R, (XjT/n)
n
j=0, rn = n1/β−1/2

.
Theorem (LAMN)
..

......

∀u ∈ R, ℓn

(
λ +

u

rn

)
− ℓn(λ) = ∆n(T )u−

1

2
Γ0(T )u2 + op(1)

∆n(T )
Ls−→ ∆0(T )∼Γ0(T )−1/2η with η∼N(0, 1)⊥⊥J .

Γ0(T ) :=

{
σ−2

∫ (
∂ϕβ(y)

ϕβ(y)

)2

ϕβ(y)dy

}
T 1−2/β

∫ T

0

X2
t dt.
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Some consequences and messages

∀u ∈ R, ℓn

(
λ +

u

rn

)
− ℓn(λ) = ∆n(T )u−

1

2
Γ0(T )u2 + op(1)

.

......

An efficient λ̂n should fulfil that

n1/β−1/2(λ̂n − λ)
L−→ MN

(
0, σ2C(β)T 2/β−1

(∫ T

0

X2
t dt

)−1
)

the asymptotic Mixed Normality;

Getting useless as β → 2 (should be!),
Asymptotic random variance is λ-free, but λ affects L(Γ0(T )−1).

No unit-root type problem (cf. Szimayer and Maller (2004));

Unified asymptotics, whatever λ0 is, unlike AR time series models.

Quantitative distributional theory for each fixed T .
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Remark: Rate-optimal estimator of λ ∈ R 1

dXt = −λXtdt + σdJt, (Xtj)
n
j=0, tj = jT/n

.
LAD (Least Absolute Deviation) estimator
..

......

λ̂n ← argmin
λ

n∑
j=1

∣∣∣Xtj − e−λT/nXtj−1

∣∣∣
n1/β−1/2(λ̂n − λ)

L−→ v
−1/2
0 η

where η∼N (0, I2)⊥⊥(X0, Z) and

v0 := 4σ−2ϕβ(0)
2T 1−2/β

∫ T

0

X2
t dt.

1Applicable to more general locally stable OU processes, M (2013).
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Relative efficiency LAD/MLE 2:

4ϕβ(0)
2

{∫ (
∂ϕβ(y)

ϕβ(y)

)2

ϕβ(y)dy

}−1

2Matsui and Takemura (2006) for the plot
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Remark: Simple estimators of β and σ 3

∆jX := XjT/n −X(j−1)T/n, p ∈ (0, β/2), β ∈ (2/3, 2).

V ′
n(p) :=

∑n
j=2 |∆jX −∆j−1X|p

V ′′
n (p) :=

∑n
j=4 |∆jX −∆j−1X + ∆j−2X −∆j−3X|p

√
n-asymptotically normal estimators:

β̂n := p log(2)/ log{V ′′
n (p)/V ′

n(p)},

σ̂n := T−1/β̂n

{
C(p, β̂n)n

p/β̂n−1V ′
n(p)

}1/p

.

3Application of Todorov (2013).
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Setup:

dXt = −λXtdt + σdJt with L(J1) = Sβ(1) and X0 = 0.

T ← 5 and n = 1000, with 1000 MC-iterations.

(λ, β, σ)← (0, 1, 0.5), (−1, 1, 0.5), (1, 1.5, 0.5).

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013 18 / 27



. . . . . . . .
Objective and Background

. . . . . .
Claims

. . .
Simulation

. . . . .
Summary and Remarks

(λ, β, σ)← (0, 1, 0.5): Stable Lévy process

LSE also shown for comparison.

QQ plot of randomly-normed LAD estimator n1/β−1/2
√∫ T

0
X2

t dt(λ̂n − λ)
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(λ, β, σ)← (−1, 1, 0.5): Non-ergodic case

LSE also shown for comparison.

QQ plot of randomly-normed LAD estimator n1/β−1/2
√∫ T

0
X2

t dt(λ̂n − λ)
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(λ, β, σ)← (1, 1.5, 0.5): Ergodic case

LSE also shown for comparison.

QQ plot of randomly-normed LAD estimator n1/β−1/2
√∫ T

0
X2

t dt(λ̂n − λ)
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Remark: Case of T = Tn →∞?

Faster but intractable convergence expected:

n1/βh1−1/β(λ̂n − λ)
L−→ Non-trivial law

Local quadratic approximation no longer true:

1

{n1/βh1−1/β}k
∂k
λℓn(λ) = Op(1), k ∈ Z+.

Caused by the fact, e.g. Davis et al. (1992):(
1

n1/β

)k n∑
j=1

Xk
tj−1

= Op(1), k ∈ Z+.
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Remark: Optimality for more parameters?

dXt = (γ − λXt)dt + σdJt

L(J1) = Sβ(1), β ∈ (0, 2).

(Xtj)
n
j=0 with tj = jT/n for fixed T > 0.

...1 θ = (λ, γ, σ) ∈ R× R× (0,∞)
⇒ LAMN at rate (

n1/β−1/2, n1/β−1/2,
√
n
)

...2 θ = (λ, γ, σ, β) ∈ R× R× (0,∞)× (0, 2)
⇒ Constantly singular Fisher information...(

n1/β−1/2, n1/β−1/2,
√
n,
√
n logn

)
Ait-Sahalia and Jacod (2008), M (2009); stable-Lévy process case.
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Final remark: More general nonlinear SDE?

Estimation of θ := (α, γ) in

dXt = a(Xt, α)dt + c(Xt−, γ)dJt

when observing (Xhn , X2hn , . . . , Xnhn), h = 1/n.

⇒ The non-Gaussian stable quasi-likelihood 4:

θ̂n ∈ argmax
θ∈Θ

n∑
j=1

log

{
1

h1/βc(Xtj−1
, γ)

ϕβ

(
∆jX − ha(Xtj−1

, α)

h1/βc(Xtj−1
, γ)

)}
.

Todorov’s index estimator β̂n still usable.

4Presented at Dynstoch meeting 2012 Paris.

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013 25 / 27



. . . . . . . .
Objective and Background

. . . . . .
Claims

. . .
Simulation

. . . . .
Summary and Remarks

Final remark: More general nonlinear SDE?

Estimation of θ := (α, γ) in

dXt = a(Xt, α)dt + c(Xt−, γ)dJt

when observing (Xhn , X2hn , . . . , Xnhn), h = 1/n.

⇒ The non-Gaussian stable quasi-likelihood 4:

θ̂n ∈ argmax
θ∈Θ

n∑
j=1

log

{
1

h1/βc(Xtj−1
, γ)

ϕβ

(
∆jX − ha(Xtj−1

, α)

h1/βc(Xtj−1
, γ)

)}
.

Todorov’s index estimator β̂n still usable.

4Presented at Dynstoch meeting 2012 Paris.

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013 25 / 27



. . . . . . . .
Objective and Background

. . . . . .
Claims

. . .
Simulation

. . . . .
Summary and Remarks

Asymptotic mixed normality valid, M (2013):

 √nh1−1/β
n (α̂n − α0)

√
n(γ̂n − γ0)

⇒MN
(
0, diag[U(θ0)

−1, V (θ0)
−1]
)

where

U(θ0) =

∫ 1

0

{∂αa(Xt, α0)}⊗2

c(Xt, γ0)2
dt ·

∫
∂ϕβ(y)

2

ϕβ(y)
dy,

V (θ0) =

∫ 1

0

{∂γc(Xt, γ0)}⊗2

c(Xt, γ0)2
dt ·

∫
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