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Objective and Background
o

Put simply

o Parametric estimation
@ of the stable Ornstein-Uhlenbeck processes
o based on discrete-time but high-frequency infill sampling.
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Objective and Background
(]

Symmetric 3-stable Lévy process J

Elexp(iuJ;)] = exp{—t|u|’} ~ Ss(1), B € (0,2).

Characterized by the Lévy density:
18 flpg LA
e g(z) = o {ﬂl"(l B3) cos 5 } |z] ,z2#0

P(J1 € dy) = ¢p(y)dy:
o Positive density: Vy € R, ¢g(y) > 0
e ¢ is smooth in (y,3) € R x (0, 2)
Selfsimilarity: J;, = /8],
Lack of finite variance: E(|J.|?) < oo iff ¢ € (—1, B3).
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Objective and Background
o

Model setup

Stable-Lévy driven Ornstein-Uhlenbeck process

dXt = —A.Xtdt + O'th, XO = Xop.

o Equidistant sample over a fixed period [0, T']:

(XtyyenorXe,), tj =jh, h=hy,:=T/n
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Objective and Background
o

dXt = —AXtdt + O'th, X() = X, (th);lzo

Local Asymptotic Mixed Normality (LAMN) for A € R

Local quadratic approximation of the likelihood ratio (7, — o0):

P 1
log HP—Z/M(X“’ oy Xp,) = An(T)u — 51“0(T)u2 + 0p(1),

clarifying the ideal asymptotic phenomenon in estimation of A:
@ Optimal rate of convergence;
@ Minimal asymptotic variance;
o Efficiency (in test) of the score statistics A, (T").
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Objective and Background
o

dXt = —AXtdt + O'th, X() = X, (th);lzo

Local Asymptotic Mixed Normality (LAMN) for A € R

Local quadratic approximation of the likelihood ratio (7, — o0):

P 1
log HP—Z/M(X“’ oy Xp,) = An(T)u — 51“0(T)u2 + 0p(1),

clarifying the ideal asymptotic phenomenon in estimation of A:
@ Optimal rate of convergence;
@ Minimal asymptotic variance;
o Efficiency (in test) of the score statistics A, (T").

Practical estimators for the unknown parameters

MLE is not quite convenient...so resort to something else.
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Objective and Background
L]

Remark: Case of Gaussian OU process

dX; = —AX.dt + odw,
o LAN or LAMN available for A only under
T, := nh,, — oo
e Ergodic (A > 0) = LAN (Local Asymptotic Normality).

o Non-ergodic (A < 0) = LAMN (Local Asymptotic Mixed Normality).
o Unit-root (A = 0): Locally Asymptotically Brownian Functional.

Our question
Case of the 3-stable driven case for 8 < 2...7
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Objective and Background
L]

Remark: Case of Gaussian OU process

dXt = —AXtdt + O'd’u)t
o LAN or LAMN available for A only under
T, := nh,, — oo

e Ergodic (A > 0) = LAN (Local Asymptotic Normality).
o Non-ergodic (A < 0) = LAMN (Local Asymptotic Mixed Normality).
o Unit-root (A = 0): Locally Asymptotically Brownian Functional.

Our question
Case of the 3-stable driven case for 8 < 2...7
Entirely different phenomena \
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Objective and Background
o

Remark: How about the Least-Squares Estimator...?

n
o The LSE X, := arginf » (Xy; — Xy,_, + AXy,_,h)%,

A>0 j=1
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Objective and Background
o

Remark: How about the Least-Squares Estimator...?

n
o The LSE X, := arginf > (X, — X¢,_, + AXy,_,h)>.

A>0 j=1

o Explicit asymptotic hebavior, cf. Hu and Long (2009):

T, 1/8 ~ S’
( ) (An — Ag) =4 —£-

"+
logn ,S'ﬁ/2

o Ergodicity is essential.
o T =T, — oo inevitable.
o Construction of a confidence interval may not be straightforward.
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Objective and Background
L]

Transition probability

e Forany 0 < s < t,

t
X;=e Mt-9X_ + o / e Mt—wqg..

S

o Stable-integral property:

tj
C </ e_’\(tj_”)dJu> = Sg(kn(N)),
tj—l

where 1/8
1— —\h
Kn(A) 1= {exP()} ~ h1/8

AB

@ For each j < n:

E(thlth,1 = m) = 6wexp(—)\h) * Sﬁ(UHh(e))
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Objective and Background
o

The likelihood function in question

Loglikelihood (w.r.t. )

() = Z log{ )¢>ﬁ(eg<x))}
where

(A) 1= ——— (Xp, — e X, ) R Ss(1)

@ For k € N,
Al (N) = {05 log kn(A) + 8% log pa(e;(N)}
j=1

=o(1) + Y _ 05log pa(e;(N), n — oc.

j=1
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© Claims
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Claims
(]

Stochastic expansion: r,, := n'/#~1/2_rate localization

¢, (A i :) NN Tifmn(x) _ % (-jiaizn(x)) + Ry (u)

n n n

@ Stable convergence in law of the martingale term
dr.v. Ag, (r;laAﬂn()\),Fn) £, (Ag, Fg) for any F,, 2, Fy.
@ Law of large numbers for the quadratic term
Jpositive r.v. Tg, —r-28%¢,(A) B T,.
© Negligibility of the remainder term

Vu, Rp(u)=0,(n %) %0
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Claims

Main claim: LAMN for A € R when T is fixed

0 dX; = —AXdt +odJ;, \ER, (XjT/n);‘lzov Th = nl/B—1/2

Theorem (LAMN)

VuER, £ (A + “) — £a(N) = An(T)u — S To(T)u? + 0p(1)

Tn

o An(T) £2 Ao(T) ~To(T)~1/2n with n~N(0,1) 1L .J.

° = ) g2 0¢5(y) 2 1—2/8 r 2
To(T) : { /(—qbﬁ(y) ) ¢[3(y)dy}T A X;dt.
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Claims
(]

Some consequences and messages

Vu €R, £ (A 4 ;‘) — £ (A) = An(T)u — %1“0(T)u2 + 0p(1)

n

o An efficient A, should fulfil that
T -1
n/P12(X, — N & MN (O,UZC(ﬁ)Tz/ﬁ—l (/ det) >
o

the asymptotic Mixed Normality;

o Getting useless as 3 — 2 (should be!),
o Asymptotic random variance is \-free, but \ affects £(To(T)™").

@ No unit-root type problem (cf. Szimayer and Maller (2004));
o Unified asymptotics, whatever )¢ is, unlike AR time series models.

@ Quantitative distributional theory for each fixed T'.
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Claims
o

Remark: Rate-optimal estimator of A € R !

"] dXt = —>\Xtdt + U'd.]t, (th);-lzo, t] = ]T/’I’l

LAD (Least Absolute Deviation) estimator

1

n
A  argmin Z ‘th — e_AT/"th_
A ‘
j=1

nl/ﬁ_l/z(j\n —A) i} 'vo_l/zn

where n~N (0, I2) L (Xo, Z) and

T
vg 1= 40—2¢@(0)2T1—2/ﬁ/ X2dt.
JO

1Applicable to more general locally stable OU processes, M (2013).
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Claims
o

o Relative efficiency LAD/MLE 2

46p(0)? { / (‘m)zm(y)dy}_

rel.eff.

0.5 1.0 1.5 2.0

beta

2Matsui and Takemura (2006) for the plot
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Claims
L]

Remark: Simple estimators of 3 and o 3

° A;X 1= Xjr/n — X(j—1)T/n: P € (0,8/2), B € (2/3,2).
] Vé(p) = 2?22 |AJX — Aj_1X|p
o V(p):= 7 4 1A;X — Aj 1 X + Aj X — Aj_5X|P

3 Application of Todorov (2013).
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Claims
L]

Remark: Simple estimators of 3 and o 3

° A;X 1= Xjr/n — X(j—1)T/n: P € (0,8/2), B € (2/3,2).
] Vé(p) = 2?22 |AJX — Aj_1X|p
o V(p):= 7 4 1A;X — Aj 1 X + Aj X — Aj_5X|P

@ /m-asymptotically normal estimators:

Bn = plog(2)/ log{V,! (p)/V,(p)},

R R - 1/p
&, 1= T—1/Bn {C(p, ﬁn)n”/ﬁ"_lV,{(p)} .

3 Application of Todorov (2013).

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013 17 /27



Simulation

© Simulation

Setup:
o dX; = —AXdt + odJ; with L(J1) = Sg(1) and Xy = 0.
o T+ 5 and n = 1000, with 1000 MC-iterations.
o (\,8,0) + (0,1,0.5), (—1,1,0.5), (1,1.5,0.5).
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Simulation
L]

(A, B,0) «+ (0,1,0.5): Stable Lévy process

LAD estimator QQ plot
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@ LSE also shown for comparison.
. — T %
@ QQ plot of randomly-normed LAD estimator n'/#=*/2,/ [ X2dt(An — )
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Simulation
L]

(A B,0) « (—1,1,0.5): Non-ergodic case

LAD estimator QQ plot
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@ LSE also shown for comparison.

® QQ plot of randomly-normed LAD estimator n'*/#~%/2,/ [T X2dt(A, — X)
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Simulation
o

(A, B,0) «+ (1,1.5,0.5): Ergodic case

LAD estimator QQ plot
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@ LSE also shown for comparison.
. — T 3
@ QQ plot of randomly-normed LAD estimator n'/?~/2/ [1 X2dt(An — X)

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013 21 /27



Summary and Remarks

@ Summary and Remarks

Hiroki Masuda (Kyushu University) timation of stable Ornstein. lenbeck process



Summary and Remarks
o

Remark: Case of T' = T,, — oo?

o Faster but intractable convergence expected:

n/PR1=1B(A, — A) £, Non-trivial law

@ Local quadratic approximation no longer true:

1
{n1/BR1-1/B}k

%, (N) = 0,(1), keZy.

o Caused by the fact, e.g. Davis et al. (1992):

(nl/ﬁ) Z Xi_, =0p(1), keZi.
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Summary and Remarks
o

Remark: Optimality for more parameters?

o L(J1) = S5(1), 5 € (0,2).
o (Xy;)7_o with t; = jT/n for fixed T > 0.

Hiroki Masuda (Kyushu University) Estimation of stable Ornstein-Uhlenbeck process Okinawa, October 27, 2013



Summary and Remarks
o

Remark: Optimality for more parameters?

o L(J1) = S5(1), 5 € (0,2).
o (Xy;)7_o with t; = jT/n for fixed T > 0.

Q@ 60=(\,v,0) ERXR X (0,00)
= LAMN at rate

(n1/5—1/2, nl/B=1/2, \/ﬁ)
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Summary and Remarks
o

Remark: Optimality for more parameters?

o L(J1) = Su(1), € (0,2).
o (Xy,)"_q with t; = jT/n for fixed T > 0.

Q@ 60=(\,v,0) ERXR X (0,00)
= LAMN at rate

(n1/5—1/2, nl/B=1/2, \/ﬁ)

Q@ 0=(\0,3) ERXRx(0,00) X (0,2)
= Constantly singular Fisher information...

(nl/ﬁ_l/z, nl/ﬂ_l/z, vn, \mlogn)

o Aijt-Sahalia and Jacod (2008), M (2009); stable-Lévy process case.
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Summary and Remarks
L]

Final remark: More general nonlinear SDE?

e Estimation of 0 := (a,7) in
dXt = a(Xt, a)dt + C(Xt_, ")’)d.]t

when observing (X, Xop, s+ s Xnh, ) h =1/n.

4Presented at Dynstoch meeting 2012 Paris.
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Summary and Remarks
L]

Final remark: More general nonlinear SDE?

e Estimation of 0 := (a,7) in
dXt = a(Xt, a)dt + C(Xt_, ")’)d.]t

when observing (X, Xop, s+ s Xnh, ) h =1/n.

= The non-Gaussian stable quasi-likelihood *:

. ki 1 A; X — ha(Xe,_,,0)
0, 1 ? .
€ aregemeax Z o8 { hl/BC(th_1 »7Y) ¥e ( hl/BC(th—1 »7Y)

j=1

@ Todorov’s index estimator ,én still usable.

4Presented at Dynstoch meeting 2012 Paris.
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Summary and Remarks
o

e Asymptotic mixed normality valid, M (2013):

VAhLVP (G, — axo)

\/ﬁ(ﬁ/n - '70)

= MN (0, diag[U (60) ™",V (80) ~"])

where

Uy = [ 10eaKee)® [ 06a(0)

o(X1,70)? bo(y)
_ [ {8e(Xe,70)}%2 [ {os(y) + ydds(y)}?
V(6o) = /0 c(X¢,v0)? dt / b5(y) W,
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Summary and Remarks
o

o Asymptotic mixed normality valid, M (2013):

VARLYB (G, — o)

\/ﬁ(:yn - 70)

= MN (0, diag[U(60) ",V (60) ']

where

Uy = [ 10eaKee)® [ 06a(0)

o(X1,70)? bo(y)
_ [ {8e(Xe,70)}%2 [ {os(y) + ydds(y)}?
V(6o) = /0 c(X¢,v0)? dt / b5(y) W,

Conjecture (ongoing study; not derived yet)

LAMN holds true: the stable QMLE is asymptotically optimal.
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Summary and Remarks
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