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Introduction

> Multi-level Monte Carlo paradigm was originally introduced for the
computation of :
E.[f(Xr)]

where f : R? — R and (X;).co,7] iS a g-dimensional process satisfying

t 13
Ve [0,T), X, =x+ / b(X,)ds + / o (X,)dW,. (SDE,,)
0 0

When no closed formula is available, one proceeds in two steps :
> Step 1 : Discretization scheme of (SDE} ) by

t t
X' = x+/ b(Xgn(s))ds —|—/ O’(X;gu(x))dWS, on(s) =sup{t;: 1; <s}.
0 0
with time step A = T/n and regular points 1; = iA, i =0,--- ,n.
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Introduction level Monte Carlo method

algorithms

This step induces a weak error
Ep(f,n, T, b, 0) = Eilf (Xr)] — E:[f(X7)] ~ A

see Talay & Tubaro (90), Bally & Talay (96), ...

> Step 2 : Estimation of E,[f(X})] by M~' x 3>} f((X})) induces a
statistical error :

E5(M.f,m, T,b, ) = EJFXD] — 2 S F(X1Y)

j=1

The global error associated to the computation of E,[f(X7)] writes :

Eaon(M, ) = Eff(¥r)] — = 3" F((X8Y)

=1
= ED(f,an»baa) +55(M,f,n,T,b,0').
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Complexity analysis

Optimal complexity : How to balance M w.r.t n to achieve a global
error of order € ?
> Duffie & Glynn (95) : If the weak discretization error of order n=2,
i.e.

Ja € (0, 1], n*(Ey[f (X7)] — E[f (X})]) = C(e,f,b,0,T), n— +00

then,
n® n% Zf((ﬂ)’) —E[f(Xr)] | = N (C(a.f,b,0,T), Var(f(Xr))) -

> It is optimal to set M = n?* to achieve an error of order e = n=* :

Cuc=CxMxn=Cxn*t
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Statistical Romberg Monte Carlo scheme

> To reduce the complexity, Kebaier (05) proposed a two-level Monte
Carlo scheme to approximate . [f(X7)] by :

n1 n2T

M1, 72, 8) : Zf (x5 vaZf (XpY) = £((X5Y)

° ((X?B)f)jeﬂl,m and (((xzy, x?’ ¥)jeq,»17 are independent.

° (X;,X?ﬁ) are computed with the same path but with different time
steps.
> Main result : If n®(E,[f(X7)] — Ei[f(X})]) — C(a,f,b,0,T), then

n® (M(Zaﬂa —-B,8) — EX[f(XT)]) = N (C(a,f,b,0,T), Var(f (Xr)) + Var(Vf(Xr)Us
> Optimal Complexity to achieve an error of order n=< :

B_2a

Csgr—mc =C x (n"n™ + (nﬁ + n)nz”_‘?) ~ C X nz“+%, 8 ==.
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Multi-level Monte Carlo scheme

> Generalizing Kebaier’s approach, Giles (08) proposed a multi-level
Monte Carlo scheme to approximate E,[f(Xr)] by :

() = ;OZ Y +Z Zf (k8" Y) —F(xg™'Y)

@ L+ 1 independent empirical mean sequences.
@ Euler schemes with geometric sequence of time steps, m" = n.

Var(M(n)) = —Var(f X)) + Z Var(f X’” ) — X’” ) < CZN m~*

> Optimal Complexity to achieve an error of order n=« :
CuLmc = C x n**(log(n))?, for Ny := 2c,n**(L + 1)T/m".

> See also the recent work of Kebaier & Ben Alaya (12).
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astic approximation algorithms
e different steps

> Aim : Extend the scope of the ML-MC method to stochastic
optimization by means of stochastic approximation (SA).

> Introduced by H.Robbins & S.Monro (1951). It is a recursive
simulation-based algorithm to estimate 6* solution of

h(0) :=E[H(O,U)] =0, H:R!xRI R U~p
> Behind and implicitly assumed : Computation of 4 is costly

compared to the computation of H and to the simulation of U.
> Devise the following scheme p € N, 6, € R¢

Op+1 = 0p — Yp1H(Op, Upt1) = Op — Y1 (h(6)) + AM)p11)
—_———
Corrupted observations of h(6,)
with (U,)p>1 i.i.d. R?-valued r.v. with law n and
=0 Yo < 4o
p>1 p>1

to take advantage of an averaging effect along the scheme.

Noufel Frikha Multi-level stochastic approximation algorithms



Introduction Multi-level Monte Carlo method

Toward Multi-level stochastic approximation algorithms
A short 2 the different steps

Asymptotic properties of (6,),>1

a.s. convergence and convergence rate

> a.s. convergence : Robbins-Monro Theorem
@ mean-reverting assumption

VO € R 60 £ 6%, (0 — 6%, h(0)) >0,
@ domination assumption
Vo e R, [h(O) <E[H(O,U)]> < C(1+ |6 — 6*?).

Then, one has :
0, 2% 6%, p — +o0.

> Weak convergence rate : under mild assumptions, in “standard
cases”, one has

Vw0, —0") = N (0,Z%), p— +oo.
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> In many applications, notably in computational finance, we are
interested in estimating the zero 6* of h(0) = E[H(0, X7)].

> Some examples among others :
@ Implied volatility :

o € Ry s.t. Ex[(Xr(0) — K)+] = Puarker-
@ Implied correlation between X} and X7 :
p € (—1,1) s.t. B [(max(Xs, X2(p)) — K) 1] = Prarker-
@ VaR and CVaR of a financial portfolio :

(€,C) 5.t PUF(Xp) < €) = o, C = VaRa+iEx[(F(xT)_VaRa)+]

@ Portfolio optimization : supycr, E<[U(F(X7) — 0.(X7 — x))].



Introduction

ximation algorithms

A short analysis of the different steps

> The function # is generally not known and X7 cannot be simulated.
> Estimating the zero 6* of h(.) = E,[H(., X7)] by a SA is not possible !
> Therefore, we need to proceed in two steps :

@ Approximate the zero 6* by the zero 6*" of h*(.) := E,[H(.,X})] :
Implicit discretization error : Ep(n,T,b,0,H) := 0" — 0*".

Related issues : 6*" — 6* ? What about the rate ? Expansion ?
@ Estimate 6*" by M € N* steps of the following SA scheme :

0;+1 - 0[’71 - ’YP-HH(QZ’ (X¥)p+l)> pE [[OaM - 1]]
Statistical error : E¢(n,M,~,T,H) := 6*" — 0},.
> Therefore, the global error between 6* and its approximation 6, is :
gglob(M7 ’YvH) = 0* - 9*,” + 0*7’1 - 0511/1
=&, T,b,0,H) + Es(n,M,~,T,H).
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Analysis of the SA scheme On the implicit discretization error
Optimal tradeoff between implicit discretization and statistical errors

On the implicit discretization error

Proposition

Vn € N*, assume that 4 and #" satisfy a mean reverting assumption.
Moreover, suppose that (4"),>; converges loc. unif. towards 4. Then,
one has :

0" — 0" as n — +oo.

Proposition

Suppose that 4 and 4", n > 1, are C'(R?,RY) and that Dh(0*) is
non-singular. Assume that (D#"),>, conv. loc. unif. to Dh. If 3o € [0, 1]
s.t.

| \

VO € RY, lim n*(h"(0) — h(B)) = E(h, , 0),

n—-+oo

then, one has

lim n*(0*" — 0%) = —Dh~ ' (0")E(h, a, 6%).

n——+o00
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Analysis of the SA scheme On the implicit discretization error
Optimal tradeoff between implicit discretization and statistical errors

Optimal tradeoff between implicit discretization and
statistical errors

Remember that the global error between 6* and its estimate 6, is :
Egop(M, 7, H) = 07 = 07" + 0" — 0,
Suppose that :
@ IN>0, Va>1,V0 e R (6 — 605" () > N6 — 6%
@ ~ varies regul. with exponent (—p), p € [1/2,1), that is, Vx > 0,
lim;, oo y(2x) /(1) =x77, ( = 0.
@ fors > 1, v(t) = v/t and , satisfies 2Ayy > 1, ¢ = 1/(27)

Under these assumptions, one has

n (92_1(1/#0‘) - 9*) = _Dh_l(e*)g(h7a79*) +N(072*)a

T = /Ooo exp (—s(Dh(0™) — ¢1y))" Ex[H (6%, Xr)H(0*, X1)"] exp (—s(Dh(6*) — (1)) ds
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Analysis of the SA scheme On the implicit discretization error
Optimal tradeoff between implicit discretization and statistical errors

Interpretation

For a global error of order n=2, one needs to devise M = v~ !(n=2%)
steps of the SA.
> Computational cost of SA is :

Csa(y) =C xnx vy~ (n72%),

> Two basic step sequences :

@ if v(p) = vo/p with 2\ > 1, then Csy = C x n?*+t1,

@ if v(p) =0/p”,  <p<1,then Csy = C x netl,

> Optimal complexity is reached for v(p) = vo/p

> Main drawback : The constraint on ~, is difficult to handle in
practical implementation.
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Statistical Romberg SA : a two-level SA scheme
Multi-level stochastic approximation algorithms Multi-level stochastic approximation algorithm

The statistical Romberg SA method

It is clearly apparent that : 6*" = gen” 4 grn — g+’ B e (0,1). We
estimate 6* by :

oy = 0y + 0y, — 0.

> (G, 9,’52) is computed using two Euler approximation schemes with
different time steps but with the same Brownian path.
> 6,’(2 comes from Brownian paths which are independent to those
used for the computation of (6}, 9;\’2).
To establish a CLT we need the following assumptions :

@ V0, P(X7 ¢ Dyg) =0, Dy := {x € R?: x — H(0,x) differ. at x}.

@ V(6,0 ,x) € (R)? xR, |H(H,x) —H(O',x)| < C(1+ |x|")|0 — ¢

@ V0 € R?, n'/?||Dh"(9) — Dh(#)|| — 0, asn — +oo.
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Statistical Romberg SA : a two-level SA scheme
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CLT for the two-level SA method

Theorem

Suppose that E(D,H(0*, X7)Ur)(DH(0*,X7)U7)" is positive definite.
Assume that (y(p)),>1 satisfies one of the following assumptions :

@ ~ varies regul. with expon. (—p), p € (1/2,1), (=0
@ fors > 1, v(t) = o/t and v, satisfies Ay > 1, ¢ = 1/(2v).
Then, for M; = v~1(1/n%*) and M, = v~'(1/(n**=AT)), one has

n* (O — 0*) = D (6*)E(h, a, 6*) + N'(0,£*), n — +o0
with

e e] . T
pIREES / e~ s(Dh(o H'd)) (E.[H(6*, X7)H(0*, X1)"]

+ B (DH (0", X7)Ur) (DH(0*, X7)Ur)")e s PO =Cla) g
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Sketch of proof 1/3

First use the following decomposition :

B

sr * n? *,n n *,1 *,nB
O — 0" = iyuaey = 0"+ 0011 pgpamsy = Omr ey — (07" = 07)
9* Mo 9*
> Step 1 : Impl. discret. error : n®(6*" — 6*) — —Dh='(0*)E(h, a, 0%).
> Step 2 : We also have : (07", | .0y — 0°"") = N(0,T*) with
D i [ exp (<s(DH(O") — 1)) ELJH(O XH(O X)) exp (~s(DAE) ~ CL)) ds
0

> Step 3 : Use the following decomposition :
n nﬂ *,1 *,nﬂ
0101 yma—py = o=1(1jma—sy — (67" —67")
= 0n—1(1/,12a—ﬁ)*9,y—|<1/,,2a—6) — (0*"1 = 9*)
n *,nB *
(9 —1(1/n2a=B) " 0 N1 /n2e—B) — (9 -0 ))
where (6,),>0 is the artificial SA : 6,11 = 0, — Yp4-1H (0, (Xr)? 1), 60 = 6;.
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Sketch of proof 2/3

Then, we prove :
e nB *,nP * *
n (82211 amsy) = Bys1asmy = (0 = 67)) = N(0,07)
with
o= / T (e MO )=CDYTE (D, (6%, Xr)Ur) (DH (0", Xr)Up)T e=*(OHO") =6l gy
0

* * ]P
and n® (87 _,  /2a—sgy) = Oam1(1/(a-s1y) — (77 = 07)) 0.

> A Taylor’s expansion yields for p > 0

B w.nB B «nB B o«nB B w.nB B
Oy — 08" =05 —0"" —yp  DE" (0" )6y — 0" ) + Y1 AMy — Ypy1G)

‘9p+1 -0 = 9p —0* — ’Yp+1Dh(9*)(9P - 0*) + ’Yp+1AMp+1 - 'Yp+1€p7
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Sketch of proof 3/3

Simple induction shows that z;ﬁ = 6;[1 —0p — (0*’”ﬁ —0%)
n n n
B B B 8
7, =25 + Z’YkaJrl,nANZ + Z’YkaJrl,nARZ + Z Yiellgy1,0 ASE
k=1 k=1 k=1
where
0 Hk,n = HJ":k ([d — "/,Dh(a*)),

@ non-linear. innov : AN?” = w” (%) — h(6*) — (H(6*, (x2” Y1) — H(6*, (Xr)*+1))
@ non-linear. in space : ARgB =’ (9;(”3) — "’ 0%y - (H(G;(’B , (X’;ﬁ)k“) -
H(O", (037 1)) + H(Op, (X)) — H(0%, (Xr)HT) — ((61) — h(67))

® Rest: AS} = (¢f_, — Gt + (Dh(9") — DI (0>"")) (87, — 0°*))

s L'(p)
DV[O‘H]’,Y_]U/(,IZQ—[-}T))ZS — 0.

VI o B P
> n® EZ:I( /(n ))’7ka+1,"/_1(1/(n2”_[€T))ARZ — 0

=11 /(2e=BT o
> n® 22:1( /(n ) 'Yka.;_l,»y—l(]/(nz“"—ﬁT))ASZ — 0.

> CLT martingale arrays (see e.g. Hall & Heyde) + Jacod & Protter CLT :
v/ @) ,
ne > W1 =11/ re—81) AN = N (0,2%)
k=1
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Multi-level SA scheme

It uses L Euler schemes with time steps given by 7/m*, ¢ € {1,--- L}
s.t. m* = n and estimates 6* by

/5
ml __ pl mt mé!
ol =0y, + > o — o
=1

To establish a CLT we need the following assumptions :
@ V0, P(X; ¢ Dyyg) =0, Dup = {x € R?: x — H(9,x) differ. at x}.
@ V(0,0 x) € (RY)? x RY, |H(0,x) —H(0',x)| < C(1+ |x|")|6 — ¢'|.
@ 33> 1/2,V0 € R?, nP||Dh"(0) — Dh(9)|| — 0, asn — +oc.
@ Weak error is of order 1 : V0 € RY, n(h" () — h(0)) — E(h, 1,0).
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CLT for the Multi-level SA scheme

Suppose that E(D,H(0*, X7)Ur)(DH(0*, X7)Uz)" is positive definite.
Assume that (y(p)),>1 satisfies one of the following assumptions :

@ ~ varies regul. with expon. (—p), p € (1/2,1), (=0
@ fors > 1, v(t) = o/t and v, satisfies Ay > 1, ¢ = 1/(2v).
Then, for My = v~ (1/n?), M; = v~ (m* log(m) /(n*log(n)(m — 1)T)),
{=1,---,L,one has
n(OM — ") = Dh='(0*)E(h, 1,0%) + N (0,=%), n — +o0
with

o0 . T
2 = /0 (=@M ) (BL[H(0*, X})H(0", X))

+ E(DH(0*, Xr)Ur) (DH(0*, Xr)Ur)" e (PHO)=Cla) g
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Complexity Analysis

For a total error of order n=¢, the complexity of the SR-SA method is
Csrsa(7) = C x (7' (1/n*®) + (n+n" )y~ (1/(B**=°T))),
For a total error of order n~!, the complexity of the ML-SA method is
L
CuLsa(y) = C % (’71(1/”2) + ZMe(me +me1)> .
£=1

@ If v(p) = vo/p and Ayy > 1 then 8* = 1/2 is the optimal choice
leading to

Csrsa(y) = C'n*+1/2,

Cusa() = € ( n n%logn)zm’ﬁog‘m])z) — O( (log(n))?).

@ Ify(p) = y0/p”, & < p < 1then g* = p/(1 + p) leading to
Csrsa(7) = C'n *75, and Cuisa(v) = O(n? (logn)?).
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Numerical results

Computation of quantiles of a 1-d diffusion process

We consider a GBM : X, = xy + fot rX,ds + fot oX,dWy, t€[0,T]. The
quantile at level I € (0, 1) of X7 is

q(X7) :=inf {0 : P(X7 < 0) > I} = xgexp((r — 02 /2)T + oVTo~(1)).
q:(X7) is the unique solution to
h(e) = EX[H(0>XT)] =0, H(97x) = 1{x§0} =

> parameters : xo = 100, r =0.05, 6 =04, T =1, [ =0.7,

> reference value : go.7(Xr) = 119.69.

> Implicit discretization error : We plot n — nk"(6*) (MC estimator)
and n +— n(6*" — 0*) (SA estimator) for n = 100, - - - , 500, with M = 108
samples.

> optimal tradeoff CLT : Distribution of n(6” _, , ., — 6*), obtained
with » = 100 and N = 1000 samples,
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Numerical results

Implicit discretization error behavior

Convergence of n.h"(@) Convergence of n.(8""-6")
0 T T T T T T T T T T T T T T

-0.02

-0.04

-0.06

-0.08

n.h"@)

-0.1

-0.12

-0.14 q

100 150 200 250 300 350 400 450 500 100 150 200 250 300 350 400 450 500
discretization size n discretization size n

FIGURE : On the left : Weak discretization error n — nh"(6*). On the right :
Implicit discretization error n — n(6*" — 6*), n = 100, - - - , 500.
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Numerical results

Optimal tradeoff

histogram of (07, ;) — 0%), n= 100

FIGURE : Histogram of n(6_., /2, — 6"), n = 100, with N = 1000 samples.
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Numerical results

Computation of the level of an unknown function

We (still) consider a GBM : X, = xo + [, rX,ds + [, oX,dW,, t € [0,T].
For a fixed [, we aim at solving :

e TE(Xr —0), =1<= h(0) =0, with HO,x) =1—e " (x—0),

We first fix a value 6*, the BS formula gives / and we estimate 6*.

> parameters : xo = 100, r =0.05, 0 =04, T =1, [ = 0.7,

> reference value : 6* = 100.

> Implicit discretization error : We plot n — nh™(6*) (MC estimator)
and n +— n(6*" — 0*) (SA estimator) for n = 100, - - - , 500, with M = 108
samples.

> optimal tradeoff CLT : Distributions of n(67 _, , ., — 6*), n(6;" — 0)
and n(©™ — 9*), obtained with n = 4* = 256 and N = 1000 samples
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Numerical results

Implicit discretization error behavior

Convergence of n.h"(@) Convergence of n.(6""-6)
5 T T T 8
4
6
3
2

n.h"e)
°
n.(0""-8")

100 150 200 250 300 350 400 450 500 100 150 200 250 300 350 400 450 500
discretization size n discretization size n

FIGURE : On the left : Weak discretization error n — nh"(6*). On the right :
Implicit discretization error n — n(6*" — 6*), n = 100, - - - , 500.
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Numerical results

CLT for the different schemes

FIGURE : Histograms of n(6.,-1(, 2y — 6*), n(© — 6*), n(©}" — 6*), n = 100,
N = 1000.
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Numerical results

CLT for the different schemes
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FIGURE : Histograms of n(6.,-1(, 2y — 6%), n(©) — 6%), n(©}" — 6*), n = 625,
N = 5000.
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Numerical results

Comparison of the three estimators

For a set of N = 200 different targets 6; equidistributed on the interval
[90, 110] and for different values of n, we compute the complexity of
each method and its root mean squared error (RMSE) :

N

1/2
1 n *
RMSE = (N G ek)2>

k=1

where O} = 0 O or ©™ is the considered estimator.

-1 (1/,12) 9
> For each given n and for each estimator, we provide a couple
(RMSE, Complexity) (average complexity) and also the couple
(RMSE, Time) (average time).

> The multi-level SA estimator has been computed for different
values of m,m =2tom =17.
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Complexity

2401

6

Complexity w.r.t RMSE

@ SR-SA
——%— SA
—&— MLSA

1000
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Time w.r.t. RMSE

10°
@+ SR-SA
—%— SA
—&— ML-SA
107k ‘o 100
107 107" 10° 10’

Root mean squared error
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