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Abstract: In this paper, using arcsine variables, we
get a new elementary proof of ((2) = %2, known as
the Basel problem and the Euler formula. Using
exponential variables, we get the formula like Euler.
We can also solve the Basel problem by using
Wigner's semi-circle law and Legendre generating
function.

Keywords: arcsine random variable, Basel Problem,
Euler formula, Riemann's Zeta Function, exponential
random variable, Wigner's semi-circle law,

Legendre polynomial.

2



2000 AMS Subject classification: 11M06,
11M35, 60E05



1 Introduction

First we review our previous paper([1]).
Consider the Riemann zeta function

— 1
Z i (for Res > 1).

J=1

Using two independent Cauchy variables, we
obtain the following Euler's formulae of the
Riemann zeta function, which is very classical
(see for example [9]):



Euler’'s Formulae

1 1 /7 2n+2 A,
1= S )2n+2) =3 (5) ['(2n+2)

Here, the coefficients A,, are featured in the
series development

O

1 A T
= 0 (19] < =).
cos? Z (2n)! (0] < 2)

n=0




We remark that many authors ([3, 4, 7, 8, 10]
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) have written elementary proofs of ((2) = %
The problem of finding this value is known as
Basel problem ([2]).

We first review the density function of the
ratio of two independent random variables from
elementary probability theory.

Lemmal.l.

Consider two independent random variables
X, Y such that P(X >0)=P(Y >0) =1 and



with density functions fx (x), fy(x).
Then, fx (), the density function of 3 is
given by:

fr(z) = /OOO fx (u) fy (uz)udu

Proof.
For x > 0,

P(% <z)= ff%@c fx(u) fy (v)dudv =
fooo fy (v)dv va fx (u)du. Then differentiating



both sides with respect to x, we get the result.
b) Applying Lemma 1.1. for

f|C1|($) — f|C2|(y) — %14_1332 1a:>() l.e.:
(Cq| ~ |Cy| ~ |C]| where C'is a Cauchy variable




with fo(z) :% L we get , for z >0 :

14x 2
1
1+u2 (1 + (ux)?)

|
7%/00 du

4
-

> udu

)(1 4+ ux?)
2 _ T du

w2 0 (1——u 1+ux2)1—x2

2 [ 7’ du
A=soom? Jg 14+u 14 uxr?’1—x?

4 logx
2 2 ]




c) Since 1 = [~ fy (z)dz, we have:

2 OOI
W_:/ ogmdm
0

4 x? — 1

The righthand side R is equal to



1 o0
log x log x
R = d
[, more [ w2
1
— 1
0 1l—x

1 00
:2/ (—logx)Zx%da:
0

k=0

00 1
:ZZ/ (—log 2)z?*dz
k=0 "




oo o0
— 92 E / e 2kt ou gy,
k=00

— [ ¥y ., dy
_ 9 y
l;)/() ok +1° 2k +1

=2I(2) »

k=0

Thus, we obtained:

(2% -

- 1)2



Z T
k:—O 2k+ 8
Noting that

=1 Bk 1 1
- Z B2 Z (2k + 1)2 | 22<(2)'
k=1 k=0
we obtain the desired result, I.e.:
4 1 w2 4 2
C(Q):—Z( S———

2
34~ (2k+1)2 83 6




This is a probabilistic solution of Basel Problem.

|C2 ]|
|C1 |

prove the Euler’'s formulae of the Riemann zeta
function.
Lemma 1.2.

Considering even moments of log , we

Co\*", 8 1 ,

Proof.



E((log I%I)Qn) = [y (logx)*" fic,| (x)dx =

[Cq |
4 oo (logz)®™™ 5, 8 ol (logz)*"™t 5
=2 Jo e Gl s w G
O
_ 8 1 2n+1 2k
= 5 [, (—logx) g " dx
k=0

o0
_ % 2 :u2n—|—16—2ku6—udu _

k=0
8 > U 2n+1_—wu du
™ ; /O Sy DA T




> 1

8
k=0

= 2020 +2)(1 — 55052)¢(2n + 2)
Using this Lemma, we obtain the following

Euler Formula:
Theorem 1.1.  (Euler’s Formulae)




where, the coefficients A,, are obtained in the
series development

1 = A T
= "0 (10) < =).
cos? Z (2n)! (0] < 2)

n=0

Proof.
We only need to prove that
E(|C1|*) = —%— (Ja| < 1), because by this,

COS 506

a log I@ZI o 1
( ) ~ (cos Ta)??

we can easily get that £



which Is equivalent to

E((log|Cy/Cq|)*"™) = ( )P A,

Noting that C; ~ W where N and N’ are

two independent standard normal random

: 2 N? Dy
variables, we get that (C;) 2 ™~ 3

where 7, /9 and 71/2 are two independent

gamma variables with parameter 1/2, i.e. its
—1/2

density f,, ,(z) = e (x > 0).
Then we get that

E(|Cy|*) = E((’Y1/2)%)E((W1/2)_%) =




M(5+%)0(5-%) _ 1 s
r/2) 1(/2)  7wsinw(34+%)

The above is a review of our previous

papers([1], [5]).
In this paper, instead of Cauchy, we use

arcsine random variables X with



fx(x)= m/12_7 (0 < x < 1) and can get the

Euler formula.




?  Basel Problem via arcsine

Take X7 ~ X5 ~ X (independent), then for
O<ae <1

! d
\/1—u 227T2uu




B 2
— %[lo (u + \/ -
o 2 _

p— 2 — ( 1 CBZ
2 jog 110 =%

For x > 1, . o 25
then fx2( ) f(% N
71'251; :z;+1 N _f% () (= 1/ _ P(& -

(2> 1) o -




fxo ()

Then we have the following proposition.
Proposition. 2.1

X1

|

Since 1 = [~ fx2

?_L“” dzx, then

2 .

T2

2 .

2z O

log }Jri (0 <x<1)

:C—Qf() fX2




x2 :1:3 :U4 . ))dil?‘ _
1 I 5172 I 5174 I . o :_
2 [((14 T + 2 4 )da:_zz(zj__l)Q,
1=0
= 1 7'('2 2
therefore Z 27+ 12 = — gives ((2) = T
=0 %
Remark.

We note that X ~ /31/2.1/2 where
f51/2,1/2 ($> — %18_1/2(1 _x)_l/Q (O < T < 1)



3 Euler formula via arcsine

In this section, we get the Euler formula for
((2n) by using arcsine variables.

Take X with fx(z) = 2—= (0 <x<1),

1—x2
then
2 rl o .
For a > -1, E(X®) = = || ==dx =
2 rl u% 1 1
T JO \/1—u§u Qdu
1 1 a—1




1 P(E5)0(5) PEE)T(5)

— 3 o -y
1 Tr 1
. 1+« o I’ 1 —«
70 Sll’lﬂ'(——g EF(j)F(—2 )
— 1 15 M 4| < 1, where
COS %oz % T % ’

we used the fact
()1 —5)= "= (|a<1).

S1N TS

Here we note that

- Ay . .
ta;}w — Z on + 1)!562” (*) by integrating

n=0




=~ A, 1
from O to Z e )'uzn =
n)!

cos2 u

Lemma 3.1.

E((log XQ — lOg Xl)Qn)

8

Proof.
E((log X2 — log X1)?") = E((log 52)")






__ 3 - N —U U 2n du
—772;%/0 € (2k+1) 2k + 1

_ 8
— _2 2’TL—|— Z Qk—l— 2n—|—2
k:O

= 5T(2n +1)(1 — 3 )C(Zn +2).

Comparing (*) and
B((32)%) = Bewtoe xilos x2)
o0 2n

2 (gn)!E((logXl —log X)) (-

n=0



E((log X1 — log X2)°%*)) = 0),
we get that

A, (7'('
2n+1"2

Using arcsine varialbles, we also can get the

3

)((2n+2) = )°"

)

22n—|—2

following Euler formula.

Theorem. 3.1.
1 1 A
2 2 2n—+2 n
1 N e )



4 Euler like formula via

exponential

In this section, using exponential random
variables, we can get the Euler like formula for
special values of the Riemann zeta function.

Take ¢1 ~ es ~ e with f.(x) =e ™™ (x> 0),
then

For a > 0, E(¢*) = [~ 2% *dz =T (1+ a).
For [a| <1, E((2)*) =T(1 +a)I'(1 —a) =



al'(a)['(1 —a) =22 (la] <1).

Sin o

O On
Here we put that ==— = Z (zn)'aﬁ% ().

n=0

Lemma 4.1.

1
E((log es—loge;)*") = 2I'(2n+1)(1 92n—1 )C(2n).
Proof.
Noting
fe2(z) = (le)z (x > 0) (Parato distribution),



forn = 1,
E(lOg Co — lOg 81)2n) — E((lOg %)Zn)
= fooo(logx)%fez( )dx

— foml(logaj) (1+ E dx
=2/, ( loga: Tz )de

— 2f0 Zk L(log z)*"dx
Z / “tlogz)*"dx =




9 Z /{7/ —(k—l)uu2n€—udu
k=1 vV
> ) du
— 9 L N\N2n  —u 7 _
Sk [ Grme

k=1 vV
0 | k—1
ZZ( kgn I'(2n + 1)




=2I'(2n + 1)(1 — 55=)¢(2n).

Comparing (**) and
E((€_2>oz) _ E(ea(log ¢o—log el))

€1

Z (gn;!E((log eo — loge)*™) (-

n=0

E((log ez —loge1)®")) = 0,
we get that

OT (21 + 1)(1 22;_1 \((2n) = Cyw2",



Theorem 4.1.

C, "

((2n) =

2T (2n + 1)(1 223_1 )

Remark.
A decomposition

1 _tan@ 0
cos@ 6O sinb

s interesting for our discussion.



From tage, we have the Euler formula. From

sige' we have the Euler fomula, too. From L@,
we can get L,,(2n + 1) (:special values of
Ly,(s)= JZ (QE_j)lj) ) which was already
discussed in [1]).

This decomposition has following Brownian
Interpretation.

Let B; be a Brownian motion. We define
gy = Sup{s‘BS — 0, S é t} and




TF = inf{t||B¢| = a} for a > 0. Then we can
see g+ and 1; — g~ are independent and for

A >0, E( _AT*) cosh \/70,

—XTy —g1*) V2)\a

E(@ ' ) o sinh \/ﬁa and
— AgT* tanh vV2\a

Ele ™) =




b Basel problem via Wigner's

semi-circle law

Let W be a random variable with
fw(z)=2vV1—22 (0<az<1), called
Wigner's semi-circle random variables.

Take W1 ~ W5 ~ W {(independent), then for
0 x = 1

fW2 fol 71T6 V1 —u2v1 — 22uludu =

fo \/ 1 —u)(1— 22u)du.




Then L = P(Wy, S W) = P(42 < 1) =

= [fo<, <1 /(1 —u)(1 — 2%u)dudz, and 717—2

:// V1 —u(v/1—uz? -1+ 1)dudz

0<wu,r=<1

:g—// V1= u(l — /1 — uz?)dudz
3 0Swu,z=<1




2 -~ 1 2k
— — V1-—u 2% u”d
3 //Oﬁu,azﬁl ; 22k(2k o 1) k

2 1 2k\ 1 3
- B 1. =

3 ;22k(2k—1)(k>2k+1 (k+1,35)
2 _i": 1 2k 1 T(k+DT(2)
3 =222k —-1)\ k J2k+1 D(k+3)

i 1 (2k)! 1 2°FT2El(k 4+ 1)!
22k(2k — 1) kk! 2k+1  (2k + 3)!

W DN

k=1

1

) oo
3 2}; (2k — 1)(2k + 1)2(2k + 3)




~where we used that
O

1
1_”_3”_;22%(21@—1)(

This solves the Basel problem.

Remark.
We remark that
(W[*) = 2B(25, 3),
E(|#|*) = 1_@ s

2k
k

)a



6 Two simple derivations of

Basel Problem

In this section, using some double integral
related to the Legendre Polynomials for the first

one, we get another ways to Basel Problem.
Theorem 6.1.

1 1 1 1
Joydt ], 1—2;t+t2 dr = [_,dx [_, 1—2;t+t2 dt
makes




Proof.

Fort( 1<t<1 f112t+t2dx—
—2t log|1—2xt+t2\] | = _Zt(log(l—t) —
log(1 +t)%) = ;(log(l +t) —log(l — 1)) =
2 3 4 5 2 3
%4((75 5t2 Its t4 I75521 4) 6( t tz t3
t4 t5 I"'):Q(lltgi% It7l"') (*).
Then

]_f dtf 1 1— 2t—|—t2dx_4z Qk——l) '

Because each term is positive, the interchange



of sum and integral is clear. By Fubini Theorem,
= de [ —t—mdt=

) X —1 1—2xt+t2

1 _
Joidx - 1 (t—x)2+1—a2 > dt =
f dax| \/— arctan 1 332]

arctan =% | arctan 4/ 1EZ d:v—
1 \/1 :132 14z 1—

1

z f . mdm = Z[arcsin x| ~where
we usedthefactthat()<a<— O<5<—

and tanatan 5 = 1 gives a + 5 5 because
O<a+p<m and



cos(a+ ) = cosacos f — sinasin =
cosacos B(1 —tanatan 8) = 0. This makes
a+ 68 =3%

O

— 2
_ T
Then Z (2/<; 1) = ry and

= 1
Z 2k+ )2 :Z(%)2:

_ 1

E - —((2). These make
112

— (Qk 1) 4




Wl

_400 1 — -
0(2) = ];)(zk--1)2_38 6

Remark._
(*) is interpretated as the Parseval formula for
the Legendre generating function

g(t,x) = = 2xt+t2 — ZP )t"™, where

P,,(x) are the Legendre Polynomlals which is

defined by P, (z) = 5 dcf:n (% — 1)™, because

v2n + 1P, (xz)(n =0,1,2,...) are C.O.N.S. in




Lo[—1,1].
Theorem 6 2.

f dtf (1—|—a:2)—|—t(1 xQ)d —
fo dxf_1 (1+22) 1t(1 x2)dt

2
6

C(2) =

Proof.
For —1<t<1, [~

1+t\/:tarctan\/17

dr =
. Then

(1 t)+a:2(1+t)




1 2

For f 1 (1= t)—l—a:2(1—|—t))dt

1 2
[—— (% — 1)t + (=* + 1)|]L, = 285
So, = OOO fgm d:z';—2f1 l;;g”; dx. because
1 1
f1oo f?gx1 dr = |, fgg—jt a:12d5’3_ 0 f?gm .

Then, RH.S.= 2 [} =182 g, —

2 fol(— log ) Zw%daz =

k=0



S|
42/ (—log 2)z?*dx =
k=0 "0

. > —2kx —UJa — 4
4};)/0 ue e u z:: 2k+

Then L.H.S.=R.H.S. gives

O

1 7T2 2
2 GhyiE = s M=%

k=0
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