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1. Distrotion Risk Measures

A random variable X represents a loss of some financial position

-~ DRM \

Any coherent risk measure satisfying law invariance and comonotonic

additivity is a distortion risk measure:

p(X)=p(F) = / F~Y(w)dD(u) = / rdD o F(x).
0,1] R
where F'is the df of X, F~1is the quantile of X, and D is a convex

distortion, i.e., a df on [0, 1].
N\ J

»» a.k.a. spectral risk measure (Acerbi), weighted VOR (Cherny)



Example: Expected Shortfall (ES)

The expected loss that is incurred when VaR is exceeded:

| |
ESy(X) =7 /1 F (u)du = E(X | X > VaRy(X))

Taking distortion of the form

Dgs(u):%[u—(l—e)h, 0<f<1

yields ES as a distortion risk measure.

»» Typical values for 6 are: 0.05, 0.01, ...



Other Examples of DRM:

e Proportional Hazards:

DE(w) =1 - (1w,

e Proportional Odds:

Ou
1—(1—=0)u

DFO(u) =

e Gaussian (Wang transform):

D§A(u) = ®(® L (u) + log §)

% See Tsukahara (2009) Mathematical Finance, vol. 19.
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Figure 1: Distortion densitiesd § = 0.50 8 = 0.250
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Figure 2: Distortion densitiesd § = 0.10 8 = 0.050




2. Statistical Estimation

(Xn)peN: strictly stationary process with X, ~ F

IF,,: empirical df based on the sample X1,..., X,

A natural estimator of p(F) is

1

Pn Fy, ' (u) dD(u)

|
S

-

1—1 1
CniXn:is Cpi =D ( o E]

1

[/

This type of statistics is called L-statistics



4 )

Let d(u) = diD(u) for a convex distortion D, and 1 < p < o0,

u

1/p+1/q = 1. Suppose
e (X},),eN Is an ergodic stationary sequence
e de LP0,1) and F~1 € L9(0,1)

Then

AN

on — p(F), as.

For a proof, see van Zwet (1980, AP)
[All we need is SLLN and Glivenko-Cantelli Theorem].



Assumptions for asymptotic normality:

o (X)),cN is strongly mixing with rate

a(n) =O0nm ") forsome >1++2, n>0
e For ' L-almost all u, d is continuous at u
o |d <B, B(u):=Mu"1—u""
o |F7Y <H, Hu) :=Mu%1—-u) "%

20, +1 1
I i=1.2
0 o T

Assume b;, d; & 0 satisfy b, + d; +



Under the above assumptions, we have

Vi(pn — p(F)) = N(0,06%),

// (u, v)d(w)d(v) dF ™ Hw)dF 1 (v) < o0

where




Xt =042y, (Zy) @ iid.

2 _ P2 ¢ 5.2
oF =g+ o X+ 25 0oy

»» |f the stationary distribution has a positive density around 0,
then GARCH is strongly mixing with exponentially decaying a(n)

Xt =042y, (Zy): iid., (o¢): strictly stationary positive

(Z¢) and (o) are assumed to be independent

»» The mixing rate of (X;) is the same as that of (o)



Estimation of Asymptotic Variance

Let
Y, = /[1{Xn <z} — F(x)|ld(F(x))dz, n € Z.

Then Y, is also a strictly stationary and strongly mixing sequence with

the same mixing coefficient as X,;,. Furthermore
O
E(Y,) =0, o= Y ~(h)<oo,
h=—o00

where y(h) == E(Y,Y,,11).



Let f be the spectral density of (V). Then
Z v(h) = 2m f(0)

—> Use a consistent estimator of f(0) (JHB approach)

The lag window estimator is defined by

J?f/z()\):% Z w(k/Kn)yn (k) cos kX

k| <Ky

where w is a “lag window", and 7, (k) := — Z Y:Yiig
n -



»p» [’ in the expression of Y}, is unknown, so we replace it with the

empirical df. That is, we use

)

Yin = /[1{X2- <z} —Fp(x)dFy(x))de, i=1,...,n

Let
]l - 1
Tn(k) = ” Z YinYiykn and fn(0) = o Z w(k/Kn)yn(k)
i=1 k| <Ky

Then 27 f,(0) should give a consistent estimator of the asymptotic

variance (72



r 2
In addition to the conditions assumed in the above theorem, suppose
that J is Lipschitz, w is a bounded even function which is continuous
in [—1, 1] with w(0) = 1 and equals 0 outside |—1,1]. Also assume
E|Y,|* < 0o and the fourth-order cumulants

k(h,i,7) =EY 1Y Y14Y145) — v(h)y(i — J)
—y(@)y(h —j) = v(G)v(h — 1)

are summable: > 7" k(h,1,7)] < oc.

,j:—OO
Let K,, be a sequence of integers such that K,, — oo and
Ky /y/n — 0 as n — oco. Then we have

Ly 9

27 fn(0) =502, n— oo




Bias of L-statistics

By Fubini, for any df F' and any distortion D),

0 o0
—1 = — €T T — x €T
/[0 L wan) - / D(F(x))dz + /O 1 D(F(z))]d

O

By Fubini and Jensen, for convex D,

D [ /[O 1] Fl(u) dD(u)]

< —D(E daz+/ dx
00 0



Therefore
E(pn) — p(F) <0

—> pp, has a negative bias

Need bias correction methods. For the i.i.d. case,

e Xiang (1995): Modify the form of L-statistics
e Kim (2010): Bootstrap-based method

»» T he bootstrap methodology is still available in the dependent case
(see Lahiri (2003), Example 4.8).



Moving Block Bootstrap (MBB)

e Block size: ¢, # of blocks: N :=n—/(+1

e Blocks: B; = (X;,..., Xj4p_1), t=1,...,N

Resample k = [n/¢| blocks from {By,..., By} with replacement
to get BY,..., B}

Write B} = (XE;._DKH, LX)

= X7,..., X},;; MBB sample



MBB version of p,, is

n

— ni ) ny - o
n n E : n:’ n ? n

1=1

Validity of MBB follows from an argument specific to our case.

»» [he approach based on Hadamard differentiability of L-functional

is not convenient. See Boos (1979, AS), Lahiri (2003), Section 12.3.5.



Simulation example: inverse-gamma SV model
Xt = ot
Z; i.id. N(0,1) and V; = 1/07 satisfies
Vi=pVi—1+et,

where V; ~ Gamma(a, b) for each ¢, (g¢) i.i.d. rv's, and 0 < p < 1

= X} has scaled t-distribution with v = 2a, o b/a
»» Lawrance (1982): the distribution of ¢ is compound Poisson

»» Can be shown that (X;) is geometrically ergodic



Simulation results for estimating VaR, ES & PO risk measures with

inverse-gamma SV observations (n = 500, # of replications = 1000)

Xt = 017, where V; = 1/a7 follows AR(1)
with gamma(2,16000) marginal & p = 0.5, Z; i.i.d. N(0,1)

VaR ES PO
v bias RMSE bias RMSE bias RMSE
0.1 0.0692 10.9303 —2.2629 22.1361 —1.7739 17.5522
SV 0.05 25666 17.6755 —1.2168 37.2719 —2.0200 28.5053
0.01 14.9577 61.2290 —11.9600 103.9269 —15.7888 73.7147
0.1 0.7976 10.5893 —1.2914 195756 —1.3574 15.3271
i.d. 0.05 0.7974 16.1815 —2.6346 31.3166 —2.8342 23.9933
0.01 10.6838 53.2567 —12.9355 95.9070 —15.8086 69.5425




Simulation results for estimating variance and bias of PO risk measure

(n = 500, K;, = 5, Parzen kernel w(z) =1 — 22 block size= 5.
# of bootstrap replicates = 800, # of replications = 10000)

0 § MC bias MCse. Awse BSbias BSs.e.

1G-SV 0.1 —0.8328 15.4456 14.0956 —0.8151 13.9829
a=2 01 005 —2.0580 24.6961 20.9719 —1.8170 20.6863
£ = 16000 0.01 —13.3608 68.9197 46.6943 —10.2030 46.0788
1G-SV 0.1 —0.3345 10.7979 10.4231 —0.6812 10.3933
a=4 01 005 -—1.3663 15.1946 14.0623 —1.3511 13.9725
B = 48000 0.01 —6.8659 34.4725 26.4183 —6.0749 26.4446
1G-SV 0.1 —0.5432 9.0853 8.8370 —0.6048 8.8281
a=10 0.1 0.05 —1.1786 11.7923 11.2289 —1.1263 11.2003
3 = 144000 0.01 —5.8673 22.9686 18.7767 —4.4474 18.9614




0 § MC bias MCse. Ase BSbias BSs.e.

1G-SV 0.1 —1.0054 17.5469 15.0711 —0.8793 14.6925
a=2 05 005 —22714 27.1465 22.0852 —1.9450 21.4374
B = 16000 0.01 —13.9208 74.8887 47.7943 —10.6541 46.8379
1G-SV 0.1 —0.5791 11.4856 10.7162 —0.6957 10.5906
a=4 05 005 —1.3472 15.7116 14.4718 —1.3994 14.2658
B = 48000 0.01 —7.4680 35.1014 26.7575 —6.1939 26.7115
1G-SV 0.1 —0.8213 9.2632 8.9299 —0.6062 8.8957
a=10 05 0.05 —1.0663 11.9443 11.3608 —1.1368 11.2996
8 = 144000 0.01 —5.7987 23.1130 18.8147 —4.4769 18.9896




0 § MCbias MCse Ase BSbias BSs.e.

1G-SV 0.1 —2.0408 28.2224 15.5015 —0.9609 14.7212
a=2 09 005 —48204 421005 22.1388 —2.0483 20.9685
3 = 16000 0.01 —23.5844 106.4374 43.6402 —10.1556 42.4681
1G-SV 0.1 —1.1973 149586 11.1112 —0.7274 10.8092
a=4 09 005 —22346 20.8199 14.8937 —1.4366 14.4566
B = 48000 0.01 —10.2968 42.5085 26.3137 —6.1439 26.0855
1G-SV 0.1 —0.5956 10.3666 9.1248 —0.6262 9.0293
a=10 0.9 0.05 —14212 13.6534 11.5934 —1.1609 11.4494
£ = 144000 0.01 —6.3827 25.2688 18.8986 —4.4824 19.0079




0 § MC bias MCse. Awse BSbias BSse.

0.1 —0.5734 8.2886 8.0638 —0.5619 8.0667

N(0,126.5%) iid 0.05 —1.1557 10.1327 9.8175 —1.0116 9.8117
0.01 —4.4730 18.1714 149659 —3.6136 15.2192

0.1 —0.9038 15.3536 13.9544 —0.8121 13.8815

t4(0,126.5%) iid 0.05 —1.8468 24.3247 20.8781 —1.7928 20.6468
0.01 —12.5608 73.3170 46.9313 —10.2243 46.3147

0.1 —0.5538 10.7575 10.3154 —0.6687 10.2909

ts(0,126.5%) iid 0.05 —1.4518 14.9271 13.9883 —1.3379 13.9033
0.01 —6.8385 34.8496 26.4076 —6.8385 26.4531

0.1 —0.5470 9.0123 8.8209 —0.5985 8.8127

t20(0,126.5%) iid 0.05 —1.1266 11.6915 11.2178 —1.1176 11.1965
0.01 —5.5631 22.9298 18.7808 —4.4588 18.9697




3. Backtesting

Purpose of Backtesting:

1. Monitor the performance of the model and estimation methods for

risk measurement

2. Compare relative performance of the models and methods

~ ldea <
ex ante risk measure forecasts from the model
VS.

ex post realized portfolio loss




Setup

Entire observations: X7, ...,

Estimation window size = n,

data
1. Xl,,an

2. X27 “ e ,Xn_|_1

m. XT—m c 7XT—1

X

m: =1 —n

estimand

P(Xnt1)

P(Xn12)

p(XT)

realized loss

Xn+1

Xn+2

X



Two approaches to risk measurement

Assume that the loss process (X¢);c7 is a stationary time series with

stationary df F'. At time ¢, we have two options:

|. Unconditional Approach
Look at the risk measure associated with F'(z) = P(X;1 < o)

(For a large time horizon; credit risk and insurance)

Il. Conditional Approach
For a given filtration .%, look at the risk measure associated with the
conditional df Fy(z) .= P(X; 11 < x| F),

(For a short time horizon; market risk)



In the case of VaR
e Unconditional VaR, denoted by VaR,, satisfies
E(1{X¢y1 > VaRa}) = a
But 1{ X1 > VaR,}'s might not be independent

e Conditional VaR, denoted by VaRta, satisfies

E(l{Xt_H > VaRt&} | 3575) =’

By Lemma 4.29 of MFE, if (Y}) is a sequence of Bernoulli rv's adapted
to () and if E(Yii1| %) =p > 0, then (Y;) must be i.i.d.



Therefore 1{X;,1 > VaRL}, t =n,...,T—1 arei.i.d. Bernoulli rv's.

4

/\t
This gives the grounds for backtesting using 1{ Xy, > VaR_ }, where
/\t
VaR,, is an estimate of the VaR associated with the conditional df
Fi(x) = P( Xy < x| Zt). Namely,

T—1
——t
(i) Test »  1{X;s1 > VaR,} ~ Bin(m, o)
t=n

¢
(i) Test independence of 1{X;.1 > VaR,}, t=n,...., T —1
(e.g., runs test)



Backtesting DRMs

Note that, with d(u) = %D(u) and X ~ F,

Thus Xd(F(X)) — p(X) has mean 0 unconditionally.

»» In the conditional case, E| X} 1d(Fy(Xsi1)) | Ft] = pe(Xia1),
but this does not help much.



It Xq,..., X7 arei.id. with df F', then we can base the backtesting

of our method/model on

Xn+1d(ﬁ1:n(Xn+1)> — :/0\(1:71)7

Xrd®Fr_n.r-1(X7)) = Bir—nT1)

where ﬁm and ﬁ(k:l) are estimates based on the sample X, ..., X

»» If we have dependent data or we use the conditional approach, it

Is necessary to introduce more explicit time series models.



Conditional Approach

Write pr(X;11) for a distortion risk measure with a distortion D for
the conditional df Fy(z) := P(Xy | < x| F), F = 0(Xg: s < t):

pr(Xeq1) = /[0 1 Ft_l(”“) dD(u)

4 A

Suppose that for .%;_{-measurable 1 and oy,
Xt = pit + ozt

where (Z;) is i.i.d. with finite 2nd moment.
N J




Let (Z) be i.i.d. with finite 2nd moment.

Xt = it + otLy,
P q1
pHt = p+ Z Oi(Xp—i — ) + Z ej(Xt—j - Mt—j),

=1
O-t_O‘O+ZO‘z Xy — p—i) ‘|’Zﬁ]0}f —j>
1=1
whereao>0,047;20,z:l,...,pg,ﬁj20,3:1,...,q2.

Usually, it is assumed that (X}) is covariance stationary,
D2 42 :
and ) .2, a; + j:1ﬁ3<1.



By (conditional) translation equivariance and positive homogeneity,

pr(Xev1) = pi+1 + 0p410(Z)
where Z is a generic rv with the same df G as Z;'s.

(i) If G is a known df, p(Z) is a known number.

We need to estimate pi41 1 and o441 based on Xy _,,11,..., X} using
some specific model and method (e.g., ARMA with GARCH errors
using QML). Then the risk measure estimate is given by

pt(Xpr1) = g1 + 0p11p(2)



Observe that
p(Z) = E|Zp+1d(G(Z1+1))]
|
E|(Zt+1 — p(2))d(G(Z141))] =0

Defining

_ X1 — pt(Xi41)

Ry = Ziy1 — p(2) oy

one sees that (Rid(G(Zy)))iez is i.id.



This suggests that in practice, we may perform backtesting by examin-

ing mean-zero behavior of Ry 1d(G(Z21)), t =n,...,T — 1, where

B X1 — pt(Xiy1)
e Oty1
and
= Xeyl — 41 5
Zigl = o = Ri11+ p(2)

»» Bootstrap test can be used



(i) When G is unknown, we need to estimate GG in addition to fi;q
and o4 1.

In ARMA with GARCH errors model, we could use the empirical df
based on the residuals ZS'S: fors=t—m-+1,...,¢,

~~

Zs=¢Eg/0g, Eg: residual from ARMA part

and

NQ—(XQ—I—ZANQ +Zﬁ] Os— s

Then



Simulation study
Simulate GARCH(1,1) process:

Yy = 01Zs, Zp~ N(0,1) i.id.
o7 = 0.01 +0.907_, + 0.08Y7

Set T' = 1000, n = 500 and 8 = 0.05
Fort=n+1,....T, plot

(i) Xpd(Fy_pi—1(Xp)) — P(t—n:t—1) (historical, unconditional)
(ii) Etd(G(ZL)) (normal-GARCH based, conditional)

(i) mean = —0.0286, std = 2.073
(ii) mean = —0.0185, std = 1.019
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Figwe 3: Backtesting results for expected shortfall (6 = 0.05)
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Figwe 4: Backtesting results for proportional odds distortion (6 = 0.05)



Issue: Backtestability

“It is more difficult to backtest a procedure for calculating expected
shortfall than it is to backtest a procedure for calculating VaR" (Yamai

& Yoshiba, Hull, Danielsson, among others)

1. Because the existing tests for ES are based on

— parametric assumptions for the null distribution

— asymptotic approximation for the null distribution

2. Because testing an expectation is harder than testing a single quan-
tile.



Elicitability

“Expected shortfall (and spectral risk measures) cannot be backtested
because it fails to satisfy elicitability condition” (Paul Embrechts,
Mar 2013, Risk Magazine)

~ Def (Osband 1985; Gneiting 2011, JASA) N

A statistical functional T'(F') is called elicitable r.t. & if T'(F) is a
unique minimizer of ¢ — EX[S(t,Y")] for some scoring function S,

VF € %.

N J




Examples

e VaRy(F) = F~1(1 — ) is the unique minimizer for
St y) = [H{t <y} = 0)(y — 1)

0y — 1] 1>y

(L=0)ly—t| ift<y

% = {F': absolutely continuous, [ |y|dF(y) < oco}.

e Mean functional T(F') = [ ydF(y) is the unique minimizer for

S(tay> — (y_t)Q
F ={F: [y*dF(y) < oo}



It is useful when one wants to compare and rank several estimation

procedures: With forecasts x; and realizations y;, use

1 n
1=1

as a performance evaluation criterion.

»» But there seems to be no clear connection with backtestability

e.g., mean cannot be backtested nonparametrically based on the sum of
squared errors without invoking asymptotic approximation or assuming

parametric distribution.



Concluding Remarks

e Estimation of DRMs is possible with time series data, but for some

DRMs, we do not get nice asymptotic properties.

e Backtesting procedure can be performed with DRMs. May need

more rigorous/effective procedures.

e Euler capital allocation based on DRMs are easy to compute and

widely applicable (with importance sampling)

e Most of the estimation part is published in Journal of Financial

Econometrics (2013, online)



