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PART Ill: Application of the lent particle to prove
existence of density of Poisson functionals.

In this part, we shall:
» Give some first examples;

» Apply the lent particle method to the case of sde's driven by
Lévy measure.
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Adaptation of the lent particle method to the case of Lévy
processes

If (Y;) is a R9-valued centered Lévy process without gaussian part,
we have the representation

t
Yt:/ / xN(ds, dx).
0 JRA

— we have to consider time-space Poisson measures.

So, we consider:

e N: a Poisson random measure on [0, +00[x X with intensity

dt x v(du) defined on the probability space (€1,.41,P1) where Q;
is the configuration space, A; the o-field generated by N and Py
the law of N.

e (X,X,v,d,v): a local symmetric Dirichlet structure which
admits a carré du champ operator and satisfies property (EID).
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The lent particle method in this setting

The Dirichlet form we consider on the bottom space [0, +00[x X is
the product form:

(L%(dt),0) © (d e)
which satisfies (EID).

Operators:
ez;u)(wl) = Wll{(t,u)esupp wi} + (Wl + 6(1.‘,u)}):l-{(i.‘,u)gésupp wi }
£(eay(W1) = WiL(euygsuppma} + (W1 = (e D1 (tw)esuppwi}-

et H(wy, t,u) = H(g(t,u)wl’ t,u) e H(wy, t,u) = H(s(*t’u)wl, t, u).
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Upper Dirichlet structure

Following our construction we obtain a Dirichlet form (D, £) on
L?(Q1) which carré du champ T, gradient operator that we # and
we know that for F € D:

“+o00
- Fi= / / t,-))(u,r)) dN © p(dt, du, dr) €
X><R
]P’l X ]P’

> VFeD, [[F]=RE(F)? /+OO/ (v[etF]) d

» (D, &,T) satisfies (EID).
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Let us recall the example

(X, &) = (R",B(R")), v = kdx, £ = (&j)1<ij<r- We assume that
there exists an open set O C R" and a function % continuous on O
and null on R"\ O such that

1. k> 0on O v-a.e. and is locally bounded on O

2. £ is locally bounded and locally elliptic on O.

3. k> >0wv-a.e on O.

4. forall i,j € {1,---,r}, & ;1 belongs to H: _(O).
(d, e), the local Dirichlet form which satisfies (EID):

Vh,gc H, e(fg) - z/s,d X35 (x)5 () (x) dx

ij=1

Vf ed, y(f qu O (x) 773

ij=1
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Application to Lévy's stochastic area

We consider X(t) = (X1(t), X2(t)) a Lévy process with vakues in
R? and Lévy measure o.

< The bottom structure is (R2, B(R?),v,d, e).

Assume that the gradient is given by the general formula:

FI(x) = a1 () A%(x) + 2012(3) f (x) 3 (x) + a22(x)5(x),

of

here f/ = —.
where f, O

Let be

V():<X1( ), Xa(t /X1 )dXa(s /x2 )dXq(s )
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Let us apply the lent particle method...
We have for 0 < a < t and x = (x1, x2) € R?:
5& X)V =V+

(x1, %2, X1(a—)x2 + x(X2(t) — Xao(a)) — Xo(a—)xa — x2(X1(t) — Xi(e)))

=V -+ (X1,X2,X1(X2(t) — 2X2(Ck)) — X2(X1(t) — 2X1(Oc)))

because £V is defined P x vxda-a.e. and v x da is diffuse, so

a11 Q12 Aair — Bai A
’7[5+ V] = 12 [6%)) AOz12 — BOQQ
ACL/11 — BOJ12 Aalg — Ba22 A2a11 — 2ABQ12 + 820@2 )

denoting A = (Xo(t) — 2Xa()) and B = (X1(t) — 2X1(av)).
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The operator €~ gives a functional defined Py-a.e. so that for
example

8(_047X1,X2)(X(t)) = X(t) — AX, Py (dadxidxp)-a.e.
This yields
eT A= Xo(t) — AXo(a) — 2X2(v) let us denote it A

e” B = Xi(t) — AXi(a) — 2X1(a—) let us denote it B
and eventually I[V] =>_ ,

a11(AXa)  a12(AXy) Aa11(AX,) — Baia(AX,)
~ axn(AXy) ) A0é12(A~X~a) — Ba22(A)ia)
~ ~ A2a11(AX,) — 2ABa1a(AX,) + B2an(AX,

the symbol ~ denoting the symmetry of the matrix.
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First case: 0 = v = k(x)dx

Let us consider the case ajp = 0, that v possesses a density k and
that we assume hypotheses of Lemma ¢, and under these
assumptions, with same notation, we may choose

a11(x) = an(x) = (32 + x3) ((X)) We have

10 A
AX,
rv] = Z\AXMZL )0 0 o +
= KAX) \ 4 o &
00 0
\AXQFW 01 B
(AX)\ o B B2
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Hence X has a density if the dimension of the vector space

spanned by
1 0
0 , 1
Xz(t) — AXQ(&) — 2X2(Oé—) Xl(t) — AXl(a) — 2X1(Oz—)

is equal to 3, where JT = {«a € [0,t], AX, € O}.

Proposition
Let us suppose that moreover v(O) = 400, then V has a density.
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A case where the Lévy measure is carried by a graph

Assume that the Lévy measure of Xj is k(x1)dx; and that it
satisfies hypotheses of Lemma

Take X2 = [Xl]

< The Lévy measure of (X1, [X1]) is carried by the curve x, = x?.
We put A(x1,x2) = 2x1, @11 = Xlz% , a9 = Aavyg and

s = Mai1. We have

1 A A—)\B
r[V]:Zall(AXa) A X )MA-NB
a<t A—XB M- X\2B (A-)B)?
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V has a density as soon as

1
dim £ A . aeJT| =3 (1)

A—)\B

with A — AB = —Xa(a_) + MAX(a)) X1 (a_) 4+ Xao(t) — Xa(a) —
AMAX(a))(Xu(t) = Xi(a)).

Proposition

V= ( 1(8), Xl f5 Xa(s2)dXa)(s) — fEPXa)(s-)dXa(s )) has a

density as soon as the Lévy measure of X1 satisfies hypotheses of
Lemma given at the beginning with v(0) = +oc.
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The SDE we consider

We consider another probability space (2, .42, P2) on which an
R"-valued semimartingale Z = (Z*,--- ,Z") is defined, n € N*.
Assumption on Z: There exists a positive constant C such that for
any square integrable R"-valued predictable process h:

t t
vt >0, IE[(/ hsdZ:)?] < CZE[/ |hs|?ds]. (2)
0 0
We shall work on the product probability space:

(Q,A, P) = (Ql x Q, A1 @ Az, P1 X Pz).
Let d € N*, we consider the following SDE :

Xt—x+// (s, Xo—, u)N(ds, du) + /Oto(s,Xs_)dZs (3)

where x e R, ¢ : Rt x RI x X - RY and o : RT x RY — RI*n
satisfy the set of hypotheses below denoted (R).
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Hypotheses (R)
For simplicity, we fix a finite terminal time T > 0.
1. There exists n € L?(X,v) such that:
a) forall t € [0, T] and v € X, c(t,-, u) is differentiable with
continuous derivative and

Vue X, sup  [Dxc(t,x,u)| < n(u),
te[0,T],xeRY

b) V(t,u) € [0, T] x U, |c(t,0,u)| < n(u),
c) forall t € [0, T] and x € RY, ¢(t,x,-) € d and

sup  y[c(t,x,)](v) < n(u),
te[0,T],xeRY

d) for all t € [0, T], all x € RY and u € X, the matrix
I + Dyxc(t,x, u) is invertible and

sup  |(/ + Dxc(t, x, u)) | < n(u).
te[0,T],xeRY
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2. Forall t €0, T], o(t,-) is differentiable with continuous
derivative and

sup  |Dyo(t,x)| < +oo.
te[0,T],xeRY

3. As a consequence of hypotheses 1. and 2. above, it is well
known that equation (3) admits a unique solution X such that
E[supseo, 7] |X¢|?] < 400. We suppose that for all t € [0, T], the
matrix (I + >°7_; Dxo.j(t, X,- )AZ!) is invertible and its inverse is
bounded by a deterministic constant uniformly with respect to
tel0, T]
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Derivation of the equation

Hp : the set of real valued processes (H;).c[o, 7], which belong to
L2([0, T]; D) i.e. such that

T T
IH|3, = IE[/ |He|*dt] +/ E(Hy)dt < +oo.
0 0

Proposition

The equation (3) admits a unique solution X in H%. Moreover,
the gradient of X satisfies:

t
X} = //Dxc(s,Xs_,u)-X_f_N(ds,du)
0 U
t
+// cb(s,XS,,u,r)N@p(ds,du,dr)
0 JXxR

t
+ / Dyo(s, Xs_) - X! dz,
0
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Derivative of the flow generated by X
Let us define the R?*9-valued processes U and K by

dUs = > Dyo j(s,Xs—)dZ..
j=1

t t
K: = l—i—/ / DXc(s,Xs_,u)Ks_N(ds,du)—i—/ dUsKs_
0 JX 0

Under our hypotheses, for all t > 0, the matrix K; is invertible and
it inverse K; = (K;)~! satisfies:

K. = I—/ / (I + Dyc(s, Xs—, u)) L Dxc(s, Xs_, u)N(ds, du)

- / KeodUs +> Ko (AU (1 + AUs)

0 s<t
t_
+/ Ksd < U, U® >5.
0
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Obtaining the carré du champ matrix

Theorem
For all t € [0, T,

Mx] = K /O t /X Rov[c(s, Xo_, )KE N(ds, du)K>.

Proof. Let (o, u) € [0, T] x X. We put Xt(a’”) = azra 0)

X;.
X = [T e X, du)
+ / o(s, X\ dZ, + c(a, X\ u)
0

+ / / c(s, X\ uYNi(ds, du') + / o(s, X\ dz,.
Ja,t] / X le,t]
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Let us remark that X{**) = X, if t < « so that, taking the
gradient with respect to the variable u, we obtain:

XY = (e(a, X uyy
/ / Dyc(s, X' ') - (X0 i(ds, du)
Jo,t]

+ / Dyo(s, Xy (x@)ydz,.
Jou ]

Let us now introduce the process K{**) = 5& sy (Kt) which
satisfies the following SDE:

t t
K = 14 / / D.c(s, X' oYK Ni(ds, du')+ / dUL) g leow)
X 0

and its inverse Rt(a’u) = (Kt(a’”))*l. Then, using the flow property,
we have:

(au)\b _ pelenu) (au b
\V/tZO, (Xt ’ ) _Kt 7 K( )( (Oé,Xa—,U)) .



Now, we calculate the carré du champ and then we take back the
particle:

Yt > 0, 6(736711)’}/[()(5&7“))] = KtRa’}/[C(Oé,Xa—, )]I'_(oz)kKlik

Finally integrating with respect to N we get

W0 MX] = K /0 t /X Ror[c(s, Xo, )] ()R N(ds, du) K
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First application

Proposition

Assume that X is a topological space, that the intensity measure
ds x v of N is such that v has an infinite mass near some point ug
in X. If the matrix (s,y, u) — v[c(s,y,)](u) is continuous on a
neighborhood of (0, x, ug) and invertible at (0, x, up), then the
solution X; of (3) has a density for all t €]0, T].

Proof.

Let us fix t €]0, T]. As v has infinite mass near up, as X is right
continuous and [c] continuous, N admits almost surely a jump at
time s €]0, t] with size u € X such that y[c(s, Xs—, -)](u) is
invertible. As a consequence,

M[Xe] > KeKsvle(s, X, )l (u) KK

As I'[X;] dominates an invertible matrix, it is also invertible and
this permits to conclude. []
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Equation driven by a Lévy process

e Y: Lévy process with values in RY | independent of Xj.
e a2 RT x Rk — Rkxd |
We consider the equation:

t
X = Xo —i—/ a(s, Xs—) dYs.
0
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A condition which ensures that X, x P < A\

Proposition
We assume that:
1. The Lévy measure, v, of Y satisfies hypotheses of the
example © given at the beginning with v(O) = +oo and
&j(x) = x?6; ;. Then we may choose the operator vy to be

d d

f] = ;f(()f)) z;x? ;(a,-ff for f € C3°(RY)

2. ais Ct N Lip with respect to the first variable uniformly in s
and sup; , |(I + Dya)~(x, t).u| < n(u)

3. a is continuous with respect to the second variable at 0, and
such that the matrix aa*(Xo, 0) is invertible;

then for all t > 0 the law of X; is absolutely continuous w.r.t. the
Lebesgue measure.
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|dea of the proof (d = 1)
_ P(x) 20
"] ) F2(%).

We have the representation: Y; = [y [ ulN(ds, du), so that
Xe = X0+/O /Ra(s,Xs)u N(ds, du).
The lent particle method yields:
) = K2 [ [ R XN (Es.

where j is the identity application: ~[j](u) = i((g))uz.

rx] = K2/ /K22 X, gu))uzN(ds,du)
= K?ZR5232(5,X5 )k((A::s))AYSQ.

a<t
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