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PART IV: Application of the lent particle to prove
smoothness of density of Poisson functionals.

In this part, we shall:
» Define higher order Sobolev spaces
> give a criterion which ensures smoothness of density

> apply it to the case of sde’s.
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Definition and hypotheses on the bottom space

Let E be a Hilbert space. We denote by d(E) the completion of
functions of the form .
u= Z Pi€i
i=1

with e1, -, ex in E and ¢1, -+, @k in d w.r.t. the norm
b
| UH%(E) = ||U||%2(V) + [lu ||%2(V;LO®E)' (1)

Here u’(r) = Zf:l ©e;.
Hypothesis (C): There exists a dense subvector space dg C d such
that each element v in dp is such that:

Lou€e,salP(v)
2. u is infinitely differentiable in the sense that v’ € d(Lo),

u® = ()" € d(L§?), .., tl (D) = (4(M)" € d(LEHD).
3. Forall ne N*, ul™ e (), 5, LP(v; L§").
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do(E)Z{u:ZgD,'e,'|(p;€do, i:1,--- ,n}.
i=1

Definition

Let n € N*, p > 2. We denote by d™P(E) the completion of do(E)
w.r.t. the norm

b b
ullnp = H”HL%V;E)"‘”UHLP(u;Lo®E)||+"'+||U(n)||Lp(y;L§>"®E)'
And we set:

d*(E)= () d"P(E).

neN*p > 2
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Definition
We denote by d*° the subvector space of elements u in d*° such
that u belongs to D(a) and a(u) € d*> and we consider

aO(E):{U:ZQO,‘e,"(Pi ano? I = 17 7”}‘
i=1

Let n € N*, p > 2. We denote by d"P(E) the completion of do(E)
w.r.t. the norm

lullgn, = llullnp +lla(u)llnp
And we set:

d*(E)= () d"P(E).

neN*p > 2
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Sobolev spaces on the upper space

We follow the same construction as on the bottom space, starting
from

DOZ {@(N(ﬁ)v 7N(fk))’ keN*ﬂDe Cgo(Rk)afIEdOOI:]-a 7k}

k
DO(E):{ZG,'G,'MGN*,G;EDO, e€Ei=1--- k}.
i=1

X("): the derivate of X(("=1%) ¢ D (Lz(ﬁ”(”_l); E)) so it belongs
to D (L2(1@>"; E)) C L2(P x P, E).

Definition
Let n € N* p > 2 the Sobolev space D"P(E) is the closure of
Do(E) with respect to the norm

1Xllnp = Xy + 1XE N ooyl + - + XD ogorcpny

o0 _ n,p
and D*(E) = (Npens p > 2 D"P(E).



In the same way as in the previous subsection, for all n € N*, p > 2
we consider first D, the subvector space of elements in

D> (\D(A) such that A(X) € D>, then define in an obvious way
Do(E) by

k
]DO(E):{ZG{&"/(EN*,G;EDOO, e €Ei=1,--- k}.
i=1

and finally we construct space D™P(E) which is the closure of
Do (E) with repect to the norm

1X1[5n.0(2) = [1Xlnp + [IACX) 5,5

and put

D*(E)= (] D"(E).
neN*,p =2
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Representation of the n-order derivative

For all n € N*, we construct a random Poisson measure N ® p” on
[0, +00[x X x R™ with compensator dt X v x p X --- X p defined
~—_——

n

times
on the product probability space: (2, A4,P) x (fZ A, I@’)N*

Lemma
Let h e [*(R*, dt) ® d*®, then N(h o [ h(t, u)N(ds, du)
belongs to D*° and for all n € N* :

N(h)("ﬁ) :/ / h(”b)(t, u,r, -, r)NGP (dt, du, dry, - -+, ).
0 XxRn
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Properties of these Sobolev spaces

» X €D®, Y € D®(E) = XY € D®(E)
» X e D®(E) = Y = || X||Z € D®.
> X € D> = I'[X] € D*.

1
» Let X € D> be positive and such that x € ﬂ LP(P), then
p=2

1

— €D>.
x €
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Expression for the divergence

The operator X — X%, considered as an unbounded operator with
domain D C L?(P) and values in L2(P x P), admits an adjoint
operator that we denote by 6 : D(0) C L2(P x P) — L2(P).

Lemma B
Let X € D> and Y € D™ then XY* belongs to D(5) and

S[XYH = —2XAY —T[X, Y].
Proof.
Let Z € D*° then XZ € D™ and by definition of A, we have:
ER[(ZX)*Y!] = E[[[ZX, Y]] = E[ZX(—2AY)].
But (ZX)* = Z!X + ZX* so that

ER[Z*XY¥] = E[ZX(—2AY)] — EE[ZX*YY)]
E[ZX(—2AY)] — E[ZT[X, Y]].



The main result

Proposition

Let d € N* and X be in (D). If (F[X]) ™! € N, 5 » LP(B;RY*Y),
then X admits a density which belongs to C2°(RY).

Idea of the proof: d = 1. Let f € C°(R).

F[F(X), X] = f(X)F[X, X] = f(X) = ([[X]) "' T[F(X), X].

BIF(X)] = E[FIF(X), X] (MX])™"] = BRIF(OXE (M[X]) 7]
= E[f(X)oD<* (N[x]) 7|
by iteration:
BF(X)] =
E {008 [XETIXD) 78 | XE (XD 76 |8 [ XX 7 |}
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More precisely, we have for all n € N*:
E[f0(X)]  =EIF(X)Z], (2)
where (Z,), is defined inductively by :

Z = SXH(TIX]) 7Y
{ Z, SIXE(M[X]) ™ Zoa], ne N~

So that
Zy = =2AIX](NX]) ™" Zooy — TIX,T[X]Zs-a].

Z,, belongs to D> hence in L}(P).
So, equality (2) implies that for all n € N* and all f € C°(R9):

E[|F"(X)]] < [IfllooEll Zall-
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Application to SDE's

¢
Xt—x+// (s, Xs—, u)N(ds, du) + /o’(s,Xs_)dZS (3)
0
where x e R, ¢ : Rt x R x X — R9 and o : Rt x RY — RI*n,

We assume that there exists a positive constant C such that for
any square integrable R"-valued predictable process h:

Vt>0, E[(/t hsdZs) CZE[/ |hs|?ds]. (4)

For simplicity, we fix all along this article a finite terminal time
T >0.
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Hypotheses

Assumption (R): 1. There exists 7 € My > 2 LP(X,v) such that:
a) forall t € [0, T] and v € X, c(t,-, u) is infinitely differentiable
and

Vo e N, sup [Dgc(t.x,)| € (] LP(X,v),
fE[O,T],XERd p ; 2

) ¥(t, u) € [0, T] x X, |e(t,0, )| < n(u), ]
c) forall t € [0, T], « € Nand x € RY, D%c(t,x,-) € d® and

Vin € N*7 Vp = 2, sup ||D3C(t,x, ')H&'MP < +o0.
te[0, T],xeRd

2. Forall t € [0, T], o(t,-) is infinitely differentiable and

Vae N*  sup  |DJo(t,x)| < +oo.
te[0, T],xeRd
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3. As a consequence of hypotheses 1. and 2. above, it is well
known that equation (3) admits a unique solution X such that
E[supepo, 7] |X¢|?] < +00. We suppose that for all t € [0, T], the
matrix (I + > ; Dxo j(t, Xe- )AZL) is invertible and its inverse is
bounded by a deterministic constant uniformly with respect to
telo, T]
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Spaces of processes

> H]ﬁ)n,p’p . the set of predictable real valued processes which
belong to L2([0, T]; D™P).

> Hpnpgdne p : the set of real valued processes H defined on
[0, T] x 2 x X which are predictable and belong to
L2([0, T]; D™P @ d™P).

In a natural way, we set

Hpoo p = ﬂ Hpnp ps Hpoogdoo p = ﬂ Hnp p-
neN*p > 2 neN*p >2
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Functional calculus related to stochastic integrals

Proposition
Let H € Hpoogge p then for all t € [0, T]

X, = /O t /X H(s, u)Ri(ds, du)

belongs to D> and we have:
X (w, wy) / / Hi (s, u)(w, wa)R(ds, du)(w)

+/ / H° (s, u,n)(w)N @ p(ds, du, dr)(w, wy),
0 JXxR
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t
X§2ﬁ)(w, wi, wp) = / / H?(s, u)(w, wy, wo) N(ds, du)(w)
0 JX
t
+/ / H (s, u, r)(w, w1)N @ p(ds, du, dry)(w, w,)
0 JXxR
t
+/ / H* (s, u, r)(w, wa)N @ p(ds, du, dry)(w, wy)
0 JXxR

t
+// H®)(s, u, ri, n)(w)N @ p?(ds, du, dry, dro)(w, wi, wo).
0 JXxR2
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How does the generator operate on stochastic integrals?

Proposition
Let H € Hpwgg p then for all t € [0, T]

X = / / (s, u)N(ds, du)

belongs to Do, and

AIX,] = /0 /X (A[H(s, u)] + a[H(s, )](u)) N(ds, ds)
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The case of integrals w.r.t. Z

Proposition
Let G € Hpoo p then for all t € [0, T]

t
Xt://Gsts
0 Jx

belongs to D>, and for all n € N*:

t
x{™ = / 6" dz..
0

A[Xt]_/ot/XA[Gs] dZ,.
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The criterion

Applying the Picard iteration, we get
Proposition

Under hypotheses (R), the equation (3) admits a unique solution,
X, in (Hpe p)? and we have for all t € [0, T] and all
ie{l,--,d}:

AlXi.c] //a[c, 3)(u) N(ds, du) +
//<€)c, —, 1)A[X; 5~ ]—1—2832; (5, Xem s )T [X o s X s ]> N (ds, du

[ (Grts. x40, ]+§082§' (=X DG X)) 2
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Remember that:

t
Mx] = kK / / Rov[c(s, Xo_, )KE N(ds, du)K?,
0 X

Theorem .
Assume hypotheses (R). Let t > 0, if

(/Ot/xks'y[c(s,xs,.)]i?: N(ds,du)> N 2@, R

p=2

then X; admits a density which belongs to Cg°(RY).
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Application: the regular case

Proposition

Assume hypotheses (R), that v has an infinite mass near some
point ug in X. Assume that the matrix (s, y,u) — y[c(s,y,)](u)
is continuous on a neighborhood of (0, x, ug) and invertible at
(0, x, up). Assume moreover that it satisfies the following (local)
ellipticity assumption:

V(s',x,u) €]0,s] x RY x O, ~[c(s', x, u] > O(u)ly,

1+ |x|®
Where 6,s > 0 are constant, O is a neighborhood of uy and © > 0

" t ©(u) N(ds, du) _le () LP(P). (=)
0 JO

p=2
Then, for all t > s the solution X; of (3) admits a density in
Cee(RY).
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Lemma
Consider @ and © as above and assume that there exists
a € (0,1) such that the limit

— im L[ (ee) _
rn = /\B»Too )\a/o(e 1) v(du)

exits and belongs to (—o0,0) then hypothesis (x) of the previous
proposition is fulfilled.
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