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Semi-elliptic Cauchy problems in finance (on
the domain [0,T] x R"™):

(i) : Diffusion models of Hormander type:

1
Ou — Zym | A%u + Agu

(1)
u(0,z) = f(=),
(ii) CP with Integro-differential operator A
9o (t,x) = Av (t,z),
(2)

v(0,z) = f(x).



More precisely:

(i) : vector fields with (aj; € C;jo (R™))

n

Z (3ac] (3)

1=1
which satisfy a Hormander type condition,
i.e. for all x the sets

Aiy (A5 ARl A, ARl AL
{40 |45, Ak [[45 Ax] 4y
1§i§m,0§j,k,l---§m}

(4)

span some subspace of dimension d < n.

(ii) CP with Integro-differential operator A
A[f](:v) =
2 Zz] A (x)am Jz; f(x) + 2_i b (x)gm f(z)+

[fz+2) - F) - 2 z1D<z>} v(z, dz).
(5)



Densities and characteristic functions:

(i) Densities (for time-homogenous models) sat-
isfy:

% = 3 SiL1 A?p + Aop
(6)
p(O,x,y) — 5y($)>

(ii) CP for characteristic function by Fourier-
transform w.r.t. y

P(t,2,u) = Ap (t,x,u),
(7)
p(0,xz,u) = exp(iuzx).



Probabilistic context for (i)

Theorem 1 Let T >0 and let
b:[0,T] x R" - R", o:[0,T] x R" — R"*™
be measurable functions; for x € R™, t € [0,T]

b(t, z)| 4 |o (¢, z)| < C(E + [z]), (8)

for some constant generic C' > 0, and wher
lo(t,z)| = \/Zij |a7;j|2 (|.| denoting the Euclidean
norm). Assume that for x € R", t € [0,T]

Then the stochastic differential equation
dX(t) = b(t, X (t))dt + o(t, X (1))dW (1),
X(0) ==z

(10)
has a global unique t-continuous solution.



However densities may exist only in a distribu-
tional sense for semi-ellitic problems even if

biao-ij c Cgo ([0, T] x Rn).

Consider

/

ou _ 1 _28%u ou
9t — 29 3—33%_'_“8—332’

X (11)
| u(0,2) = f(z1) + 9(w2).

The solution of this equation is

2
Jr f(y1)—o=5 exp (—(m;gl) > dy1
V2mt2 202t (12)

+g(x2 + ut).
T his leads us to a ‘distributional density’ of the
form

. 1 —y1)?
p(t,z,y) = —5=5exp (—(MQU%)

) <
(13)
6(zo + pt — yo2).



Indeed, formally we have (let us denote dy =
dy1dy2)

J (f(y1) +9(y2)) p(t,z,y)dy =

_ 2
J f(yl)\/zl—mz exp (—(MQU%) ) 6(z2 + pt — y2)dy1dys
_ 2
+ [ 9(y2) 5=z %P (—(“’120%) ) (2 + pt — y2)dy1dyo

_ 2
= [ ) oo () dys + gz + it — y2)

= u(t,x),
(14)



If Hormander's condition is satisfied, i.e. (4)
holds for the whole space R"™ for all x € R",
then the operator A is microhypoelliptic, i.e.

WF(u) = WF(Au), (15)

where WF(u) denotes the wave front set of a
distribution wu.

Especially it is hypoelliptic (recall that a differ-
ential operator L with C°°-coefficients is called
hypoelliptic on an open set €2 C R"™ if for any
distribution v on Q is in C°° if Lu € C®°.)



Now, for u with

. 2
u(t,r) = Jin f(n) s exp (~ 540" ) dyy
+g(xo + pt).
(16)
we have

2

i
ot 27 922 "oz,

where g may be C1, and this shows that the

semi-elliptic operators considered above are not

hypoelliptic in general.



First motivation for semi-elliptic market mod-
els which are not micro-hypoelliptic:

Factor reduced market models:

Example: Libor market model.
e tenor structure 0 <17 ... <Tp41.

e dynamics of the forward Libors L;(t), in the
interval [0,T;] for 1 <1 <n, is described by

O;LiL; v v T 1
~ S pipt Tk L dt 4 Ly aw (D

dL;

L pF(t, L)L 4 Ly~ aw (" 1),

e here, 9, = Ti+1 — 15 and

t— 72(t7 L) — (,Yi,l(t7 L)7 <. 77i,d(t7 L))7
with 0 < t < 7T} volatility vector functions
(in classical models dependence only on t).
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Reduced Libor factor models

e Consider logarithmic coordinates K = In(L).

e governing equation
dK = u® (¢, K)dt + FdWw,
where F'is a n X d matrix with d < n

(e.g. 40 x 5 matrix)

e Note that
FFT

is a n X n matrix of rank d while FT'F is a
d X d matrix of rank d.

10



o let G = (fg+1, - fn) be the matrix
consisting of the eigenvectors f; of

ker (FFT)

e equivalent system is

[ d(FTK) = FTuK(t, K)dt + FTFaw (1)

| d(GTK) = Gl u(t, K)dt,

e note that GTF = 0.

11



Reasons for reduced market models in practice:

e Computational parsimony — in practice,
models with n factors but lower number
k < n of Brownian motions appear
= semi-ellipticity, but not hypo-ellipticity.

e financial models may be high-dimensional;
especially Libor market models may have
20-40 factors. Experience shows that more
then 5 — 7 factors induce numerical noise

e empirically 5—7 factors are enough to cal-
ibrate the model

12



Second example for semi-elliptic market mod-
els where iterated subproblems are not micro-
hypoelliptic:

American derivative on a hypoelliptic market
model

Consider the Cauchy problem

p

max{%+Lu,¢—u} =0, in [0,T) x R"

u(T,z) = ¢(T,x), in {T} x R™
\ (18)
on [0, T] xR™ (where T > 0 is an arbitrary finite
horizon)

17TL

u—I—Vou (19)

|||
||MM

This may be rewritten in the form

ou 1 & 02

— = — Z vl (t, ) u -+ Z vio(t, :13)

ot 2i,j:1 v Ox; 01 =1 ]
(20)
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where
(v (o) = > (V)®” (21)
k=1

Assume that the Hormander condition holds in
the continuation region C, i.e., for all (¢t,z) €
CC[0,T] xR"

(Vi [V vid s [V v i
(22)
1 < i <m, ogj,k,l---ém}

spans R™.
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Consider lognormal coordinates S = (S1,---,5n)
and assume that a multivariate Amercan deriva-
tive is convex with respect to the spatial vari-
ables. Then the following assumption is satis-
fied.

(GG) for each t € [0,7] we assume that 0 € &
and that &; is star-shaped with respect to
0, i.e. for all S € & and all A € [0,1] we
assume that A\S € &. Note that this means
that for a fixed "angle” at S = (S1,---, Sn),
i.e. at

¢S F— n y " T T n

we have one intersection point of the free
boundary of the section & and the ray through
O which is determined by the angle ¢g.

15



Indeed, this often follows from arbitrage con-
siderations. For example consider the Ameri-
can index Put

mn
pa(t, S, K) = sup Eg (K— Z Sj> .

TEStOp[O7T] ]:1

Observe that
(t, S, K) = pa(t,S; K) (24)

iIs homogenous of degree 1 with respect to
(S,K), i.e. for any A > 0 we have for all
t € [0,T]

pA(t, AS; AK) = Apy(t, S5 K). (25)
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Convexity with respect to K then implies con-
vexity with respect to S.

Hence, the free boundary can be written in
terms of the angles in form

(t,05) — F(t,dg). (26)
We consider the transformation
1 (0,T) x R — (0,T) x [1,00) x (0,1)""1,

i1 S; S S
t,S,"',S — t7211 , n2 ’”.,n—n)'
vt 51 n) ( B0y =1 S D i=15i
(27)
Continuation region is transformed to the half
space H>1 = {x € R"|z1 > 1}. We have

S1=x1F (1 — Z acj) , Sj =zjz1F.  (28)
j>2
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We get

(

_ I ou l— F 9%u F Ou
Ut = T”la—a:l+§z aZ]ax o +z] b] 8:1:]

+7r ($13le —U)>

(BC1) u(0,00,z9, - ,zn) =0 0N 1 = c©

(BC2) wug(t,1,20,---,xn) —u(t,1,20, - -, 2n)
= K on x1 =1

(303) F(tax27"'7ajn) =K—u(t,1,:r:2,~~,a:n)

| (IC) u(0,x) = max{K —z1,0}
(29)
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You compute

F@SZ' Y
ox ; F
Fagr =1—3>0(0;5 — )7, (30)

05; — 2-j 95, 9z
and observe that

ox ; ;i — X
S.—J1 =N"g.% “J—q 31
Y Sipg = LS (31)
It follows that
0 0
S; = —. 32
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Furthermore

x; 0x;
= Y3 O Sk S 9% 95 951

(33)

ja 0%
b} = Xk YkISkSigg 5

In order to determine the latter coefficient func-
tions we compute

&vj _ 152']' — Xy

Ox1
e e N Y 1— 5 (6 —x)-2
89S, F z1 2= 88, F ( j;( A

Next, for y > 2 we have

8233‘ a( %’xlj)
=2

8S,;0S;,

(i)
Fzy ) 4 -I—( —0i)) GuF + 2151 —61))
ox; x1F (xlF)2

(36)
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Finally,

02 o (1 F;\ o
55,05, = 2 s (F — 20 WF%) 53¢
37
where i
a%(%’ 25229 %)%)
— (1 =)

LoD i Fi+(6i—x) Fj(1—061) —2F; F1(1—61;) (6;;—x;)
71>2 3 y

(38)



Special interest in densities and characteristic
functions of semi-elliptic models in finance

e Computing Greeks for higher dimensional
diffusion problems

e higher dimensional models — financial quan-
tities are computed via probabilistic repre-
sentations and MC methods

e Derivative values: E(f(X?))

(X>‘ a process depending on some
parameters \)

e Of special interest: Sensitivities
0 A
—FE(f(X
S EUXY)
(also with respect to underlyings)

22



e performance and accuracy may be enhanced
by using weighted MC methods with

E(f(XM)m),

where the random variable 7« is called a
Greek weight.

e in practice diffusion models (without jumps)
are of particular interest
(issues of calibration)

e Computational parsimony — in practice,
models with d factors but lower number
k < d of Brownian motions appear
= semi-ellipticity!

23



Problem: for a reasonable class of models set
up a weighted MC scheme for derivative values
and sensitivities

e which is computationally parsimonious (hence
include sem-ielliptic models)

e has bounded variance (hence sensitivities
have to be treated carefully)

e uses optimal weights (we have to go be-
yond the standard Malliavin calculus based
schemes)

24



Before we establish weak higher order proba-
bilistic schemes we need analytic expansions.
Density expansions and expansions of charac-
teristic functions have different advantages
/disadvantages.

e analytic expansions of the characteristic ex-
pansion may include jump-diffusion models

e they are (more or less) restricted to affine
processes

e density expansions are possible for nonlin-
ear coefficients

e expansions of jump-diffusion beyond affine
processes converge only on cones

25



Let's start with expansions of characteristic
functions:

Bochner told us to investigate Markov pro-
cesses by the symbols of their associated in-
finitesimal generators.

Consider a regular Feller process

((Xlgc)tZ(% Px)a:GRd

with values in RY.

The function
BT <€z'(Xf—x)-§) _1

,€) = —1lim 39

o(z,§) i . (39)

is called the symbol of the process where
ci(w, &) = B (/X0 (40)

is called the characteristic function.
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Now, if (13)¢>0 is called the semigroup associ-

ated with ((Xf)tZO,Px)xeRn, then we have

T:f(z) = E* (f(XF)) =
| X (41)
(27) ™2 fpn ey (a, €) F(E)dE,

where . denotes the Fourier transform.

It follows that the generator takes the form

Au(z) = limy o, L@l —ulz) .
42

—(2m) ™2 [gn €0 (x, £) F(£)dE
Hence the symbol completely characterizes the
process.

27



Goal: recovering the characteristic function
from its symbol function.

Remarks:

e goal is far from trivial, it is helpful that
the wave functions exp(iux) from a set of
analytic vectors for a consirable class of
affine operators

e it is far from trivial to say under which con-
dition the symbol of a given partial integro-
differential operator corresponds to a Markov
process. HOormanders standard class of sym-
bols of pseudo differential operators, namely
functions (z,£) — o(x, &) which satisfy

85080 (2,€)| < cap i (1 + |g[)mrlelTolAl
(43)
where 0 < § < p < 1 do not fit very well in
order to analyze this question.
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For processes X where for each t > 0 X; has an
infinitely divisible distribution (such processes
correspond Levy processes in law), we have the
Levy-Kintchine formula, i.e.

E[€i<u,X§C—a}>] —

6—%(Au,u>t—|—i(r,u>t—|—t fRd (ei<“’x> —1—i(u,x)1p (:v)l/(da:))

(44)
where A is a symmetric nonnegative d X d ma-
trix, r € R% and v is a measure on R¢ satisfying

v({0}) =0, and
(45)
I]Rd\{o} min {|y‘2, 1} I/(dy) < 00.
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Remarks:

e For affine processes explicit formulas for
the characteristic function are known only
in special cases (cf. the example in Duffie,
Pan, Singleton (2000) for the case of affine
processes without jumps).

e In the general case the computation of the
(conditional) Fourier transform of an affine
process is shown to be reducible to solv-
ing systems of general Riccati differential
equations ( Duffie, D., Filipovi¢, D. and
Schachermayer, W. (2003) ). Analytical
solutions of the generalized Riccati differ-
ential equation systems are not known, and
even numerically they are often difficult to
solve, especially due to quadratic terms in-
volved.
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e In Belomestny, Kampen Schoenmakers (2009)
it is shown that for a class of affine equa-
tions a basis of analytic vectors can be
found. In particular, this leads to recursive
representations of characteristic functions
in terms of constituents of the generator
avoiding the generalized Riccati equations.

For affine process X 0% with Xg’x — x we search
for an explicit representation of p(¢,z,u) = E[eWXtO’x].
Here we denote e := ezgﬂuﬂj for simplicity
of notation.



We assume that the function p is a global so-
lution of the Cauchy problem

( a/\ .
8_21‘?(t7 x? u) — Ap (t7 x? u)?

\ p(0,z,u) = exp(iux), t>0, z€QCR?
(46)
where 2 is some domain and

ALf)(@) = 5 4 a5y (2) g £ (@) + i bi(@) £ ()
+ fpaygoy [f(z +2) — F(@) — §h(@) - 21p(2) | v(=, dz).
(47)
Here we assume that the equation is semiellip-
tic, i.e.
(a;5) > 0,

and we assume that the operator is closed on
some appropriate function space.
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Furthermore 1p is a indicator function of a
bounded set D, a;;(x), b;(xz) are affine func-
tions, and v(x,dz) is a Borel measure which is
affine in x, i.e. we have the representations

a;j(z) = ajjo + S 1 ajimy
bi(x) = bio + X1 biz
v(z,dz) = 1 vo(dz) + Zle r11o,v(dz),

(48)
where Qp,Q; C R4, 1 <[ < d. We define the
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symbol function

o Q xiRY— C,

o(x,iu) := exp (—iux)Alexpiuz] =

—3 Yk ajr(@)ujuy + ;5 bj(@)iug + exp (—iuz) X
Jray oy [exp(iu(z + 2)) — exp(iuz)

—iuexp(iuz) - 21 p(2)]v(z, dz) =

3k aj(@ujup + X, bi(@)iu;+

fRd\{O} [exp(iuz) — 1 —iu-2z1p(2)]v(x,dz)
(49)



Since o is affine with respect to x it is useful
to define

O‘l(’iu) L= 8;CZO'(CIZ, zu) = —% Z]k AjEIU; UL + Zj bjlzu]
+ Zle fRd\{O} [exp(iuz) — 1 —iu- z1p(z)]vi(dz)

(50)
In the case d = 1 we define

o1 (i) = a%a(a;,m). (51)

In general we denote multivariate derivatives of
order a = (aq,---,ayg) of the symbol function
with respect to the symbol variable £ by 850‘0.
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Plugging in

k

P (t, z,u) = exp(iuz) (1 + detk) (52)
we get

L(t,z,u) = exp(iuz) (Cp>0 dyt1t¥)

= Yo Balx) DZB(t, , )

= Yu Ba(z) DY (exp(iuz) (Spso dpt1th))

(53)
with dg = 1.
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This leads to the recursion d =1 and for kK > 0

dp+1 = exp(—iuz) Y  Balz)Dy (exp(iux)dy)
k+1 >0
a_
(54)
For example in the univariate case one com-

putes

do= 1
di = o(x,iu)
dy = 3o (z,iu)? + 5(9¢o(z, iu))oq (iw)

Q.
OV
|

Lo(x,iu)3 + So(z, iu) (Oco(x, iu))oq (iu)
100 (x,iu)) (9 (01 () oy (i) + & (820 (x, iw))

(55)
Higher order terms are easy to compute as well.
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The formula is coded by an affine triangle of
rational numbers with kth row all numbers Clak k)

where of, 8% are the k-tuples. We call that row
the univariate affine triangle of the caracteris-
tic function. The first row (terms of order 1)
contains just one number

(note that the tuple (0,1) € M7). The second
row contains two numbers

1 1
((2,0),(00) = 50 “OD,10) =5 57

The third row contains four numbers

— 1 1
€((3,0,0),(0,0,0)) — 6 “((1,1,0),(1,0,0)) — 2
— 1 1
€((0,1,0),(1,1,0)) — & ©((0,0,2),(2,0,0)) = &’

(58)
and so on.

36



We introduce the following multiindex nota-
tion. For each positive integer k we denote

o = (af, -, 0 1), BY=(B% .8 1)
(59)
where the entries a?,ﬁf are nonnegative inte-
gers. For any positive integer k the projection
of a k-tuples o (resp. 3% on a I-tuple for an
nonnegative integer [ < k will be denoted by
Ny with

I‘Ifo/‘C = (a’é, . -,af_l), (resp. I‘Ifﬁk = (6’5, e ,ﬁlk_l)).

(60)
Adding or subtracting integers to such multi-
indices is denoted as follows:

ozk—l—z'jz(aé,---,a?—l—ij,---,aﬁ_l). (61)
Similar for 8% and for subtraction, i.e. we have
ozk—ijz(aé,---,a?—ij,---,al]g_l). (62)

We have
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Theorem 2 Locally, the following representa-
tion holds:

p(t, z,u) = exp(iux) X

k
&y

(14 5 (h giyentt Eak gty Mg (8o (2, 1))

. k
(01 (i) %),
(63)
where o) are k-tuples with
k—1 k—1 k—1 1
M* = {(a’“,ﬁk)) > (ef+o)=k& Y 8> of
=0 =0 J=1 J



and
¢(1,0) =1

and for k > 2

. k+1
okt gty = gDt 1T 00 =k 1

(65)
C(ak:-l-l,ﬁkﬂ—l) — (l{f—ﬂ-l)' X

k—1 Mol Tl—1,42k
zj:o ZZ/IL{;(% )\fzj ( AL ! ) X
C(I_Ikak+1—1j+)\k,|_|kﬁk+1—)\k)'

Here, the natural restriction holds that \f =
(NE,---,AF_,) are k-tuples such that
Mot — 1,4+ 2% € My, (66)

(Alternatively we could define ¢, i .\ With pairs
(a®,B7)

of k-tuples (o,3%) not in M, to be zero, of
course).



Such triangles can be derived also in the mul-
tivariate case.

But this looks rather general. Why can’'t we
define integer triangles for general Cauchy prob-
lems?

Let us consider the one dimensional sphere
Sl = [—x,n] and define function p : [0,T) x
Sl xR — C via

p(t,z;,u) = eLtemu, (67)

where

L= b = 1a(x)——b(az)——)\(ac)z lal
l>2
(68)

with the moments ~, = [p y'v(dy).
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We consider the standard topology induced by
the scalar product (and its associated metric)
on the set squared integrable functions L2(S1)
and consider the function space

F={(a,b,)) € L?(81) x L2(S") x L2(sh)}
(69)
equipped with the product topology 7,. The
following proposition holds

Theorem 3 The set
Faiv=1{(a,b\) € F| el eizu
is unbounded on any neighborhood of O}

(70)
is dense in (F,Tp).

39



Proof. We consider the essential case where
b = 0 and X = 0 and prove denseness of the
set

Foiv, = {a € L2(s1) L0 i

IS unbounded on any neighborhood of O}

(71)
in L2(S1) equipped with the topology induced
by the L2-norm. The general case can be
proved along the same ideas and is only for-
mally more complicated. Given any function
a € L2(S1) it is well known that we can ap-
proximate it in L2-sense by finite Fourier series

n
a(z) = Y ael’”. (72)
[=1

For given € > 0 we choose amplitudes a; (an #
0) such that

la(@) = > @]l 2¢51y < €. (73)
=1
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The corresponding approximating operator (of
a(x) )IS

2

A= Z A= Z aze” (1 (74)

Write formally

e At plur — Zzo_o 21=1 Al UL —

k! 6
(75)
(1 cin <oy cm Aiq - Ag IEF
Zzozo 21§ 1= ki! 1 k7" piux
Using the fact that for any sq,...,s, € N
Asgy - --Askei“f” — (-Ukasl - ag,
(76)

H (u + Zl ) 'L(U‘I‘Z Sj)x7
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we can show that

. N (>n_ 2 A )ktk
__ _—ux =1 “*1
Sn(z) =e kzo I

diverges for fixed n and v > 0. Indeed, set
1

T or

then Fj, =0 for £k > nN and

(77)

F}, /7T e kS (2)dx, keN (78)
—Tr

_1\N,N N 2N
FnN:( 1) ap [i=o(u 4 In)<t o, N — oo

N!
(79)

Due to Placherel Parseval identity

1 T niN
— | Isv@Pdz= 3 |FP —o0, N—oo
T k=0
End Proof.
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Remarks:

e Local convergence can be shown by count-
ing terms

e for global formulas in space combine this
with partitions of unity

e it is possible to derive globally recursively
explicit formulas in time
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Next let us look at densities:

T he well-known expansion

2
p(t,z;0,y) = \/4177rt”exp< Ci ) (Z d.(t, x y)ﬂf).
(80)

has some advantages compared to the WKB-
expansion

1 d2
p(t,z;0,y) = e exp ( B4 Z ci(t, x yﬁ’“) :
k=0
(81)
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Indeed the connection between the ¢, and the
di. can be easily computed using Leibniz rule.
We have

dg = exp(cg), (82)
and
kg
dp = ) 7 Ho—iCi (83)
i=1

Since d;. recursions diificult to solve, compute
first the ¢, from WKB and then d;. recursively
from cy..
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We have

Theorem 4 Given coefficents with bounded
analytic coefficients there exists a finite time
horizon Ty such that on the domain 2 x (0, Tp]
for any finite Ty > 0 and any domain €2 C R"
a constant B8 can be computed such that the
fundamental solution of
ou n 92y "o Ou

ot j; O T ,L; "9, (84)
has the pointwise valid representation

_ 1
p(t,z,0,y) = N
(85)

n_ Az?
exp (_Zz_j_t & ) (Z%O:O dk(t7 €L, y)tk> )

for j = 1,---,n, and for (t,z) € (0,81y) x 2.
If the coefficients are given by finite Fourier
representations a lower bound of the constant
B is given by

1
3(n(2|mg| + 1))eR?|mgp|?’

B < (86)
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where

e 2|mg|+ 1 is (an upper bound of) the num-
ber of terms in the finite Fourier represen- |
tation of b; along with [mo| := MaX;crq ..n,} MY

e R is a radius of a ball BR(0) such that the
spatial part of the domain <2 is included

e ¢ IS an upper bound for the Fourier coeffi-
cients of the Fourier representation of the
drift function b; where i € {1,---,n}.

For the coefficient functions d; we have

do(t,xz,y) =

exp (Zm(ym — Tm) fol bm(t,y + s(x — y))ds) ;
(87)



dm(ta X, y) —

m R kI3 Re_1(ty + s(x — y), y)shds
(88)

with
sz—l(ta X, y) —

Y o . 0
9iCk— 1+ Acg_ 1—I-Zl_1 ZT O<3ZC1 ?“axlck 1— r)

+ > bi(ﬂ?)a%i%q
(89)

Note that the relation (86) contains also the
relation of the time horizon of the convergence
to the size of the domain, i.e. the time horizon
IS proportional to the inverse of the square of
the domain.



Theorem 5 More explicitly, we have

co(t,z,y) = co(z,y) =

— Z’y b,,;,y(y)Aa:’7+1i1_l}|,y| (90)

= )., coy Dz

and, given the power series representation

-1t 2, y) =Y cr1) (W) AT (91)
V5l
we have

Ck(ta X, y) — Z’y,l lc(k—l)fyl(y)Axvtl_I_
2y A i Lpra=y(pi + D@ + 1)er(541,)C(k—1-r) (a+1)
+ 22 (v +2)(vi + Deg(ya2,) T Zpta=y (2 %bz’(y) X

(@ + Der-1y(ar1n} (Sdzo g Aad).
(92)



mn
where with §s := Y _6;, and
i=1

-
0 B
Z pk&ﬁ? 52230 (1—-—7)os + k

(93)

- {Hl (5 (fyj— )!>y<7 5)] At




Similar theorems can be obtained in the case of
variable corefficents in terms of certain geodesics
determined by the line element

dr is a Riemannian metric defined by the line
element

n o
ds® = > a"(z)dxdx;. (94)
,j=1

(a*'7) inverse of diffusion matrix (aj;) (95)

Consider the local expansion

2mth 2t

200 00
p(taway) — - exp (_d ( ’y) + Z Cl{:(m7y)tk> )

k=0
(96)
of the parabolic equation
ou 1 02 5,
(97)

a7



First we compute for ¢t > 0

2
% = (—3+ C0 4 53+ Denga o))

gfz — ( or T Zzo 00 aCk (:U y)tk> b,
sa; = ( ( 5+ S0 g yﬁk)

d2
(‘2—{3 T k=0 a:f;k (z, yﬁk)

d2

-2+ Xi%0 3x18x]tk>p
(98)

48



Plugging into 97 we get

2
— ) L s0o (k4 Deppr (@, p)tF

Ly an @) ((— S+ S 0 5 (, y)th)

d2 d2
5 i 52
( 2 + X092 (@ y>tk> L+ 00 o ol t*))

— 2 bi(w) (—dQ—? + 3520 o 2k z (T, y)tk> )P
(99)



Collecting terms of order t—2 we have

1
= szgia;;.dgj. (100)

Note that here d%z. is the partial derivative of d?
with respect to x;. Equation (100) is closely
connected to a Hamilton-Jacobi equation and
admits a unique solution if the boundary con-
dition, i.e. the condition d(z,y) = 0 if x = v,
is satisfied. Collecting terms of order t—1 we
get

24 L2 41y ar <a:>< a% y)
(101)
+ 5000, )) = 0

Equation 101 is a linear first order equation
which can be written as

17 42
~5+3Ld+

%a—( j (a%(z) + a? (w))%)a%(w)—o
(102)
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together with some boundary condition

coly,y) = —% In \/det (a*ij(y)) (103)

determines cg uniquely for each y € R™. For
k+1>1 we get

(k+ Depgr(o9) + b Xy afy (@) (i 4 G100t
Ck+1\T, Y QZZJ A\ (2 Oz 2 Oz )

_ 1 ko 0c 9ck_
= 5 245 435(%) 2420 gu; oa,

L~ g 0%cy b ()9
T35 2ij az‘j(m)axiaxj + > bz(fﬂ)a—%,

(104)
with the boundary conditions

cp+1(z,y) = R(y,y) if ==y, (105)
R;. being the right side of 104.
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Let us look how such density expansions may
be used in the context of semi-elliptic linear
equations which are not hypoelliptic. We have

Theorem 6 Let 0 <d <n, T >0 some real
number, and 1 < p < oo. Consider a matrix
function z — (a;;)%™(z), 1 <j <d on R"™ with
n > d, and m smooth vector fields of dimension
d

d
0
A; = }: Qﬂg;—p (106)
j=1 Lj

where 0 <1 < m. Consider an additional vector
field of dimension n — d

B = 0—, 107
Z ajo@xj ( )

Consider the Cauchy problem on [0,T] x R"
(where T' > 0 is an arbitrary finite horizon)

Gu = Ism ., A2u+ (Ag + B)u
(108)
u(0,z) = f(x).
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Assume that the Hormander condition holds on
the the subspace R of the first d coordinates.
Assume that the initial data function f : R" —
R satisfies

(7) for all xg41,---,xn fixed the function

(xla"'axd) _>f(xla"'axdaxd—|—l7"'7$n)
is LY ., 1<p<ocoon RY

(i1)  for all xq,---,x, fixed the function
(Tg41,-,2n) = f(z1, -, 24, Tg41, "> Tn)
is ¢ (Rn=4),

(#35) for all x € R™
[f(z)| < Cexp(Clz|)
for some constant C > 0.
(109)
Assume that the coefficients are smooth (i.e.
C*) of linear growth with bounded derivatives,
i.e.

aj; € C73 (R™) (110)

foro =0 and 1 < j3<n, orl << m and
1 <353 < d. Then the Cauchy problem above



has a global classical solution uw, where

u € C®((0,T] x R"), (111)

and where the singular behaviour in t = 0O is
determined by the Malliavin-type estimate in
(cf. Kusuoka, S., Stroock, D. 1985) as fol-
lows: for given natural numbers m and N there
iIs a nhumber q such that the solution uw and its
time derivatives up to order m and its spatial
derivatives up to order N are located in the
space.

v (10,T] x R") = {o]t9v € Cy v ([0, T] x R},
’ (112)
where

Cm,N ([O,T] X Rn) L=

{FNFIl 4 Si<m IDLFIl + Sjog< v DSl < 00},

(113)
with ||.|| denoting the supremum norm. More-
over, q = max|a| < N = ny,, o0 — n/2 where

Nm,a,0 IS determined by the estimate above of
the singular behavior of the density.



(Proof ideas)

e it is sufficient to prove the theorem under
the stronger assumption of bounded payoff
f, because we can transform the problem
above for uw to a problem for

= e @)y .= ¢~ Veatdlzl?, (114)

for some a > 0, ¢ > C?, and where |.| de-
notes the Euclidean norm. Then u solves
an equivalent problem with identical diffu-
sion term but transformed drift vector b :=
b — %Vd .00l and an additional potential
term ¢ = c—I—b-Vd—%tr <00T) D2d—%\Vda|2.
Here D?d denotes the Hessian of the func-
tion d and tr denotes the trace of a matrix.
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Existence of the Vector Field
First we have

Proposition 1 Fix z¢ € R?. Assume that the
conditions of theorem 1 are satisfied. Assume
that g € C1([0,T] x R™). Then there exists a
smooth global flow Ft generated by the vector
field on [0,T] x R"=% such that the first order
equation problem

%_Q; — Z?:d-|—1 :ui(xda xn_d)aixiu _I_ g(xda xn_d)a

u(0,24,2"~4) = f(a?, 2"~ 1),
(115)
has the solution
t
u(t,xd,wn_d) = f (wd,]:txn_d)—l—/o g(wd,]:t_sacn_d)ds.
(116)
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Construction of the solution via an AD-Scheme

Vector Field Step: (I > 0)

21 21
8u Z?_d—l—l /v%(fc)au
(0ifl=0
= A
2 21—1 21—1
7/] 14 (x)a({?:;;@w + Zg_l :uz(x)au z; if [ >0
(117)
and
Diffusion Step: (I > 0)
2141 2, 21+1 211
o — X8 g 4y (@) T — Y ()2
21
— Z?—d—l—l ,uz(:c)%uTi
(118)

For each m we define u™(0,.) = f(.) and «™+1(0,.) =
f(.). Here, in equation (118) we understand
(z441,--+,xn) to be fixed, and in (117) we un-
derstand (xq1,---,x) to be fixed. We construct
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the solution in the form

wP(r,z) = uPl(r,z) + E SuP 21+ 2), (119)

1>1
where for [ > 1
satisfies
gour2t1 ok () O20ur2H
or _'027,] 1 z](w) 0z;0x
2141
— Y () (121)
p,21
— Z?—d—l—l P.Uz(x)a(su ;

and in each substep where the right side in
(121)



satisfies

déuP? 96 P2l
gT Z?—d—l—l Pﬂz(w) ~
L 92§ p,2l—1 95 p2l 1

(123)
Moreover, for m > 1, duP"™™ has zero initial con-
ditions, i.e. éu”™(0,z) = 0.

We claim that for small p the scheme just de-
scribed is locally convergent with respect to
time. Then iteration of the scheme in time
using the semigroup property leads to a con-
vergent scheme of a global solution.

Remarks

e Since the equations are only hypoelliptic on
the subspace R? we cannot apply Schauder
estimates (at least not directly).



e However estimates in Kusuoka/Stroock based
on the Malliavin calculus lead to estimates
of densities at each iteration step on the
subspace RY.

The question now is in which Banach space
we have a convergence of the functional series
above. The guide is the density estimation
in KS, 1985. Accordingly we define for each
positiv real number q

C{, ([0,T] x R™) := {v|thw € C1 2 ([0, T] x R™)},
(124)
where

C1,2 ([0, T] x R™) := S FUIFII + I fell + > IIDZfIl < o0
o] <2
(125)
along with ||.|| denoting the supremum norm.

In general (in order to prove higher regularity)



we may consider the spaces

Cl ([0, T] x R™) := {o[tlv € Cy, v ([0,T] x R™) |,
| (126)
where

Cm.n ([0, T] x R") :=

{FIAN+ Sicm DS 4 Zjajen IDEFI < o0}
(127)

Theorem 7 Consider a d-dimensional difffu-
sion process of the form

d d
dX; = Y bi(Xpdt+ ) oy (Xp)dW] (128)
i=1 j=1
with X (0) = z € R? with values in R? and on a
time interval [0,T]. Assume that b;,o;; € Ci°.
Then the law of the process X is absolutely
continuous with respect to the Lebesgue mea-
sure, and the density p exists and is smooth,
I.e.

p: (0,T] dede%RECOO((O,T] dede).
(129)



Moreover, for each nonnegative natural num-
ber 53, and multiindices o, 3 there are increasing
functions of time

Aj,a,ﬁ7 Bj,o{,ﬁ ) [O, T] — R, (130)
and functions
NiagsMias: NxNCx N N, (131)

such that

o7 olal glol

< Ajas®)Ata) s
_ tnjaaaﬁ

exp <—Bj,oz,ﬁ(t)—(x_ty)2>

(132)
Moreover, all functions (130) and (131) de-
pend on the level of iteration of Lie-bracket
iteration at which the Hormander condition be-
comes true.

We cannot apply the theorem directly, but it
has a probabilistic side. We note



Corollary 1 In the situation above, solution
X} starting at x is in the standard Malliavin
space D°°, and there are constants Cl,q de-
pending on the derivatives of the drift and dis-
persion coefficients such that for some con-
stant v 4

[ X{1,q < Crg(1+ |a]) e, (133)

Here |.|; , denotes the norm where derivatives
up to orderl are in L? (in the Malliavin sense).

First we consider the Cauchy problem for u?:1.



e In terms of the related Markov family Y,"*
with (14 |z|)eY* = th’m, we have a prob-
abilistic representation of the solution uP:l

uPl(t,2) := E (f(X])) = E (9(Y{")),
(134)
and where g(.) := h((14|z|)"4.) is bounded
and decays exponentially for |z| T co .

o |duP?|g < exp(—clz|) as |z| T oo follows
from proposition 1. Similarly, for [ > 1 we
use the probabilistic representation

SuP 2t z) = fé E (5up’2l(s, Xff)) ds

= J§ B (6ur?(s, (1 4 [a]) 1Y) ds,
(135)
and proposition 1 and get

suP g, [6uP2 Ty < exp(—clz]) as |z| T oo
0]
inductively.

55



In terms of the densities (¢t,z,y) — py(t,z,vy)
via

PE(Y" € dy) = py (¢, =, y)dy, (136)
we get the representations

wPl(t,z) = E (f(X})) = E (9(Y®))
(137)

= [9(y)py(t,z,y)dy,
and

SuP 2l 2) = fé E (5up’2l(s, sz)) ds

= 3B (5uP21(s, (1 + |2]) oY 2)) ds
(138)

This leads to a absolutely convergent scheme.



Generalisation: Consider a matrix-valued func-
tion x — (vj;)""(z), 1 <j<n, 0<i<mon
R™, and m smooth vector fields

" 0

V, = . —, 139
7 j;l sz(x)axj ( )

where 0 <7 < m. Cauchy problem on [0, T]xR"
(where T > 0 is an arbitrary finite horizon)

5t =5 Siy Viu + Vou
(140)
u(0,z) = f(z).

Define for all x € R"
Wo := span{Vj(z), |V}, Vi| (), ||V}, Vi] . Vi] (),

(141)
Furthermore let Iy = N crnWo.
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We have

Theorem 8 Let 1 < p < oo. Consider the

Cauchy problem (140) on [0,T] x R™. Assume

that the initial data function f : R™ — R satis-
fies

(1) the function f is L; .,1 <p <oo on Iy,
(47) the function f is C*° on R™\ I,

(i31) for all x €¢ R"™
|f(x)] < Cexp(Clx|) for some constant C > (
(142)
Assume that the coefficients are smooth (i.e.

C®°) and of linear growth with bounded deriva-
tives, i.e.

Vj; € Cl?(l; (Rn) (143)

foro. =0and 1 < j3<mn, orl << m and
1 <453 <n. Then the Cauchy problem above
has a global classical solution w, where

w € O ((0,T] x R™). (144)
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Higher order probabilistic weighted Monte Carlo
schemes and comparison with proxy schemes
and partial proxy schemes.

Let £k < d be fixed and fix the coordinates
A (Tg41, - zn). Let p_,  be the fun-
damental solution of

8’&'0’1 k n—k 82upa1
T — Pt =1 aii (28, 2" ) o

(145)
_ p,1
— Y ppiak, 2RO = 0.
Then according to our results above we get
the probabilistic representation

wPl(r,.) = Jer FWF, 2" F)p_ni(r,2%; 0, yF)dy”
+ fO ka Zz—k+1 ,uz(t(s), yk7 wn—k) X

oL (¥, FTank)p i (r, 2k 5,y )dyPds.
(146)
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Similarly for the higher order terms we get the
recursive probabilistic representation

5up,2l—|-1(7_’ ) — fg f]Rk Z?:k—l-]_ Pliz(yka mn_k) X

kN 026ur-2l-1 _ _

p2l—1
o J§ SRy pui(yF, a9

(sy j:Tsnk))

XPn—k(T, zF: s, yF)dykds.

(147)
The representation (147) together with the
initial representation (146) gives the follow-
ing ‘naive’ weighted Monte-Carlo scheme. Let
ka be a random variable with normal density

¢(ta xka )*

*Note that in general practice ¢ will be time-
homogenous.



Then we have the probabilistic representations

(f@w’“,a:n—%xn_k(f,xk;o,cxk))

Pl(r,)=E
uh () o (rak )

k _
E(f& Z?:k_|_1 pp; (¢7, " k)x

(Cx fT n— k)p rn— k(TLIZ 3>Cm ))7

B (s,2k ¢7)
(148)

and

k _
SuP2HL(r,2) = B( J§ X0y q pra(C 2" F) %

ko1 928500201 k o
(a%fSZﬁj:lpaij(Cx , ' k)agging (s,C%", FT—sgn—Fk)

k 2[—-1
o I h_y pui (¢, &R O (s, ¢+, Frosgnky)

k. ok
prn—k(Taaj NE )dS)

(s,2k,¢*)

(149)
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Substitution of expectation E by the sum ﬁ Z%:
and writing for each m the m-th realization

of ka as mcwk leads to the following ‘naive’
Monte-Carlo scheme for the price

k k
1 ~ 1 M f((x 7xn_k)pxn—k‘(7_7xk;oam<x )
uf 2 (7,.) = 47 = ( ) )

ol My (S S g pri(mC™ 2 F) x

m zk FTah— kNPyn— g (7t S’mcx ) 7
(S C ) ¢(333 ,me” ) )
(150)
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and
Sup 2+l (r,2) =

%Z%:]. (fg Z?:k—k]_ IOIU”L(t(S)ﬂn kaamn_k)x
(8:1: Jo Zz] 1 ;i (t(8),m ka,x”_k)x

825 p,2l—1 k B B
8;}26939 (S7mcw 7f7_ S k)dS

k _

p2l 1
85u (87mcx FT—Spn— k))x

k
pxn—k (T7xk;87mcx )
k
¢(39xk;mcx )

ds) :
(151)

Note that we have the same density for both
the lower and the higher order terms. The
estimators for the Greeks are easily obtained
by differentiating (148) and (147) and then



writing the MC approximations for the corre-
sponding differentiated equations. We call the
estimate for derivatives ‘naive’ because it may
have unbounded variance for small time and/or
small variance.



For simplicity let us consider the AS'. The
‘naive’ estimator is constructed from

k k
1 o F(¢* " M)p g (1,270,6")
Durl(r,) = B 5(rah ) )

k _
‘I'E((%l fg Z?:k—i—l pp; (¢7, " k)x

Of ik o n_kpn_k(m’f;s,cmk)
GL(CH FranTiyRes B ds),
o (152)
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and from

%&UJP’QH{(T, x) =
]{: J—
E(% Jo 21 pi(CT, 2 kY x

0 k B
(8_:1:1- Jo Zflf,jzl pa;; (¢, x™ kY %

H25uP:2l—1 k _ B
8:?1'833]- (s, ¢, FT %" k)ds

(153)
o2 JE Sy (¢ 2R x

20—1 k
(‘95%0% (87 ¢* 7J:T_S$n_k))x

k
Pt (T,@%;5,¢")
QS(S,ZCk,ka) dS)
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Consider g : Ry x R¥ x R¥ — RF with

0g(t,x,2)/0z| # 0O,

and an R*-valued random variable & Oon some
probability space with density A\ where A\t(z) #
O for all z and ¢ (for example, the standard nor-
mal density).

Then we write ¢ := g(r, 2% ¢) where we as-
sume that it has a density ¢(r, z*,").

Hence the first order term of our construc-
tive scheme of the estimator becomes (analytic
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form)

—uf”l(T ) =

E( 0 f(g(T,xk,ﬁ),wn_k)pxn_k,(T,xk;o,g(T,xk,f)))

"I_E(aiml fg Z?=k+1 pi; (g (T, CUky £), xn—k) X

k. k
n—k‘(Tax ,S,g(t,ﬂ? 7€>)d$>

¢(s,2%,9(T,2".£))
(154)

_N\P
5L (s,9(r, 2%, ), Fran—k)=



Again, substitution of expectation E by the
sum 4+, >M__ and for each m writing the m-th

realization of & as & gives the corresponding
Monte Carlo estimator

_up,l (1,.) =

1M ( 9 f(g(T,zck,mﬁ),m"_k)pxn_k(T,sc’“;O,g(T,m’“,méf))>
M = 8&7[ ¢(7’,xk,g(t,xk,m€))

+i7 e (8%;; I8 Sikr pi(g(s, 2%,m €), 2" 7H) X

~ T — n— ( ’ kv ’ ( ) kamg))
i, (5,9 (s, 28, ), FTam = H) B e 5y,
(155)

and similar for the correction terms.
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