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Model description

The Mc Kean-Singer approach (JDG 67) for
«jump-diffusion» processes. Let (X,),,, be a

Markov process with values in R? with the
following generator

L o(x) = (b(t, X), V(X)) + ;tr(a(t X)DZp(x))

<y,V¢(X)>

V(L. X, dy)

(1)

+ [(p(x+y)—o(x)



Model description

where

>a(’[,-) is a positive semi definite diffusion
matrix, t > 0.

> b(t,) is a drift vector.

> (1, X, dy) is a Levy measure depending on a
parameter X € RY .

> e CZ(R)isatest function.



The Mc Kean-Singer approach (JDG, 67)

Key ideas: freeze the terminal point x' and
use the Kolmogorov equations satisfied

by p*,

[ (%) = (b(t, X), Vop(3)) + ;tr(aa x')DZp(X))

| (o(x

y)—@(X)

(Y, Vo(x))

) (t, X', dy)
1+]y|°



The Mc Kean-Singer approach (JDG,67)

- b(t, X")is a «frozen» drift, t > 0.
>v(t, X', dy)is a «frozen» Levy measure, t > 0.

> a(t, X') is a «frozen» diffusion matrix, t > 0.

Proposition. (Mc Kean-Singer Parametrix
expansion)

Forall 0<s<t<T

p(s,t,x,x)=> POH " (s,t,x,X')
r=0



Mc Kean-Singer Parametrix expansion

where

t
f ®g(s,t, X VY) =Idujf(s,u,x, 2)g(u,t,z,x")dz
Rd

POHY =P and HO=ZH®H"® r>0,

denotes the I - fold convolution of the kernel H

Proof. (P — ﬁxl)(s,t, X, X") =
jduau jdzp(s,u, X,2)p* (u,t,z,x")



Mc Kean-Singer Parametrix expansion
_Idujdz(c’? p(s,u, X,z)p* (u,t,z,x")
+Sp(s u,x,2)o,p* (u,t,z,x"))
—jdujdz(L p(s,u,x,2)p* (u,t, z,x")
S—p(s u, X, z)LX “(u,t,z,Xx"))
— _t[du jdzp(s,u, X, z)(L, — L) p¥'(u,t,z,x")



Mc Kean - Singer Parametrix expansion

=p&®H(S,T,XX), where
H(u,t,z,x) = (L, —L)p*(u,t, z,x')

A simple iteration completes the proof.
Three basic partial cases of the model (1)



Three basic cases

* Nondegenerate diffusions: }V = O, a(t,-)
is positively definite and UE, b(t,-) is bounded
* Degenerated diffusions (Kolmogorov type
equations): Vv = O, a(t,-) IS positively

semi definite, b(’[,-) is Not bounded!

* SDE driven by a-stable symmetric random
processes



Three basic cases

We consider SDE driven by a-stable
symmetric process Z_

t t
X, =x+|m(X, )ds+[o(X, )dZ,,
0

E[exp(i<u ZN]=
exp{it(y,u)—t j

Sdl

(s,u)|" A(ds)}



Three basic cases

For this case

v(t,x, A)=v(Xx, A) =1{z e R’ :5(x)z € A},

b(t, X) = m(X)+0(X)7/ for 1<a<?2,

b(t,x)=0 for O<a<l a(t,x)=0.



Nondegenerate diffusions

t t
X, = x+jb(s, xs)ds+ja(s, X . )dW.
0 0

(UE): /1‘1H2H2 <(a(t,x)z,z) < 1|z

2,/1>O

V(t,X)eR" xR, a=00".

(R): b(t,”) isbounc

regu

ed and satisfies mild
arity conditions.



Nondegenerate diffusions

Mc Kean-Singer paramerix series has the
following form

p(s,t, X, y) = Zp®H(”(s,t,x y),

where

H(u,t,z,y)=(L,-L)p’ (ut,zy)
:Ezaij (U, Z)azizj +Zbi (U, Z)azi’

i} %Zaij (U, ¥)0,;, + Zb‘ (U)o,



Discrete Mc Kean Singer parametrix (KMol 84,
KM 00,02,09)

Let X, ,t =ih, be a Markov chain with values in
RY and with the following dynamics

X{ =X{+b(t, X )h+h"?&" X7 =x.
(&,

h h
Xti — Xl y Xti—i — Xi_l,...) ~ qti;Xi (')
depending only on the last values (’[i , Xi)

1+1

The two parameter family of densities (; , ()



Discrete parametrix

®)  [zq,,(2)dz=0,V(t,x) eR" xR’
(B2) j 22,0, ,(z)dz = a; (t, X), (t,X) e R" x R

83 Jy R — R suchthat

sup.__ |y (X)| < oo, IHXHSW(X)dX <0
Rd

xeR¢Y



Discrete parametrix

and V(t,X,2) €[0,T]xR® xR®

D, g, ,(2)

D;q,,(2) <w(2),v]=01234

<w(2), M =012.

(B4) mild regularity conditions on b(t, X) and

a(t, x)



Discrete parametrix

Example. The Euler scheme. For this case

X h Xtr,] +b(ti’ Xtrl])h+0(tl 1 Xtt])(vvt

1:i+1
h _1/2 h
.ftm =h G(ti, Xti )(\Nt
and Olt,x (Z) is the family of Gaussian densities

qt,x (Z) — ¢O,a(t,x) (Z)

-W,),

i+1

_Wti )1

1+1



Discrete parametrix

Goal: handle more general random sources
than W, —-W,)

1+1

Error analysis: get a scheme that admits a
«parametrix» representation comparable to
the continuous case. Frozen Markov chain

X8 = X8 4+b(t, X )h+hY2E" X = x,

i1+1 i+1

AE X =%, X =% ,0) ~ Oy e ()

1+1




Discrete parametrix

Consider for a test function ¢<C’(R")
! (%) =h™E[p(X!, | X} = X)]-0(X)]

[ p(x) = ™ ELp(X % | X = X] - (%)

H" (t, 8, %, X) = (L) = L) B" (b %, X)



Discrete parametrix

The following discrete Mc Kean-Singer
type expansmn holds

p"(t; t. X X') = Zp ®, H™ " (t, 1, xx)

f ®, g(t;,t j.,x,x):

Zhjf(tj,tj+k,x 2)9(t; . t;,2,X)dz

k=0 Rd



Discrete parametrix

Main idea: comparison of two series (1) and (2)
Main tool: classical local limit theorems

pOT % y) =3 FOHOOT Y
r=0 1

(T/h)-1

p"(0,T,x,y)= ) P"®, H""(0,T,xy) (2)
r=0



Discrete parametrix

Control of the tails of these series

Control of the replacement ® by ®_
(replacement of integrals by Riemannian

sums )

Control of the convergence of P" to P
(classical local limit multidimensional
theorems)

. Control of the difference of kernels H and H"



Main result for the non-degenerate case

Theorem (KMam 00). Assume (UE), (B), (B1)-

(B4). Then
\
Sup <Td/2(1| /‘y_x‘
(x,y)eR?* \ ﬁ y,

.

S 1

) X

P"(0.T,%Y)~ p(0.T,x,y)|f=0(n*?)

where

te[0,T],h=T/n,S'=(S—-2d —4)/d



Main result for the non-degenerate case

Homogeneous case: qt,x(‘) =0, ()
(B5) For all (x,y)eR*xR®,j>j, withabound j,
that does not depend on X

Dya (y) <Cj*"*w (i ™?y)

for a constant C <« . Here CIij)(Y) denotes the
J- fold convolution of d for fixed X asa

function of y: q{(y) = [ (' (u)g, (y —u)du

v‘ =0,1,2,3.



Main result for the non-degenerate case

Theorem (KMam 09). Assume (UE), (B), (B1)-
(B5). Then there exists 6 >0 such that

sup T2 (L+ (yﬁ] )x|p"(0,T, %, y)~ (0T, x,Y)

(x,y)eR*
~h"?7,(0,T,%,y)—h7z,(0,T,x,y) =O(n*°)

Open question: is it possible to take 6=1/2 ?



Main result for the non-degenerate case

where

7 (O0,T,XYy)=(p®Z[p])O,T,X,y),

7,(0,T,X,y)=(p®Z[p])O,T, X, y)

(P®ZLp®@ZALPINO, T, X, y)

+% p® (L2~ L2)p(0,T, %, y).




Main result for the non-degenerate case

Aty = Y 2Wpristxy)

Vviare V]
1=1,2.

%, (Y) is the v-th cumulant of the density qy(-),

L. is the operator L with the coefficients
frozen at X (notat Y likein |_!)



Degenerate diffusions. Kolmogorov example.

A.Kolmogorov (1934) example in R?

L:la; +bxo,,b 0.
2 y
Solution (X,,Y,) is given by
X, =X+W,

t
Y, =y +b(xt+ jWSdS)
0



Kolmogorov example

Two important properties of this example:

» Transportation of the initial condition x to
the second component

> Different time/scales.

X) v o X L=
Y, y+bxt )| bt® b’

\ \ 2 ?//




Degenerate diffusion

Model description.

t t
X, =x+[b(X,,Y)ds+ [ (X, Y,)dW,
0 0

t
Y =y+[F(X,)ds
0

8

(A1) b, o are C*, bounded, resp.R? and R? ® R®
valued Lipchitz continuous, oo~ u.e.



Degenerate diffusion

(A2) Fis R valued, C**,a >0, Lipchitz
continuous mapping, NOT bounded, and
VF|>C >0.

» (W), standard d-dimensional BM.

How to chose correctly the frozen process?
Frozen diffusion process should compensate
the additional singularity arising from the
transportation of the initial condition.



Degenerate diffusion

Our assumptions and Ito formula imply that the
process ()?S,VS)S =(F(X,).Y,).,, follows the

>0

dynamics of the same type with F(x)=x:

(

t t
X, =X+ [b(X,,Y,)ds+ [ o(X,,Y,)dW,
0 0

t
Y, = y+_[XSdS
0



Degenerate diffusion

Frozen diffusion process should be chosen to
compensate the additional singularity arising
from the transportation of the initial condition

~~

X =%+ [ o (X, X=X, (t-u))dW, +b(X, , X', )s
0

S
~2,x'_ v 1x
X2 =%, + [ X} du

0

X'=(x";,X,),s<[0,t].



Degenerate diffusion

Remark. Compensated value of the second
component @ =x',—x", (t—u),u [0, 5]
is a solution of the system of ODE

do’ =x',du,8’ =x', ,u €[0,s]



Degenerate diffusion

«Aronson type» bounds for the transition
density. Assume (Al) and (A2). Then 3 C, c

such that V/(t,xx’) e (0,T]x R x R®
Cp.(t,x,x) < p(t, x x") <Cp,(t, X, X')

where



Aronson type bounds

d/2
| ( J3c )
p.(t, X, X") = > X
\Zﬂ(t—S) }
St .
Coo2 XL =X, SREST,
exp| — X X1 -3 2
At t°
\. k




Aronson type bounds

Upper bound and partial lower bound were proved
in (KMM, 2010), lower bound for more general
model was proved in (DM, 2010).

Markov chain approximation
Two scales. «Micro» scale with the step N, and

«macro» scale with the step h = nho . The
initial Markov chain «lives» in micro scale and
the aggregated Markov chain «lives» in macro scale.



Degenerate Markov chain

The «frozen» model. Micro scale.
X i:fllt X' Xtt:o,l,t,x' 4 b(X')hO
"‘G(Xllixl —X t)\/hif;;iw
Xtr:iZt X' _ Xh0 2,1, X 4 Xf:fllt xh

Xthoz“+h Xh°“X+h “b(x") +
26 (X', , X', —X', )&

1+1



Degenerate Markov chain

Where (é‘l )ieN* are centered, i.i.d. with unit
covariance matrix and with a density ((-). Note

~

that /é‘m\ does Not have a density in R?¢ |

\é:i+1/
To get a density we have to iterate I'l times
and to consider our chain in macro scale.



Degenerate Markov chain

Aggregated frozen Markov chain. Marco scale.

it:()’l,t’)(' = X%, +(nhy)b(X’;, X', )
+o(X,, X, =X t)/nh, E@,
X“O2tX = X, +(nhy)x, + 22 (nh) b(x',, X', )

+(nh,)*? o (X'}, X', =X, t)§n<2> ,



Degenerate Markov chain

where

Vs =1+1,5n(” Zé.,
1=1

—|+1~

5(2) _\/72




Degenerate Markov chain

By Fourier methods —

(2 (1))
&

= (2
\'fn( )/

admits a regular

densityq, (-) in R*®. This gives an idea how to
construct the unfrozen Markov chain in macro

scale.



Degenerate Markov chain

Unfrozen Markov chain. Macro scale.

X[t =X b(Xh+o (X Nhit,,

r

Xp? = X249 Xt Zeb(xh+ o (X Nhi, th
()

171 also has the same density d, ()

\77i+1/




LLT for the densities

<4,S>4(d +1)+2d°.

Theorem. Assume (A1) - (A3). Then 3¢ > 0 such
that

sup (1+\x1\+\x1\)sup p.(T(AL+5), X, X') +

X X'eR?9[ 0<o<1

Z-I-l/z (Xll_xl, XIZ—XZ —T(Xl —;X L jj X




LLT for the densities

x| Py (T, %, X")— p(T, X, x")| =O(h"?).

Where P, (t, X, X") is the Gaussian density
defined above and

1

2, (U, u,) = p~ o

(112 2\ 2d—1
1+ [ A

-




SDE’s driven by a-stable symmetric
processes

We consider
t t
X, =x+|m(X, )ds+[o(X, )dZ,,
0 0

where Z_ is a-stable symmetric process in RY,
o € (0,2). The Brownian case a=2 was
considered in [KMam 02]. The Euler scheme:

X{. =Xy +m(XHh+o(X)(Z, -Z,)

I+1 i+1



SDE’s driven by a-stable symmetric
processes

Assume:

(A1) For d > 2 the spherical measure A has a
surface density of class C* (Sd‘l) and for d >1,
there exist 0<C, <C, <oo,Vp e R, such that




SDE’s driven by a-stable symmetric
processes

(A2) M, O and their derivatives up to the
order CJare bounded. For 1<a <2,

b(X) =m(X) +o(X)y is uniformly bounded.

For 0 < a <1 we suppose that b(x) =0
For allX € RY.

(A3) dA >1 such that

A = (o()é.8) < Algf




SDE’s driven by a-stable symmetric
processes

Theorem. Suppose that 0 > d +4 and
(A1) — (A3). Let 0<M <g—(d+4). Then

there exists a function R, (T,X,Y),

1
Ry, (T, x,y) <C,, (T) — =P, (T, y—X),
1+|y—X

C, (T) <o, such that



SDE’s driven by a-stable symmetric
processes

(p—p")T, % y)=
M -1 hl

)3 i +1)!7r.“(T,X, y)+h"R,, (T, y).

=1

M -1
where Z‘ﬂ',h (T, X, y)‘ < P,m (T, y—=X).
=1



SDE’s driven by a-stable symmetric
processes

Example. For M=2
(p—p")(T, % Y)=

g(p@(Lz—Ef)p)(T’X’ y)+h°R, (T, x,y),

R, (T, % Y)| < p,,(T.y=X), Pp=L(Lp)

L, is a generator (1) with a drift vector b(X)
and with a Levy measure Vv(X,dYy) frozen at x.
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