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Main Issues

e Our main purpose is to give asymptotic expansion formulas of implied
volatilities for general diffusion models.

e SABR model is one of stochastic volatility models and popular among
practitioners. That is because an accurate asymptotic formula of
volatility smile for European call options is known.

e \We generalize this formula for general diffusion models. We take an
approach based on Malliavin calculus.

e T[he theory of asymptotic expansions of probability densities based on

Malliavin calculus was originated by Bismut [1] and was developed by
Watanabe [8] and Kusuoka-Stroock [4].
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1. Volatility Skew / Smile

e A European call option is a derivative which at some terminal time T
has a value (X (7T') — K)4, where X (T) is a underlying asset price at
time 7" and K is a strike rate.

e In financial markets, the Black-Scholes formula has been widely used to
price European options. We assume the log-normal model,

dX (t) = o X()dW (), X(0) = .

Then the (undiscounted) value of a call option with strike K, maturity
T" Is given by

Cps(T,K,0) =FE|[(X(T) - K)y| =xq®(d1) — K®(d2),
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where
 log(xo/K) £ 50°T

d —
h2 o/ T

e |t is a common practice to quote option prices in terms of ‘implied
volatility’, i.e. given a price C(T, K), the implied volatility is given by

C(T, K) — CBs(T, K, O'Bs(T, K))

e In the original Black-Scholes model, the implied volatility must be
constant independent of strike rate.

e But in real financial markets such as foreign exchange options and
stock index options, observed implied volatilities depend on strike rate.
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Figure 1: Sample of Implied volatility smile observed in the market

e o price and hedge complex exotic derivatives appropriately, it is
necessary to build a model that can calibrate to the volatility smile

accurately.
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e [here are two well-known models to explain these phenomena. The
first class of models are called local volatility models for which the
volatility is assumed to depend on time and the spot price of the
underlying.

e CEV model
dX (t) = aX (t)PdW (t).

The second class of models are stochastic volatility models.

e SABR model
dX (t) = a(t) X ()PdWy(t),

da(t) = va(t)(pdWy(t) + /1 — p2dW1(t

e To calibrate the model to the market, it is necessary to calculate the
values of European call options.
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2. SABR formula

o (2, F,Q,{F:i}toci<T) be a complete probability space satisfying the
usual hypotheses.

e Under T-forward measure, we assume the following model,

dX(t) = ea(t)o(X(t))dWq(t),
da(t) = eva(t)dWs(t),
d(W1, Ws) = pdt, X(0) = zg, a(0) = a.

e Forward value of call option of strike K, maturity 7' is,

C(T,K) = E"[(X(T) - K)4].
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e \We define
6o = | "y — 2)é(y)dy = ¢(y) — yB(—y).

where ® is the normal distribution and ¢ is Gaussian density.
e When we assume normal model,
dX (t) = ondW(t), X(0) = o,

the forward value of call option is

K—CE())

CN(T,K,O'N):O'N\/TG(O_ \/T
N

e We are interested in the implied normal volatility of SABR model, that
is, on(K) satisfying

C(T,K) - CN(T, K, O'N(K))
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e Hagan [2] has calculated the asymptotic expansion of implied normal
volatility for SABR model using singular perturbation technique and
has obtained the following famous formula;

Theorem. [Hagan] Asce | 0, implied normal volatility for SABR
model is as follows;

on(h) = 20 (55 )

K o(x) z(¢)
27y — 2 1 2 — 3p?
{1 + 52[ 7224 N 0% (X)) + Zpl/owla(Xav) + 24'0 1/2] T+ }
where, / .
o' (T g 0" (2 g0
Lav = flfoKWl: ( )7’72: ( )7

0(Tqy) 0(Tqy)
veg— K 1—2pC+(*—p+(
(= , £(¢) = log v :

a 0 (Taw) 1—p
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3. Energy function of SABR model

e Let H be a Cameron-Martin space. We consider the following
associated ODE:

df(c’;h) — a(t; h)C NI — p2hy(t) + pha(t))
a(t;h) L
e va(t; h)hsa(t),

f(0,h) =z, a(0,h) =

where h € H.

e From Watanabe and Kusuoka-Stroock theory, as € | 0, asymptotic
expansion of density function is

8 1 e
p°(t;y) ~ \/%66 22 (ao(y) + ea1(y)),
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where
e(y) = inf{g / i(s)?ds: F(L ) = g},

e In this model, we can give the energy term explicitly.

Theorem 1. In SABR model, energy term is

_ 1 V1I=20(+ 2= p+C,  #(C)?
e(K) 2V2Tlog( 1—0p )_2V2T’
where
v (5 dz
e eI P
Proof. We define
B(x) — T odz

10
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And define

q1(t) = B(f(t; 1)), g2(t) = a(t; h).
Then ¢, g9 satisfies the following ODE:

d
©) (ST p2hn(t) + pha(t)).

dt

dga(t)
dt

= vgo(t)ha(t).

We define Riemanian metric on R? as

ds* = Z 9:i(q)dq'dq’

1,7=1

where (g;;) is inverse matrix of (¢*/) and

() o)) = (s 1)

11
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Then, We can interpret e(y) as the square of minimum geodesic

distance between the point {(¢1,q2) = (0, )} and the line
{qg1 = B(K)}. We consider the following Hamiltonian

7,] 1 2
Zg Q)piv; = 5495 (P1 + 2vpp1p2 + v2p3),

and the associated Hamilton equation is;

dq:(t)

= g2(¢)*(p1(t) + vpp2(2)),

— q2(t)2(Vpp1(t) =+ V2p2(t)),

dpg(t) _ —q2(t) (pl(t)2 + 2V,0p1(t)p2(t) + V2p2(t)2)

with boundary conditions

¢1(0) =0, (T) = B(K), ¢2(0) = o, pa2(T) = 0.

12
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We can easily check that H, p; and p1q1 + p2go are the first integrals
of this Hamiltonian system i.e.

d d d

EH(p(t)aQ(t)) =0, %pl(t) =0, %(pl(t)ﬂh(t) + p2(t)ga(t)) = 0.

First, we solve py and calculate p(0).

dp;t(t) = —(p1 (t)2 + 2vpp1(t)pa(t) + Vng(t)2)1/2(2[—[)1/2’

p2(T) = 0.

Using the following indefinite integral

dx 1
= —log|2az + b+ 2+y/a(ax? +bx + )|, a >0,
/\/a:v2+b:c+c Vva 3 \/( )

we can solve py as follows;

C o
v2pa(t) + vppy + V\/p% + 2vpp1p2(t) + v7p2(t)* = 56 Hovt,

13
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We see that

1 V1—2pC+C¢2—p+ (2
H= 2V2T2{10g( 1— ) )} ’

Finally we can calculate the energy as follows:

/ Hat = 2y2T{IOg(\/1 - 2p§ t f = C)}

14
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Figure 2: Minimum Energy path of SABR with Positive Rho
ro=1 a=0.1, =0.1, v=0.5, p=0.8, T =05.
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e Furthermore, we show the following.

Crest and Sakigake

Minimum Energy path of SABR with Positive Rho
ro=1 a=0.1, 5 =0.1, v=0.5, p=-0.8, T =5.

16
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Theorem 2. For any Ky > =,

lim sup [e?logC*(T,K) +e(K)] =0
=40 Kelwg, K]

Since the energy for the normal model is given by

(zo — K)*

G(K) — 5 )

ON

the implied normal volatility for SABR model satisfies

lii% aNiK) B a(fg ;d(;o) (xé))‘ _0

This is the initial term of SABR formula.

17
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4. Kusuoka-Stroock theory

o Let (O,]| - ||e) be a separable Banach space and (H, || - ||z) be a
separable Hilbert space such that H is a dense subspace of © and the
inclusion map is continuous.

o Let ug, s € |0,00), be the (necessarily unique) probability measure on
(©, Bo) with the property that

/@ exp[v/=1{u, )]s (d8) = exp(~3 [ul[}), u € O

Then (©, H, u1) is an abstract Wiener space in the sense of L. Gross.

e Define FC%([0,00) x ©; E) to be the space of f:[0,00) — E for
which there exists an n € N, an f € C’}?(RH”) and a continuous
linear map A : ©® — R” such that

f(s,0) = f(s, AB), (s,0) € [0,00) x O,

18
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e Define an operator D : FC%([0,00) x ©; E) = FC%([0,00) x ©; H(E)) by

Df(s.0)(h) = lim 180 F T = /(5,0)

T—0 T

, (5,0) €0,00) x ©® and h € H.

e For any complete orthonormal basis {h;} C H, the Laplacian is given
by

Af(s,0) = tracegD?*f(s,0) = ZDfSH(hZ,h) cFE

is well defined.
e Define the heat operator A: FC%([0,00) x ©; E) — FC%([0,00) x ©; E) by

_of

—(s,0) + Af(s ), (s,0) € [0,00) x ©.

19
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e We define e : RY — [—00, 00] by
e(x) = mf{Hh”H f(0,h); F(0,h) = x}, r € RN,

e We also assume the following.
(A2) For each y € Y,

M(y) ={h € H;F(0,h) =y} #0

and that ,
1h(y)]]

2

e(y) =
for precisely one h(y) € M (y).

— f(0,h(y))

e Here we omit several assumptions. We define

A(s,0) = DF(s,0)DF(s,0)"
— ((DF??(379)7DFJ(879))H)1§i,j§N

20
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and assume the following.
(A5) For any p € [1, 00)

s Lo | | det A(s,6)| s (6)) < 0.
S ©

Then Kusuoka-Stroock [4] proved the following.

Theorem. [Kusuoka-Stroock] For each s € (0,1], a signed measure
P,(-) on RY given by

P,(T) = /F( e)erg(s,ﬁ) exp (f(i’ 9)> 1s(df), T € B(RY),

admits a smooth density ps(-). Moreover, there exist sequence
{a,}°2, C C(Y;R) and {K,,}>>, C (0,00) with the property that, for every
n € N,

(2ms)N/2eeW)/5p (4 0) — Z sm/2am(y)‘ < Kpst/2 (s 4) € (0,1] x Y.

m=0

21
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Our result is the following.

Theorem 3. e is smooth in the neighborhood of Y and

ao(y) = (det V2e(y)) /2 dets (T — B(y)) " /? exp(Z y)AF*(0, h(y))

5yz

+AF(0,h(y)))

for y € Y, where

B) =Y oo )DF(0,h(y)) + Df(0,hy).  yEY

Here detsy is called Carleman-Fredholm determinant defined by

detz(IH — B) = det(IH — B) . etraceHB'

22
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5. Application to Stochastic Differential Equations

o We apply Kusuoka-Stroock-O's theorem to diffusion models.

o Let {Wi(t),--- ,W9(t); t €[0,T]} be a d-dimensional Brownian
motion. Let X.(t),t € [0,T],e € (0, 1], be the solution to the
stochastic differential equation,

d
dXU(t) = Vit Xo()dW (t) + Vi (t, Xo(t))dt, 1<i<N,

and the ellipticity of V7, ---,Vy, at x(, i.e. there exists a constant

23
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o > 0 such that
d
Z Vk(O,azo) X Vk(o,xo) > 5[,
k=1

where I denotes the identity matrix.

e We investigate the distribution of X!(T'). From the ellipticity
condition, the law of X!(T') is absolutely continuous and has a smooth

density p:(y).

e Let H be the Cameron-Martin space. We consider the associated
ordinary differential equation

d

ﬁyi(t; h) =Y Vit y(t; h))RE@) + VE(t,y(t k), te€[0,T], heH,

E

7~
I

1
y(0;h) = xg, x0€ R".

24
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e The energy function e : R — R is given by
e(y) = mf / hi(s)|?ds; h € H, y*(T;h) —y}

e Here we will give the asymptotic expansion of the energy for general
diffusion models.

e Corresponding to € = 0, define a flow ¢ : [0, T] x RY — RY by

d

%qﬁ(t,ib) — VO(ta qb(t,x)), S [07T]7

$(0,z) =

e Define the push-forward of the vector field V' by the map ¢.

z'

(—t,0(t, )V (t, 0(t,y), 1<i<N, 1<k<d,

||M2

25
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e Define (¢")1<i j<n : [0,T] x RY — R corresponding to Riemannian
metric by

e Define the generating operator L;, t € [0,T] by

1 N

(L)) =5 3 g9t )50t +sz (t,2)

i,J=1

where b € C°([0,T] x RY;RY) is given by

N d 2 1i
Bty =2 3 Y 2 (bl ) VAL St ) VAL 6t 1)),

26
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e Define linear operators V' and I' by
N ' T (9f
V) =3 ) [ gt aids
: ¢

/ ta:/axsxds /awswds

1,7=1
e Define

T
b1 = / gll(taxO)dta
0

3

T
by = 5/ (Vg'h)(¢, zo)dt,
0

T
1
b =2 [ (Vg (to)dt + 5T (g, g") o)
0

We note that these parameters are determined by ‘geometric

27
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structure’ of the model.

Theorem 4. There are constants ro > 0 and Cy > 0 such that energy
e satisfies

1 1\2 b2 1\3 b3 b% 1\4 115
| —(y — 2 ( — _ _ < _
ew) = [0 =2 = g5t — 20 + (— g + 57) = 20)*] | < Coly — "

Proof. We define Hamiltonian H : [0,1] x RY x RY — R by

1 N N

H(t, z,p) = 5 Z g" (t, x)pip; + Z b'(t, x)p;.

i,j=1 i=1
We assume hg attains the minimum and satisfies

N
ho =Y ADy"(L; ho) + D f(ho).
k=1

28
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Then (z,p) satisfies the Hamilton equation,

d ;.. 0
() = api’H(t,x(t),p(t)),
%pi(t):—%ﬂ(t,x(t),p(t)), tc[0,1], 1<i<N,

z(0) = xg, o€ R".

Then the energy is given by

(=Y [ gtamop

1,9=1

Crest and Sakigake
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The solution can be written as

N t
' (t; w) =$6+Z/ g% (s, 2(s;w))p;(s; w)ds,
j=1"0

pi(t;w) = p;i(1;w) —|—% Z /t %i:(s,a:(s;w))pj(s;w)pr(s;w)ds.

7,r=1

where
o (1=1), weR
" l0 (2<i<N).

In our case, .
ho(r) = a?“gmin{§!\hll2 y'(1;h) = z}

Therefore we have ho(z) = M(z)Dy'(1; ho) and furthermore we have
A(z) = 95, We calculate the asymptotic expansion inductively. O

30
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6. Energy function of SABR model

— On the other hand, we will calculate the asymptotic expansion using
Theorem 4. The parameters are given by

bl = 0420'(330)2T,

3
by = 50(330)3043(&0/(&70) +vp)T?,
& 2
by = (ga%(a:o)%’(wof + 2% (w0)°0" (wo) + 6vp0(20) "0’ (20)a®

2
+ 202 p%0 (z) *a* + §a40(x0)4yz) T3,

oa?o(xg)*T?
2

I —

(030" (w0)? + (o) (o)) + Avpac(wo) + %)

31
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Figure 4: energy function of SABR model, asymptotic expansion vs analytic

formula
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7. Asymptotic expansion of probability density

e Using Theorem 3, we determine the asymptotic expansion to the higher
order. Our main result is the following.

Theorem 5. There is a constant rqo, C,Cy > 0 such that the
probability density p.(y) satisfies following.

€
(2ret)bexp (D). (y) - aoly) - Pasy)|< £C1, g € [ o b+ ol

Here, ag and ao are continuous functions such that

0%e(y) — x4

ot - (5 () < -

1 L 5b3 3b
a,2(.513(1)) — \/E( — - 3)7

T2b 663 AR

33
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Proof.
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L= / (g™ (£, )) (o) dudt.
O<u<t<T

— We define the Wiener functionals

F':(0,1) x © x [z}

—ro,zp+7ro) = R, 1<i< N by

— The asymptotic expansion of heat operator is given by

AF(0, ho(y), y)

{

~ - xé){ifl /t b (u, 20)Vigt (t, o) dudt
2b1 i—1 0 0 ’ ’

1

d ¢
T Z Vk1(t7$0)v?,jvk1(tax0) (/ gij(u, xo)du) dt}.
0

k=1i,j=1"0

34
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— deto(Ir — B(y)) is given by Hilbert-Schmidt norm of D?F!.
— We have

||D2F1(07 07 370)”%{5

d N 1 pt
=2y Y /O /O g2 (u, 20) Vi, VE(t, 20) Vi, V.2 (E, 20)dudt.

m=111,la=1

— We can calculate as(z}) from [°° p.(y)dy = 1.

[

35
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8. Malliavin derivative along the minimum energy path
Malliavin Derivative of X is given by

t
D(XZ(S, ho + ws)) = / Vijf(r, XT(S, ho + ws))D(Xﬂ(S, ho + ws))dwf(r)
0
Nt '
+ / Vi(r, X, (s, hg + w;))dr
0
[4
+ / ViVi(r, X, (s, ho +w))D(X (s, hg + w®))hE(r)dr
0
[4
+ [ 9VE0. X (5. o + w) DX, o + w),
0
therefore by taking the limit of s | 0, we have the ODE
t
DXL, ho)lk] = [ Vil i o) (r)dr
0

+/0 Vjvki(r’y(r;ho))D(XZ(O,ho))[kl]hlg(r)dr.

36
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If we define J as the solution of the ODE

d N

dJit) =) ) Vo Vit y(t; ho))hF(£) I3 ()

1=1k=1

Ji(0) = &

J

Then we can write the Malliavin derivative with J as following;

J~Y#)DX(0, ho)[k1] = Z/ (r, y(r; ho) )k (r)dr.

37
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9. Second Malliavin Derivative D? and heat operator A
The Second Malliavin derivative of X can be written as

D2(X(0, ho)) k] [ka] = /O Vi Vi (r,y(r5 7)) DX (0, ho) [k ]k (r)dr
T / V Vi (r,y(rs 7o) DX (0, ho) (ke (r)dr
i / VIV Vi (r, y(r; o)) D(X(0, o)) k1] D(XL(0, ho)) [kl i (r)dr

/0 Y, Vi (ryy (s ho)) D2 (X3(0, o)) [kt [l () dr

38
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Then the solution of ODE is given by

J () D*(X{(0, ho))[k1][k2] = /O J~Hr)V;Vi(r,y(r, ho)) DXI(0, ho)[k)ko(r)dr
J )V, Vi (r, X,(0, ho)) DX (0, ho) ko) ky () dr

JHr)ViV Vi (r, X(0, ho)) D(XZ(0, ko)) [k1] D(XL(0, ho)) (ko] hf (r)dr

Next we consider heat operator A.

of

Af(s,0) = [

+ traceHD2f] (s,0)

39
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take the limit of s | 0, we have

ACX(0,h0)) = [ 9,V o) AXL(0, B )
+ % /O VLV VE (s o)) (DX 0, ho)), DXL, ho)) B (r)d

where (DX!, DX]) is Malliavin covariance which is given by

o(t) = (07 (1) = (DX'(t), DX’ (t)) = J (1) (£)" T (¢),

Therefore we have

T=1(#) A(X1(0, ho)) = /O T Y )V Vi (r, (s o) )o? (r, o)k () dr

There are several cases that we can solve these ODE analytically.

40
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10. Homogeneous Local Volatility model
Here we consider the following model

dX; = o(X,)dW;,

XO = Xy.

We define the function 5 : R — R by
Y dx
Bly) = /wo Tx)’
then we have the following theorem.

Theorem 6. The energy, ag and as(xg) are given as follows;

1

e(y) = 558)°, aoly) =

41
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The asymptotic expansion of probability density is given by

_ ! o(zo) . B
pe(T,y) = /—27r€2T0(y) 7 (y) D( T )

o0 (W)o(zo) [ay) [o"(xo) 1[0 (o))’
(”” 1 a(xo><a<xo> ‘2<a<xo>)>‘
Proof. It is easy to show that iy which attains the minimum

e(y) = inf{%/OT h(r)|?dr;h € H, y(T;h) = y} (1)

Is given by

42



Therefore we have the energy e(y). The solution of ODE

d .
7Y y(t; ho) = o(y(t; ho))ho(t),

y(0,x) = xo.
Is given by
y(t; ho) = B~ (ho(t)).

We can give as(xg) from the coefficients.

b1 = o(xo)°T
by = g (w0)%0" (0)T?,
8 2 2 5 _1 3
= <§o o'(zo) +§U($0) 0" (x0) ) T7,
L= (%a 2 4 Lot (z0)) T

We will give ag(y) in the next 2 chapters.

Crest and Sakigake
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11. Malliavin calculus of local volatility model
Next we calculate Malliavin derivative along this minimum energy path;

D(X:(0, ho)) k1] :/0 O(y(r;ho))kl(r)dTJr/o o' (y(r; ho)) D(X,(0, ko)) [ka] o (r) dr.
First we define J : [0,T] x R — R as the solution of ODE

{ 4 J(t,x) = o (y(r; ho))J (t, ) ho(t)
J(0,z) =1.

This is easily solved as

o(y(t; ho))
O'(CEQ)

Then the Malliavin derivative is given by

J(t,z) =

TN () DX (t)[k1] = / T () (y(t: ho) ey (r)dr

44
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Therefore we have
DX (t)[k1] = o(y(t; ho))ka(2).

The Malliavin covariance is given by

(DXt DX0) e = 12(0) [ T720) 4l ho))dr = to*(u(t: o))

Proposition. The heat operator for local volatility model is written as

AXr(0.h0) = 5 (o(0)0'() ~ 0 10g (722 )).

Proof. Since the heat operator satisfies the ODE

©AX(0, ho) = o' (y(t: 1) AXil0, hoo(t) + 30" (u(t: o)) (DX, DX) (1)
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This solution i1s written as

1T

AX;(0,hg) = J(t,x)/o J(r,z)~ 50"(y(r;ho))02(y(r;ho))ho(r)dr

_ To(y(tho)) (YR (1% dy \ ,
550 Lo, </ a<y>>" ).

In particular,

T o(K E (0 q
AX7(0, ho) = by (;( dz / </ y) " (6)do.
Jag 5y 720 \Jwo

[

Next we will give the second Malliavin Derivative and dets.

Proposition 1. Carleman determinant dety for local volatility model is
given as follows;

deto(Im — B(y)) = (1 — B(y)o'(y)) exp(B(y)o'(y))-
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Proof. The ODE for D? is easily solved as following.

J=H)D*(X4(0, ho)) k1] k2] = /0 J=Y(r)a' (r, y(r; 7o) DX, (0, ho)[ka]ka(r)dr

t

+ JYr)o' (r,y(r; ho)) DX, (0, ho)[kg]kl(r)dr

t

+ | 7)o" (r,y(r; 7)) D(X,.(0, 7o) (k) D(X,. (0, o)) [ka] g () dr

S— o

—a(a) | 40" (ylri ho)ks()a(r) i

r

Therefore we have
D*(X1(0, ho)) [k1][k2] = o (y)o' (y)kr (T)ka(T).
Next we will calculate deto(Ig — B(y)) where

_ Oe(y)

D?X+(0, ho).
(9y T(7 0)

B(y)
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we have

where [(t)

3

Bk, = [ SBGRO S
= W) (s (Tha(T).
Bk = 2oyt [ k)
=)o (T (k. 1)
. Therefore we can write B as
Bw) = 2o () t)1 L1

Crest and Sakigake
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Therefore we have

deto(Irr — B(y)) = [[(1 — Ae)e

aggl)“(y>0’(y)T) exp(agg)a

=(1- (y)o’' (y)T).

[

Proof.[Proof of theorem] Now we have all components of ay;

ao(y) = azey(f)detg(IH _ B(y))"Y/? exp(ae(y)

5~ AXH 0. h(y),

d
" e(y) = B(y)? Oe(y)  Bly) 8%(y) 1—py)o'(y)
7o 2T ° Oy _TU(?J)’ oy To(y)?

we have our statement. O

49



Crest and Sakigake

12. Piecewise constant local volatility model
We consider the following model

01 (ZUZH)

dXy = o(Xy)dW,, o(x) = { oo (x < H).

Theorem 7. The probability density at time T for xo > H is given as

follows
1 To— Y
p(T, z0,y) = — (T, ——2)
01 01
T
— H 1 — H 1 — H
g A (L )(—cb(s,y )~ Lys, Y >)ds
0o+ 01 o) 01 01 oy g0
000 x— H 1 y—H 1 y—H
01 / ST — s, >(2q<s, ) - Lts, >)ds
00—|—01 k) 01 o 0o
where
1 x> 1 =z 22
tor) = _z _ v _r
o(t, ) \/Q—Wtexp( 275), q(t, ) \/Tmtexp( 2t)

50



Crest and Sakigake

Proof. Apply Laplace transform to the fundamental solution and apply
the Kac's theorem. O

Figure b: Minimum Energy Path for PCLV model with
H=0,x0g=5,00=1.0,00 =4.0,T7 =1.0.
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62

o4 / \

-ﬂﬁﬁg%ij ‘ ‘ \‘M
-1 (0] 1 2 3 4

Figure 6: Probability Density of PCLV model, asymptotic expansion vs
analytic with H = 0,29 = 1.5,00 = 1.0,01 = 0.75,7 = 1.0.
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—&— Analytic
—=—Energy
—&— Energy+al

Figure 7: Probability Density of PCLV model, asymptotic expansion vs
analytic with H =0,x290 =1.5,00 = 1.0,01 = 1.25,T = 1.0.
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—&— Analytic
—&— Energy
—a&— Energy+a0

Figure 8: Probability Density of PCLV model, asymptotic expansion vs
analytic with H = 0,29 =1.5,00 = 1.0,01 = 1.5,17 = 1.0.
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13. Generalized SABR Formula

e We regard X! as the underlying of options. Then the forward value of
a call option of strike rate K and maturity 7' is given by

C.(T,K)=E[(X}T) - K)"], €€(0,1].

g

e We calculate the asymptotic expansion of call option value and implied
volatilities.

e We define smooth functions ¢,, € C;°(|0,00)), n > 0, by

00 2
on(T) = / 2" exp(—wz — %)dz, z > 0.
0

e \We define
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Theorem 8. There is a constant C; such that the value of the call
option with strike rate K, maturity I' satisfies

2e(K)

y\/ﬂexp(e(ff))cg(T, K) —eao(K)q(K)p1( )(1+ Ry(e, K))| < Cre?,

where

ay(K) "(K)\ p2(+/2e(K /5 lag(K)
R2(€,K):5Q(K)<QO(K) K >901 \/267/5 Q(K) [QQO(K)

ap(K)q'(K) | 779 (K)\? 2Q” p3(/2e(K /6 202(K)
T2 (B q(K) 6(q(K)) 3 Lpl J2e(K)j2) | ao(K)

2

Proof. We define g : R — R by e(g(z)) = %, then we have

Ct k) = [ - Ky = [ - 15 5) exnl-“Patw)a,
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>C 1 |1 2 ,
(T, K) /g_l(K) — K (5) " exp(—og)ac(9(x)g' (x)da

Let A.(z) = a.(g(x))g’(z) and putting x = ez + g~ }(K), we have

exp(e ).

— /OOO ez + g~ 1 K)) — K)\/%exp(—z; — Zg_i(K))Ag(Ez —I—g_l(K))dz

z/o exp ——2— zg_i(K)) nz;() Cnm(g H(K))enTmtlymitlg,
Al < N

- = cnanlg™ g ()

2n+m+1<N

In the case N = 2, we can calculate the asymptotic expansion of

0,0, 0,1, C0,2,C1,0- U
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The asymptotic expansion of the implied normal volatilities are given
by the following.

Theorem 9. The asymptotic expansion of implied normal volatilities
are given by

‘(g‘K_x(l)‘)_laN(T K) —exp(J)‘ <Cle+|K —z3|)?, K clzg, K]
2¢(K)T ’ - o O
where
K —xj|>/L 103  1b3 2¢(K), €2/ L 5b2 3b3 2e(K)
J = Z 42 -2 (222227
b2 <2+6b% 4b1)901( )+b1< 2 6b§+4b1)@1( - )
e |K — x| 203 3b3 2¢(K), /L b5 b3 2e(K)
L+22_22 “(Z+ 2 -2 .
T b < T35 4b1>902( : )+b1(2 T2 2b1>9"3( - )

Calculating the Taylor expansion of exponent part, we obtained our
formula. O
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For SABR model, Taylor expansion of exp(J) around xg obtain

K — g (1 N {20(3}0)0”(:1:0) —o'(z9)?

on(T, K) =
N(T K) V2sar (K)T 24

1 2 — 3p?
—I—Zpyoza'(a:o) + 24p 1/2} T).

This is almost the same as original SABR formula.

We compare Implied volatility smile for asymptotic expansion (using
analytic energy), asymptotic expansion (using asymptotic energy) and
Monte Carlo simulation.
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22%
20%
S 18% |-
<
£
2 16% [
3 e
= B
£ 14%
. —— Asymptotic Formula
12% -5 Monte Carlo
10%
0.25 0.5 0.75 1 1.25 15 1.75 2
Strike
Figure O: Implied  volatility smile of SABR  model,

asymptotic expansion VS Monte Carlo simulation with
ro=1, a=0.15, 3 =0.5, v=0.2, p=-0.2, T = 10.
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14. Conclusion

e \We gave the asymptotic expansion of probability density of one
component.

e The initial term is given by the ‘energy of path’. For some cases, we
can give the analytical formula of energy, e.g. SABR model. But it is
not the case in general. So we gave the asymptotic expansion of the
energy.

e The first order of the expansion is given by Kusuoka-Stroock’s
asymptotic expansion theory based on Malliavin calculus. For local
volatility model, we give the analytical formula.

e \We apply the result to the asymptotic expansion of call options.

e Finally we gave the asymptotic expansion of implied volatilities for
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general diffusion models. When we applied the formula for SABR
model, it coincides Hagan's original formula.
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