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TQC means Toplogical Quantum Computing

An anyon is a quasi-particle
named in joke:

Boson: |y⟩ ⊗ |x⟩ ∼ |x⟩ ⊗ |y⟩

Fermion: |y⟩ ⊗ |x⟩ ∼ −|x⟩ ⊗ |y⟩

(abelian) anyon: |y⟩ ⊗ |x⟩ ∼ eit|x⟩ ⊗ |y⟩

(non-abelian) anyon:
|y⟩ ⊗ |x⟩ ∼ eiH(|x⟩ ⊗ |y⟩)
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Va ⊗ Vb ∋ a ⊗ b→
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ab ∈ N ∪ {0} (dimension of x)

Assume: vacuum 0 ∈ F , anti-particle ā ∈ F (∀a ∈ F )

fusion a ⊗ ā→ 0, splitting 0→ a ⊗ ā, Nx
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ā

. 0
..

a
. c.

b

.

ā
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F = {0, τ}, τ ⊗ τ→ 0 + τ, Nτττ = 1, N0
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Quantum gate and its universality

A set of gates is called universal if any gates can be approximated by
combining them in it.

One of the universal set of quantum gates is

Hadamard gate
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√
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(
1 1
1 −1

)
,

π
8 gatee− iπ
8 0

0 e
iπ
8

,
CNOT gate(

I O
O X

)
=

( 1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

)
The Fibonacci set {B1, B2} is approximately universal:

B−2
1 B−4

2 B4
1B−2

2 B2
1B2

2B−2
1 B4

2B−2
1 B4

2B2
1B−4

2 B2
1B−2

2 B2
1B−2

2 B−2
1 ≈ iX

CNOT approximation

ejection part iX part injection part
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 χa ≡ da(Fa

aāa)0
0, |χa| = 1

For a = ā, χa is the Frobenius-Schur indicator (±1)

For a , ā, we may assume χa = 1.
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aāb)c

0|

..

= χa

.

a

.

a

.

ā
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aāa)0

0 ..

a

= (Fa
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aāb)c

0

.

.a.

b

.

= χa

.
c

.
a

.

b

.

= χa
√

dadbdc = χadc
abdadb

Introduction to TQC theory 立命館大草津 2016.9.8 10/ 26



..F and indicator .F and indicator .F and indicator .F and indicator .F and indicator .F and indicator .F and indicator .F and indicator .F and indicator .F and indicator .F and indicator
.
formulae for |F|
..

......

da =
1∣∣∣(Fa
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aāa)0

0 ..

a

= (Fa
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S in modularity

sab =.. a b =.
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x,µ

dx
ab.. x. µ

=
∑
x,µ,ν

dx
ab(Rx

baRx
ab)µν ..

a

.

b

.

ν

. x =
∑
x,ν

θx
θaθb

dx
ab ..

a

.

b

.

ν

. x

=
∑
x,ν

θx
θaθb

dx
ab

√
dadbdx =

∑
x

Nx
ab
θx
θaθb

dx.

S is a unitary matrix


sab√∑

x d2
x

 on
⊕

x∈F Vx.
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..TQC models .TQC models .TQC models .TQC models .TQC models .TQC models .TQC models .TQC models .TQC models .TQC models .TQC models

modular tensor category

spin network based on Jones-Wenzl projections

quantum group model, (su(2)k WZW model)

In the remainder, we introduce the spin network model.
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Jones projection ek in finite algebra

M1 ⊂ M2: finite dim. C*-alg.

τ = [M2 :M1]−1 = Tr(e1) (e1 ≡ eM1), Trxe1 = τTrx (x ∈ M2).

Consider the tower (ek ≡ eMk )

M1 ⊂ M2 ⊂ M3 ≡ ⟨M2, e1⟩ ⊂ M4 ≡ ⟨M3, e2⟩ ⊂ · · ·

Then

e2
j = e j, e jek = eke j (| j − k| ≧ 2), e jeke j = τe j (| j − k| = 1)

fk = 1 − e1 ∨ · · · ∨ ek−1: minimal proj. 0 ≦ τ ≦ 1
4 , τ =

1
4 sec2 π

n (n ≧ 3).
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Temperley-Lieb algebra Tn(d)

Tn(d) is the skein algebra generated by the base U j:..
1

.
j − 1

.
j + 2

.
n

.

j j + 1

with the pile product: A × B = ..A.
B

replaced by d = .

Then, the generators satisfy

U jUk = UkU j (| j − k| ≧ 2),

U2
j = dU j and

U jUkU j = U j (| j − k| = 1)

as in the right figure:

..

U2
2

. = dU2,.

U2U1U2

. = U2

Thus en =
1
d Un satisfy the properties of Jones projections for τ = 1

d2 .
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Temperley-Lieb algebra Tn(d)

Tn(d) is the skein algebra generated by the base U j:..
1

.
j − 1

.
j + 2

.
n

.

j j + 1

with the pile product: A × B = ..A.
B

replaced by d = .

Then, the generators satisfy

U jUk = UkU j (| j − k| ≧ 2),

U2
j = dU j and

U jUkU j = U j (| j − k| = 1)

as in the right figure:

..

U2
2

. = dU2,.

U2U1U2

. = U2

Thus en =
1
d Un satisfy the properties of Jones projections for τ = 1
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Jones-Wenzl projection fn .
Jones-Wenzl projection fn

f1 = 1, fn+1 = fn − µn fnUn fn µn = −
A2n − A−2n

A2(n+1) − A−2(n+1) , d = −A2 − A2

correspond to Jones minimal projections: fk = 1 − e1 ∨ · · · ∨ ek−1

..

fn+1

.

=

.

fn

.

− µn

. n.

n

.
fn

.

fn

.

n − 1

f2 =
..
−1

d
= 1 − e1

. ,

f3 =
..
− d

d2 − 1.
+

.
+

1
d2 − 1.

+
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properties of fn .
properties of fn

..fn. = ∆n = (−1)n A2(n+1) − A−2(n+1)

A2 − A−2 , µn =
∆n−1

∆n
=

1
d − µn−1

..n − 1 .

fn

.

1

.

=

. n − 1.

fn−1

.

− µn−1

. n − 1.

n − 1

.
fn−1

.

fn−1

.

n − 2

.

= (d − µn−1) fn−1 (∗)

.
= 1
µn

fn−1

fn fi = fi fn = fn = f 2
n (i < n), fn =

fn

fnUi = Ui fn = 0 (i < n)
fnei = ei − ei(e1 ∨ · · · ∨ en−1)

..

fn+1

.

=

.

fn

.

− µn

.

fn

.

fn

. fn.

= 0
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admissible 3-valent graph

.
admissible 3-valent graph
{a, b, c} : integers

a + b + c : even⇐⇒ a + b − c, b + c − a, c + a − b : even

In addition, all numbers are nonnegative, then they are called admissible

{1, 2, 3}, {3, 4, 5} are admissible, but {2, 3, 4}, {4, 5, 6} are not.

Vertices are expressed via fn
fn is often omitted

(expressed by only a box)

x = b+c−a
2 , y = a+c−b

2 , z = a+b−c
2

are nonnegative

which is equivalent to admissibility.

..

a 3

. →.
b

.

4

..
c

.

5

. y.

x

. z...

.

3

.

5

.

4

.

3

.
1

.
2

.

the vertex for {3, 4, 5} is admissible
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spin network

.spin network .spin network .spin network .spin network .spin network .spin network .spin network .spin network .spin network .
spin network

Spin network is a graph whose vertices • are all admissible.

Every edge is labelled by a number that is just a number of lines in it ,

which is also considered as a particle.

..Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model Put 0 = 0, τ = 2, A = exp( 3iπ
5 ).

∆1 = d = −(A2 + A−2) =
1 +
√

5
2

≡ g = g2 − 1 = A4 + 1 + A−4 = ∆2,

∆3 = −A6 − A−6 + g = 1 = ∆0, ∆4 = (−1)4 A10−A−10

A2−A−2 = 0.

The last fact implies f4 = 0 and hence the admissible {2, 2, 4} is vanished.

Thus F = {0, 2} and possible numbers are {2, 2, 0}
τ⊗τ→0, τ⊗0→τ

, {2, 2, 2}
τ⊗τ→τ

,

which represents the Fibonacci particle set.
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cross and topological spin

.cross and topological spin .cross and topological spin .cross and topological spin .cross and topological spin .cross and topological spin .cross and topological spin .cross and topological spin .cross and topological spin .
cross and topological spin

.
cross and topological spin

..
1

.
j − 1

.
j + 2

.
n

.
= A1n + A−1Ui.

σi ≡ and σi fn = A fn + A−10 = A fn = fnσi,

..

b

.

a

. fn.
= Aab fn

bracket poly. comp.:
..
= (A−1 + Ad) = (A−1 − A3 − A−1) = −A3

Then putting
..

R[n]:
.

S [n]:

..fn

. =. fn.
= S [n](R[n])n fn = (−A3)nAn(n−1) fn = (−1)nAn(n+2) fn.
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..R matrix .R matrix .R matrix .R matrix .R matrix .R matrix .R matrix .R matrix .R matrix .R matrix .R matrix

R̃c
ab = (−1)zA−z(z+2)+xy−yz−xz = (−1)

a+b−c
2 A

c(c+2)−a(a+2)−b(b+2)
2 by

..

a

..

c

.

b

.

.

b

..= . x.

a

.. y.

c

.. z.

c

..

b

.. y =. =.
x

.

a

.. z..

c

..
z

.

a

.. x.

b

.. y. = (−1)zA−z(z+2)Axy−yz−xz. ..

c

..
a

.
b

..Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model .Fibonacci model A = exp( 3iπ
5 )

R̃0
22 = (−1)2A−8 = exp

(
−24iπ

5

)
= exp

(
−4iπ

5

)
R̃2

22 = (−1)1A−4 = − exp
(
−12iπ

5

)
= − exp

(
−2iπ

5

)
= − exp

(
3iπ
5

)
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..θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net .θ net and tetra net
Though the computations are complicated, the following results are known:

Θ̃(a, b, c) = .. =.
b
.

a
.

c
....... =.

y

.
z

.
x

....

y

.

z

.

x

.

triangle net

=
∆x+y+z!∆x−1!∆y−1!∆z−1!
∆y+z−1!∆z+x−1!∆x+y−1!

tetra net

Tetabc
e f g = ...

a
..

b

..

c

.
f

.. d.

e

=

∏
i, j[b j − ai]!

[a]![b]![c]![d]![e]![ f ]!

∑
m≦k≦M

(−1)k[k + 1]!∏
i[k − ai]!

∏
j[b j − k]!

where ..a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive .a, b, c, d, e, f are positive and [n] = A2n−A−2n

A2−A−2 (the quantum integer),

a1 =
a + d + e

2
, a2 =

b + c + e
2

, a3 =
a + b + f

2
, a4 =

c + d + f
2

, m = max{ai},

b1 =
b + d + e + f

2
, b2 =

a + c + e + f
2

, b3 =
a + b + c + d

2
, M = min{b j}
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..
quantum 6- j symbol

.quantum 6- j symbol .quantum 6- j symbol .quantum 6- j symbol .quantum 6- j symbol .quantum 6- j symbol .quantum 6- j symbol .quantum 6- j symbol .quantum 6- j symbol .
quantum 6- j symbol

.
quantum 6- j symbol

..b . c. =
θ̃(a, b, c)
∆a

.
a

. fa .

. i...

i

.
a

.
b

.
d

.
c

.fi. =.
fi

.
fi

. =
∆2

i

θ̃(d, a, i)θ̃(b, c, i)
. I =

∆i

θ̃(a, b, i)θ̃(c, d, i)
.

i

. a.
d

. b.
c

.
i

. =
Tetdai

bc j ∆i

θ̃(a, b, i)θ̃(c, d, i)
. j

..
a

..
j

..
b

.

d

. =
∑

i

{
d a i
b c j

}
A

.
c

.
a

. i. =
∑

i

Tetdai
bc j ∆i

θ̃(a, b, i)θ̃(c, d, i)
.

d

.
b

...

c

.
a

. i.

d

.
b

...

c

..
a

..

d

.
c

.
b

.
j

. =
∑

i

(F̃d
abc) j

i ..
a

..

d

.
c

.
b

.
i

.. =
∑

i

Tetdai
bc j ∆i

θ̃(a, b, i)θ̃(c, d, i)
.

a

..

d

.
c

.
b

.
i

.
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dadbdc

θ̃(a, b, c)

. .

...∼
√
∆a∆b∆c

θ̃(a, b, c)
..

a

.

b

.

c

∼
4√
∆a∆b∆c√
θ̃(a, b, c)

..

a

.

b

..

c

.

.
a
.

d

.
c

.
b

.
j

. =.
a

.

d

.
c

.
b

.
i

. (F̃d
abc) j

i
.....

√
θ̃(a, d, j)θ̃(b, c, j)

4
√
∆a∆ j∆d∆b∆c∆ j

.
√
θ̃(a, b, i)θ̃(c, d, i)

4√
∆a∆b∆i∆c∆d∆i

Thus, we can obtain F also from the spin network:

(Fd
abc)

j
i =

√
∆i∆ j

θ̃(a, b, i)θ̃(c, d, i)θ̃(a, d, j)θ̃(b, c, i)
Tetdai

bc j

In case of Fibonacci model, two types of F coincide.
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