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Fibonacci anyon 7
F={0,7}, 77T >0+, N =1, N =1, N% =0,

Definition
fusion vectors (fusion trees, conformal blocks)

0= X =X =X
T T (0]

We want to obtain the braiding matrices B € B(C|0) & C|1)&C|NV))
by using fundamental matrices F,R € B(V, @ V,):

a b c a b ¢

a b
N = SEd e X \H( - Y @y Y
d d

a b
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For the Fibonacci, F~.
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What happens in (Fibonacci) vectors |0), |1) by particle-braiding ?

= R = diag(Ry,) itself.

32: T . X compute as Zy TTT)XRTT(F:TT i
- B is not diagonal

_4in 4in _ 3in
Blz(e | 0]’ Bz_l( e VO oo L5
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Quantum gate and its universality

A set of gates is called universal if any gates can be approximated by
combining them in it.One of the universal set of quantum gates is

Hadamard gate _%gate CNOT gate

1 es 0 I 0\ (5900

vl 1) Lo o) o x) 71g8e
The Fibonacci set {By, B>} is approximately universal:

B*B,*B|B,?B:B5B,*B;B;*B;B1B," B1B,* B1 B,* B,* ~ iX

ejection part iX part injection part
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Markov trace
’ [ ‘ ’ j)
skein diagram | = | skein diagram
Tr T Tr

Trace property

mod bracket poly.

a
6 net: O(a, b, ¢) (if exists) @ = @ = Vd,dyd,
b

TX=TY & X = ¥, ddy=) Nid: & a®b= ) Nix
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fusion and splitting formulae

pu=12,...N’

X
> “ab

@ =dydy = ) Niyde = > N5,dY dadpd, = ) d, qﬂAj
X X X,

a u b
X X
= dab concource formula
I X,

Similarly, the trace computation for vd,dd, = d—ibdx, the symmetry says

d
where d;, = /- 2 . Then
at’h

popping bubble formula
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difference between knots & TQC

\ _ _ ~
bracket polynomial: /\ = 4 ) (+ AT g=_a2_pn

spin: () =4 OO+a' C D =@Ad+ANd = -A%

.
Sl
@mel‘ster
Ove

Q knot invariant: Jones polynomial

Considering the topological spin:

skein fitting polynomial
knot theory | Jones polynomial
(SUQ2) type)

SU(n) type | HOMFLY polynomial
TQC theory | bracket polynomial
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skein for R
monodromy equation

R RS, = ——1I
b b
a a eaeb
Ribbon expression says:
A B A B A B A B A B
s
R RS, - - C i
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S in modularity

= @D

= > L, (RLRE = Z 0ubp ©

XU,V

o
=D gy G Veadod
X,V

U‘
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S in modularity

NertIEYey
- 3 aL @ R

—Zggd;‘bvddbd Z abgg

Sab

V2 di

S is a unitary matrix on P Ve

14/ 26



TQC models

15/ 26



TQC models

# modular tensor category

15/ 26



TQC models

# modular tensor category

# spin network based on Jones-Wenzl projections

15/ 26



TQC models

# modular tensor category

# spin network based on Jones-Wenzl projections

® quantum group model, (su(2); WZW model)

15/ 26



TQC models

# modular tensor category

# spin network based on Jones-Wenzl projections

® quantum group model, (su(2); WZW model)

In the remainder, we introduce the spin network model.
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Jones projection e; in finite algebra

M c My: finite dim. C*-alg.
T=[My: Mi]7! =Tr(ey) (e = er,), Trxep =7Trx  (x € Mp).

Consider the tower  (ex = exy,)
M1 C Mz C M3 = <M2,81> C M4 = <M3,e2) (@CEE
Then

S =e, ee=ewe; (j-k22). eee;=te; (j-k=1

fi=1-e V- Ve ;: mnimalproj. 0<t<ir=1sec?Z(nz3).

16/ 26
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Temperley-Lieb algebra T,.(d)

j oj+1

T,(d) is the skein algebra generated by the base U :

1

4
j-1

j+2n

with the pile product: | A | = replaced by d =
5]

Then, the generators satisfy \J
\V
UjUy=UU; (j—kl z2),
jYk kY] (l] |_) OszZ, - U,
2 _ ;
U;=dU; and N
U? A
UijUkUj=U; (lj—kl=1 2
j j i W ) ULU,Us

as in the right figure:

1

Thus e, = },Un satisfy the properties of Jones projections for 7 = —.



Jones-Wenazl projection f,

=1 fu1 = fo—tnfuUnfn

Mn =

A2n _ A—2n
T A2m+]) _ A-2(n+])’

d=-A%-A?

correspond to Jones minimal projections: fy =1 —e; V -+ V e

N

E:

_l'ln
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Jones-Wenazl projection f,

A2n _ A—2n

_ A2 a2
T A2m+]) _ A-2(n+])’ d=-A"-A

fi=1, fur1 = fo = nfuUnfu Mn =

correspond to Jones minimal projections: fy =1 —e; V -+ V e

f /
[ ]= M|
f \

1\
p=|l-5 _ =t1-e
d ™

d R L)\
- + e +
LA A -1

W
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properties of f,

; A (_l)nA2(n+l) _A—Z(n+1) _ An—l _ 1
‘ I A2_A—2 M= An _d_/ln—l

E@ = [51] Q = = (d =)ot ()
= “l”fn—l
hfi=ffi=fh=f G<n), =

fUi=Uf, =0 (i<n) ‘\J

fnei =€ - ei(e] VeV en—])

fn+] n
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(expressed by only a box) Y = 2 y
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admissible 3-valent graph
{a, b, c} : integers

at+b+c:evene—a+b-c, b+c—a, c+a—>b:even

In addition, all numbers are nonnegative, then they are called admissible
{1,2,3}, {3,4,5} are admissible, but {2, 3,4}, {4,5,6} are not.
Vertices are expressed via f,

[, is often omitted
(expressed by only a box)

_ b+c-a _ atc=b _ atb—c
A="73V= "% 2=

are nonnegative

the vertex for {3,4, 5} is admissible

which is equivalent to admissibility.
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spin network

Spin network is a graph whose vertices e are all admissible.
Every edge is labelled by a number that is just a number of lines in it ,

which is also considered as a particle.

Fibonacci model  Put 0=0, 1 =2, A = exp(3&).

1+ 5
2

A1=d=—(A2+A_2): Eg=g2—1=A4+l+A_4:A2,

10_ 4-10
A3=-A°—AC+g=1=Ay Ay=(-D*=-=0.

The last fact implies f; = 0 and hence the admissible {2, 2,4} is vanished.
Thus ¥ = {0,2} and possible numbers are  {2,2,0} , {2,2,2},

™®7—-0, 780517 TRT—-T
which represents the Fibonacci particle set.
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cross and topological spin

e | X

i j=i jr2n

=Al,+A"'U; and oif, = Af, + A0 = Af, = f,0i,
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cross and topological spin

s |1 X

i =i jr2n

=Al,+A"'U; and oif, = Af, + A0 = Af, = f,0i,

bracket poly. comp.: 'p = (A7 + Ad) | —(A —AP - AT | — _A3 |

Then putting  R[n]: U\l\ S [nl: Pf} ...... r)
|1
— = S[n]R[n])"f, = (_A3)nAn(n—l)fn — (—l)nA"('H'Q)fn,
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R matrix
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R matrix
kzb’ _ (_ 1 )ZA—Z(Z+2)+)Cy—yZ—XZ _ (_ 1)% A c(c+2)fa(az+2)fh(b+2) by

a b
a b \
\ =
X y
@
@
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R matrix
kgb’ _ (_ 1 )ZA—Z(Z+2)+)Cy—yZ—XZ _ (_ 1)%[4 c(c+2)fa(112+2)7h(b+2) by

554
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R matrix
RC, = (1At — (L)) S g o=y

a b a b a b
Y ':;k [J ¢ .
~_ . z
— _ _ \ _ 2 A —2(z+2) A Xy—yz—xZ
A ; — Z y = N =(-1)A A
X
c c
c c C
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R matrix

— ey atbc | cc+2)-alar2)-b(b+2)
Rgb = (-1)7A 2z+2)+xy-yz—xz _ (-1) =2 A 2 by
a b @ b a b
. ” \ I:;k Q a b
~ 4 z
= N 7 A —2(z+2) A Xy—yz—XZ
( NSy z YV = N\ TCaATERa Y
X
! c
c € ¢
Fibonacci model A = exp(3E)
— - —24in —4in
Rgz = (—1)2A 8 — exp( 5 ) = exp( 5 )

. —12i =2i :
R% = (-D'a™* = —exp( Szn) = —GXP( m) = _eXP(ﬁ)

23/ 26



6 net and tetra net

Though the computations are complicated, the following results are known:
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Oa.b.c) = CD _ _ Ay At 1A 1AL !
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6 net and tetra net

Though the computations are complicated, the following results are known:
triangle net

7
Oa.b.c) = CD _ _ Ay At 1A 1AL !
> a a c - - A)‘+z—l PAzix-1! Ax+y—1 !
e

tora net T 1b; - ay! (—DF[k + 1!
abc _ b _ JLYJ
Tetcle ‘,&d‘ B NCaNeNY 2o, Tk —arlt 11, T

mskEM
a

where a,b,c,d,e, f are positive and [n] = % (the quantum integer),

a+d+e b+c+e a+b+f c+d+f
Al e e G e , m = max{a;},
b+d+e+ +c+e+ +b+c+d
by = 2e f’ =2 cze f’ 3=%,M=min{bj}
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quantum 6-;j symbol

)42
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quantum 6-;j symbol
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guantum 6-; symbol

~ A2 a
"~ 8d, a, )b, c, i) ()

i
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guantum 6-; symbol

Ai a

I == - = - -
g(a’ b’ l)g(c’ da l) d

i
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quantum 6-;j symbol

dai
a A Tetbcj A;

i

a
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guantum 6-; symbol

=20

dat
Tet; ™ A y

Ea

0((1 b, )0(c,d, 1) .

Tet{“ A,

bcj

0(a, b, )0(c,d, i)

i

a>ib
c
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guantum 6-; symbol

o

zf;X -2

dat
Tet; ™ A y

Ea

0((1 b, )0(c,d, 1) .

dal
Tet,. A .

6(a, b, 1)9(0 d,i)

a
dul
Tet o A _ Tety A
i

Fo \</ :
b Z . b, Dic.d. i)

i
a><b
€
b c

d
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normalization to TQC
Vd,dyd.

Q
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normalization to TQC
Vd,dyd. 6(a,b, c)

\' AaAbAc
6(a, b, c)
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normalization to TQC

Q ~ VAL,
6(a, b, c)
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normalization to TQC

VAAA, \( VAMA \(
6(a, b, c) V(a, b, c)
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normalization to TQC

a
VA, Y R
6(a, b, c) Vé(a,b,c)
a b ¢ a b c

j - ( abc)j l\<d/
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normalization to TQC
VAR, Y VAAMA
6(a, b, c) Vé(a,b,c)

a b c
\b(a,d, )O(b,c, j) \o(a,b,)0(c,d, i y
A AR, \2/] \/7A£,AbAA == (L) W
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normalization to TQC
5 VAALA, \( VAAA,
6(a, b, c) V(a, b, c)

a b c
\b(a,d, O, c, \O(a, b, )0(c,d, i y
w/AL,A‘,AdAbA(.A \d>/j VAL NA, AdA "0 l'\Y

Thus, we can obtain F also from the spin network:

vy p
( abc)J ~ ~ = N . Tetb?l'
8(a, b,)0(c,d,)b(a,d, )O(b,c,i) J

In case of Fibonacci model, two types of F coincide.
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