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A bulk-edge correspondence through
the second Chern number

TTANTZ b

A one-parameter family of semi-quantum Hamiltonians (4 x 4 traceless Hermi-
tian matrices) admitting the time-reversal symmetry is defined on the product
S%(ry) x S%(ry) of two-spheres of radii r; and ry, and a corresponding one-parameter
family of quantum Hamiltonians (4 x 4 matrix with entries of the first order op-
erators) is defined by using two sets of angular momentum operators. The semi-
quantum Hamiltonian has two doubly degenerate eigenvalues, to which associated
are complex rank-two vector (or quaternionic line) bundles. The second Chern num-
ber of one eigen-vector bundle is shown to change accompanying the variation in
the parameter. The eigenvalues of the quantum Hamiltonian are classified into two
classes. One class of eigenvalues are called bulk-state eigenvalues, which form two
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bands, positive and negative. The other class of eigenvalues are responsible for
the band rearrangement, that is, when the parameter runs in the positive direction,
some of these eigenvalues go upward and the others downward to cross the zero level,
which defines a spectral flow. It is shown that accompanying the change in the con-
trol parameter, the change in the second Chern number of the eigen-vector bundle
is in one-to-one correspondence to the spectral flow. This is called a bulk-edge cor-
respondence. In addition, the bulk-edge correspondence is shown to hold through
the linearization method. The semi-quantum Hamiltonian is linearized at each of
the degeneracy points of the eigenvalue and then quantized in terms of the anni-
hilation and creation operators, according to the Poisson structure of the ambient
space R X R? of S%(ry) x S?(ry). Then, the bulk-edge correspondence is also shown
to hold between the linearized semi-quantum and quantum Hamiltonians. Thus,
the bulk-edge correspondence is viewed as a bridge built between differential geom-
etry and quantum mechanics, not Schrodinger but Dirac, through the quantization
procedure.
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