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Spectral Shift Function

Definition 1

Let H and H, be self-adjoint operators on some Hilbert space 7. If
there exists a function £(\) = £(\; H, Hy) on R such that

ulf(#) - f(tw)] = [ F0ena (= - [ rogoan) @

for every f € C§°(R), we call £(\; H, Hy) the spectral shift function
(SSF) for the pair (H, Hy).

If both H and H, are lower semi-bounded, £(\) is uniquely
determined under the condition Alim £(A) = 0. If the spectrum of
——00

H and Hj are pure point, then £ is a step function.
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Existence of SSF

Theorem 2 (Krein '53)

Let H and H, be self-adjoint operators on a Hilbert space 7.
Assume that V = H — H belongs to the class of the trace operators
7. Then, there exists a spectral shift function §(\) = £(\; H, Hy)
for the pair (H, Hy) satisfying the following properties.

(1) & is integrable on R and

/R ENdN = tr V.

(2) If £V >0, then ££(\) > 0.
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Invariance principle

If H and H, satisfy
(H+c) ™= (Ho+c)™e S (2)

for some positive numbers ¢ and m, we can construct SSF for the
pair (H, Hy) by the relation

) (AT (H A o) (Hy+¢)™™)  (A> —0¢),

0 (A< —o).

This method is quite useful when H and H are the differential
operators.
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Scattering matrix and SSF

Let H and H, be self-adjoint operators on a Hilbert space 7.
Suppose that the spectrum o(H,) of Hy is purely absotutely
continuous and V = H — Hy € .#;. By the Kato-Rosenblum
theorem, the wave operators

Wy = s — lim e"He~#Ho
t—+oo

exist and are complete, i.e., Ran W1 = 0,.(H). The scattering
operator S is defined by S = W}W_.
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Scattering matrix and SSF

Moreover, suppose there exists a unitary operator .# from J¢ to
L*(o(Hy) — b;dp) (b is another Hilbert space) such that % Hy.#*
acts as multiplication by A (A € o(Hy)). Then, .ZS.Z* acts as
multiplication by a unitary operator-valued function S(X). The
operator S(\) is called the scattering matrix (SM).

Theorem 3 (Birman—Krein '62)

Under the assumptions above, we have S(\) — I € %, for almost
every A € o(H,) and

det S(N\) = exp(—2mi(N)). (3)
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SSF for Schrodinger operators

The following results are taken from D. Yafaev's review paper.

Theorem 4

Let Hy= —A onR% and H = Hy + V', where V is a multiplication
operator by a real-valued function V (z). Assume

V()| <C@)*, p>d, (4)

where we denote (x) = \/1+ |z|2. Let \; (j =1,...,n) be the j-th
smallest eigenvalue of H counted with multiplicity and put
)\() = —0Q, )\n+1 = 0.
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SSF for Schrodinger operators

Theorem 4 (continued)

Then, (2) holds for m > (d/2) — 1 and the SSF &(\; H, Hy) (M € R)
and the SM S(\) (A > 0) exist. Moreover,

EN) =7 (N <A< Ajn),
for j=0,...,n, and

det S(A) = exp(—2mi&(A)) (A > 0).

If £V(A) >0 a.e., then ££(N) > 0 a.e.
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Phase shift and Scattering Matrix

Let us assume V' is radial and decays sufficiently fast at infinity. By
the partial wave decomposition in the radial coordinate, the operators
Hy and H are decomposed as

& d—14d n
Hy =~ @ho,m hopn = —— — =4k

dr? r dr r?’

@ hm hn = hO,n + V<7n)7

H

12

where h and hg, act on L%((0,00); 7% dr), n is the index for the
d-dimensional spherical harmonics (eigenfunctions for —Aga-1) and
4, is the corresponding eigenvalue.
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Phase shift and Scattering Matrix

The generalized eigenfunction for hg,, with energy k* (k > 0) is

Upnk(r) = p(d=2)/2 J, (kr)

2
~ %r_(d_l)ﬂ Cos (k:?“ - 1/77r — %) (r — 00),

where v =/, + (d — 2)2/4. If V decays sufficiently fast at infinity,
then we can construct the generalized eigenfunction w, ; for h, with
energy k? regular at » = 0 and

2
@2 o5 <lm“ 2T (5n,,k> (r — o0)

Un(T) ~ 7k 2 4

for some d,,, € R. The number 6, is called the scattering phase
shift or the time delay.

Takuya MINE (KIT) SSF for magnetic Schrodinger Operators Himeji conference on PDE 10 / 41



Phase shift and Scattering Matrix

Then the partial wave SM for the pair (h,,, ho,) is the multiplication
operator by a complex number

S by, ) = €20
for any k£ > 0. Thus the determinant of the total SM is

det S(k* H, Hy) = [ ] e**.
Comparing this formula with the Birman—Krein formula, we know
1
k% H Hy) = —— On 5
5( y 41, 0) T ; k ( )

for any k£ > 0, though we have to choose the branches of 9,
appropriately.
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Example (point interaction on the half-line)

Let / = (0,00), @ € R and

Hy= —s D(Ho) = {u e H(I) | /(0) = 0},
H, = —%, D(H,) = {u € H*(I) | v/(0) = au(0)},
H, = —%, D(Hy) = {u € H*(I) | u(0) = 0}.

A simple calculation shows that

o(H,) = {[OL(X;) (ESQS 00),
{=a?}U[0,00) (—o0 < a<0).
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Example (point interaction on the half-line)

The SSFs are given as follows. First,

0 (A<0),
AN Ho,Hy) = 1
2
3
1/2
5 A
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Example (point interaction on the half-line)

For a > 0,
0 A <0),
§O Hay Ho) - = l arctan (i> (A>0)
™ VA
£
1/2\
by
0
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Example (point interaction on the half-line)
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Example (2-dimensional point interaction)

Let « € R and
H, = —A, D(H,)= H*R?),
Hy, = —A, D(H,)={ue L*(R*) N H (R*\ {0}) |

A]Rz\{o}u eL? , Ug = O./Ul},
where uy and u; are defined via the asymptotics of u
1
u=uy+ulog—+o(l) (r— +0).
r

H, is a self-adjoint operator on L?(R?) and its spectrum is given by
0(Ha) = {Aa} U[0,00), Ao = —4e+),

where -y is the Euler constant.
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Example (2-dimensional point interaction)

The SSF for the pair (H,, Hs) is given by

5()‘3 HowHOO)
0 (A <),
_ )1 (Ao <A <0),
—%arccot (%(a +v+ log(\/X/2))> (A>0).
3
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SSF for magnetic Schrodinger operators

Let d =2, Hy= —A, and H(A) be the magnetic Schrodinger
operator

The vector-valued function A(z) = (Ay(z), Aa(x)) is called the
magnetic vector potential, and the corresponding magnetic field
perpendicular to the plane is
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SSF for magnetic Schrodinger operators

Proposition 5
Assume there exist positive constants C' and € such that

[A(z)] < C{x)™7,  |divA(z)] < Cla) ™" (6)

Then the SSF (N, H, Hy) exists.

The proof is easily done by using
(H—2)"—(Ho—2)""
1
= (H—-2)"? <—, (2V-A—divA) — A2) (Hy—2)7!
i

H(H—2) G (divA+24-V)— A2) (Hy— 2)2.
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SSF for magnetic Schrodinger operators

However, the condition (6) never holds unless the total flux vanishes.

Suppose B € C5°(R?%;R) and supp B C {|z| < R}. Put

1

o= —
2T R2

B(z)dz.

(1) Assume o« = 0. Then, for any € > 0, there exists

A € C°(R% R?) with B = curl A and supp A C {|z| < R+ €}.

(2) Assume o # 0. Then, for any A € C*°(R?; R?) with B = curl 4,
we have

max |A(x)| > @ (r > R).

|z|=r
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SSF for magnetic Schrodinger operators

Proposition 6 is an immediate consequence of the Stokes formula

1
o

A(x) - dl.

|z|=r

«

Proposition 6 seems to say it is impossible to define SSF £(\; H, Hy)
if the total flux o # 0. Surprisingly, Tamura '08 pointed out that it is
possible to define the SSF &(\; H, Hy) even if « # 0, by interpreting
the trace formula (1) in a bit weak sense.
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Weak trace

Definition 7 (Weak trace)

Let x = x(r) be a smooth function on R satisfying

0<x(r)<1, x(r)= {1 751;?

For R > 0, we denote xr(x) = x(|z|/R). For a bounded linear
operator X on L?(R%), we denote

tr X = lim tr[xzXxz],
R—o0

if the limit in the right hand side exists and is independent of the
choice of y.

o’
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Weak trace

Let us list the basic properties of tr.

(1) If X € A (L*(RY)), then tr X exists and tr X = tr X

(2) Let X; (j =1,2) be bounded operators on L?(R?) such that
XrX;Xr € S forany j =1,2 and any R > 0. Suppose
tr[X, — X| exists. Then, for any complex-valued functions
Q;(x) (j =1,2) with |®;(x)| = 1, we have

tr[X; — X = tr[®I X, Py — O5X,P,].

v

In the case X, (j = 1,2) are the magnetic Schrodinger operators, the
property (2) means the weak trace is independent of the choice of
the vector potentials.
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Aharonov-Bohm magnetic field

For o € R, we introduce a singular magnetic vector potential A, by

T2 I
Aa = Aa A =\ 7T 957 19 |
o, A = (= )
and put H, = H(A,). The corresponding magnetic field is
curl A, (z) = 2rad(z),

where 0 is the Dirac function supported on 0. This magnetic field is
called the Aharonov—Bohm magnetic field. The operator H,, is
self-adjoint on L?(R?) with the domain

D(H,) = {u € L*(R*) N H,.(R*\ {0}) |
(—iV — Ay)*u € L?, limsup |u(z)| < oo}.

z—0
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SSF for the magnetic Schrodinger operator

Theorem 9 (Tamura '08)

Let B € C°(R%:R). Let a be the total flux, that is,

1

—— | B(a)d
2 o (z)da,

«

and 3 = a — [a] (the fractional part of a). Let A € C*(R?* R?)
such that B = curl A on R? and A(z) = A, (z) for sufficiently large
|z|. Then, for any f € C§°(R) with f'(\) =0 near A = 0,

88— 1)
2 1(0)

+tr[f (H(A)) — f(Ha)]-

tr[f(H(A)) — f(Ho)] =
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SSF for the Aharonov-Bohm magnetic field

The key of the proof of Theorem 9 is the following fact.

Let f satisfy the same assumption in Theorem 9. Then,

BB -1

Bl (Ha) — f(Ho)) = 25

(0). (7)

(7) implies

Gl (Ha) — f(Hy) = / FONE: Ha, Ho)d,

(> 0),

€O\ Ha, Ho) = {5(1—5)/2 (<0,

Thus the SSF exists in this sense, though the perturbation A, has
the long-range nature.
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Partial wave decomposition

Though the result is very simple, the proof of (7) is far from trivial.
Without loss of generality, we assume 0 < o = [ < 1. In the radial
coordinate, Hy and H, are decomposed as

Hy ~ @ hjp;, Hy =~ @ Pin—al;

nez neL

ho_ d? 1d_|_y2
Y dr2 rdr o r?

The generalized e.f. of h,, for the energy k% (k > 0) is J,(kr), so

2 In|lm =«
Irilhr) \/%COS(/‘”—T_Z)’
[ 2 In—alr =«
J|n—oz\(kr) ~ %COS (kT—T‘—Z>.
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Partial wave decomposition

The phase shifts 6, for the pair (hj,—qf, hjn|) are

5 /2 (n=1,2,...),
mh —ra/2 (n=0,—-1,-2,...),

which are independent of k. This means the series

1 a o
_;Z(;n’k — 55

does not converge at all! Actually, we cannot change the order of the
limit R — oo and the sum ) in the calculation of the weak trace.
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Partial wave decomposition

By the Fourier-Bessel transform, we have

tr[xrf(hy)xr] = //f x(r/R)J, (V)2 rdr dA,

where M = maxsupp f. By using this expression and various
formulas for the Bessel functions, Tamura analyzes the cancellation
mechanism in the following sum, and then takes the limit R — oo.

o)

3" (telxaS (hjn-a)x&] = trlxrf (hia)X])

St [k (f (i) — 2/ () + f(hu-a)) X&)

b e (Fha) — F(ho)xa)]-
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J. L. Borg's result

A similar statement is proved in the Ph. D thesis of J. L. Borg.
Theorem 11 (Borg '06)

Let o € R, and [ the fractional part of . Then, we have fort > 0

BB—1)

trlexp(—tHa) — exp(—tHo)] = ==

(8)

(8) seems to be obtained by putting f = e~ in (7), but in fact e}
does not satisfy the assumption in Theorem 9. Borg proves the above
result by using the Feynman-Kac-1t6 formula for the integral kernel of
H,.
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Feynman-Kac-1to formula

The Feynman-Kac-It6 formula for H, becomes as follows.

1
47Tt

e—tHa(

Z‘,ZL',) _ —|z—a'|2/(4t) EOmta:’ [e—ia@w] )

Here, w = (ws)o<s<¢ is a sample path for the Brownian bridge
process starting from x at time 0 and ending at 2’ at time ¢, and

E .. denotes the expectation for the Brownian bridge process. ©,,
is the winding angle of the path w from the origin 0, i.e.

O, = argw,; — argwy. Borg calculates tr[e 1« — ¢~tH0] ysing the
above formula and the known probability distribution of ©,, (see e.g.
[t6-McKean's textbook).
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Two-point AB magnetic field

Let a;j e R (j =1,2) and d > 0. Put
Ay on.d(®) = an N1 + d, x9) + aeA (21 — d, 22)
and H,, 0,0 = H(Au, 0s.4)- The corresponding magnetic field is
curl Ay, ap.4(7) = 2w d(xy + d, 22) + 2med () — d, x9).

Tamura '08 considers the case vy = —«; = « and studies the
asymptotic behavior of SSF &(\; H_4 a4, Ho) as d — oo, which is
equivalent to the semi-classical limit via a scaling. Notice that the
ordinary SSF exists in this case, because the total flux is 0.
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Two-point AB magnetic field

Theorem 12 (Tamura '08)

Let o € R and 3 the fractional part of c.. Then,

5’(}\’ H—Oz,a,da HO)
= 2(27) 72\ sin®(Br) sin(4AY2d) + O(d~/3*0)

as d — oo, locally uniformly in X\ € (0,00) for any § with
0<6<1/3, and

§(>‘a H—a,a,d7 HO)
= B(1—B) — (2r) A Y24 L sin?(B7) cos(4AY2d)
+o(d™t)

as d — oo, locally uniformly in A € (0, 00).

v
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Two-point AB magnetic field

The leading term comes from

L-p)8  BA-B)

E(N; Hoo, Ho) + §(N; Ha, Ho) = 9 2

= 5(1- ).

The subleading term comes from the formula

é'/(/\, Hfa,oz,dv HO)
~ (N Hoo, Ho) + & (X; Ha, Ho)
)\—1/2

Re [exp(4i)\1/2d)a_a(7r — 0;N)aq(0 = mA)],

where a1, (0 — 0'; \) is the scattering amplitude for the pair
(Hio, Ho) with the initial direction 6, the final direction 6’ and the
energy A. A similar result for the scalar potential perturbation is
obtained by Kostrykin—-Schrader '98.
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Two-point AB magnetic field

J. L. Borg also studies this case. His result is as follows.

Theorem 13 (Borg '06)

Let a; € R (j = 1,2), 5; the fractional part of a;, v the fractional
part of ai; + an, and t > 0. Then, we have

dlim trexp(—tHy, ap.a) — exp(—tHp)]
—00

Bi(Bi—1)  Ba(B2—1)
2 + 2 ’

lim trfexp(—tHa, ap.q) — exp(—tHy)]
d—0

(9)

— @ (10)

(9) is consistent with the leading term of Tamura's result.
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Quantized two-point AB magnetic field

Let us consider the special case a; = —1/2 and a, = 1/2, which
means the magnetic fluxes are equal to the magnetic flux quantum.
In this case, the Hamiltonian H_/1/2 4 is explicitly solvable by the
separation of variables in the elliptic coordinate

(21, 22) = (dcosh cosn, dsinh € sinn).
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Quantized two-point AB magnetic field

The generalized e.f. for Hy = —A with energy X are

Cen(§: @)cen(n,q) (n=0,1,2,...),
Sen(&,q)sen(n,q) (n=1,2,...),

where ¢ = d>)\/4. The functions ce, and se, are called the Mathieu
functions, and Ce,, and Se,, the modified Mathieu functions. These
functions are special solutions of

d2
_d_ng + (—p+2gcos(2n))y =0 (Mathieu equation),
d*y - _ .
de? (—p + 2qcosh(2€))y =0 (modified Mathieu equation),

respectively. The function ce,, is even and periodic, se, odd and
periOdin and Cen(ga Q) = Cen(iga Q)v Sen(§7 Q) o Sen(i£7 Q)/Z
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Quantized two-point AB magnetic field

The generalized e.f. for H_;/51/2,4 are also written as

elOH0)2 0 (¢ aVcen(n,q), (n=0,1,2,...)
ARG, (€ g)sen(n,q) (n=1,2,...),

where 0, = arg(x; + d + ix3), 05 = arg(x; — d + izy), and Fe(&, q)
and Ge(&, q) are the solutions to the modified Mathieu equations
having the opposite parities to those of Ce,, and Se,,, respectively.
Thus, the method of the partial wave decomposition works, and the
phase shifts and the SSF can be calculated explicitly.
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Quantized two-point AB magnetic field

Theorem 14 (Main result)
We have

f(>ﬁ H—1/2,1/2,d7 HO)

0 (A <0),
={ 1 (& - (11)
-2 (Zaﬂ7ﬁ+zenﬁ> (A>0),
n=0 n=1
Ce,(0,q) Se! (0, q)

On . = arctan €n ) = arctan

Gey,,(0,q)’
q=a’k?/4,

where Ce,,, Se,, Fey, and Gey,, are the modified Mathieu functions.
The series converges locally uniformly in X € (0, 00).

4
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Quantized two-point AB magnetic field

The phase shifts d,, ; and €, ;, decays very fast as n — oo, and can be
used for the numerical calculation. The result for d = 1 is as follows.

4 Here, the black
' curve is the exact
‘ formula. The red
- one is the Tamura
formula. The
blue one is the
Low energy for-
: mula in the next
; page. The hori-
. . . ok zontal axis is the
0 1 2 3 4 5 7 k=X axis.
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Quantized two-point AB magnetic field

Borg's result suggests

/1\15%5(/\; H 151724, Hy) =0

(notice that the limit A — 0 is equivalent to d — 0). We can also
deduce more detailed asymptotics as A — 0 by the formula (11).

1

(N H_1y2,1/2,4, Ho) ~ (12)

)

210g<

g

as A — 0.

(12) is proved simply by taking the leading asymptotics of the first
term of (11).
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