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§1 Introduction. Feynman path integrals (heuristics)

§1.1 Classical Mechanics

(Hamiltonian formulation)

H(x,p) = %|p|2 + V(z) € C(R} x R}) : Hamiltonian
de _ 8H dp _ _8H

9t = 9p> di — —ox : Hamitlonian flow
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§1 Introduction. Feynman path integrals (heuristics)

§1.1 Classical Mechanics

(Hamiltonian formulation)

de _ OH dp _ _ 8H , . .
dt = op® dt — ox ° Hamitlonian flow

{H(m,p) = 1Ip|? + V(x) € C=(R? x R?) : Hamiltonian
Legendre transform gives
(Lagrangian formulation)

For X(7) € R™ and X = d

T

L(X,X) — 1)'(2 V() : Lagrangian
— == — 2= = 0 : Euler-Lagrange eq
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§1 Introduction Feynman path integrals (heuristics)

space .
P x Action integral

5(X)
(t,x) = [Plp(x, X)dr

t

)f'() (i|aSSIC8| path time
X (+) linear path
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§1 Introduction Feynman path integrals (heuristics)

space .
P x Action integral

5(X)
(t,x) = [Plp(x, X)dr

R.Feynman proposed
the quantization is given by
Ja eﬁS(O,t,w,y)f(y)D[X]
—it 1
= e A f()

 is the path space
connecting (0,vy) and (¢, x).
) classical path titme D[X] is the Lebesgue-like
) linear path measure on {2

X (-
X (-
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§1 Introduction Feynman path integrals (heuristics)

space .
P x Action integral

5(X)
(t,x) = [Plp(x, X)dr

R.Feynman proposed
the quantization is given by
Ja eﬁS(O,t,w,y)f(y)D[X]
—it 1
= e A f()

 is the path space
connecting (0,vy) and (¢, x).
) classical path titme D[X] is the Lebesgue-like
) linear path measure on {2

X (-
X (-

Remark. ~ We can not construct Feynman path measure (Cameron)
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§.2 Time slicing approximations (An alternative method of F.P.l.)

An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")
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For small t — s and for z,y € R"™,
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An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

51 % (1) st ):((T) satisfies E—_L eq.
X(s)=xand X(t) =y
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H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

51 % (1) st ):((T) satisfies E—_L eq.
X(s)=xand X(t) =y

S(s,t,x,y) = f: L(X (1), X(7)) : phase function defined by H.
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An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

51 % (1) st ):((7') satisfies E—_L eq.
X(s)=xand X(t) =y

S(s,t,x,y) = f: L(X (1), X(7)) : phase function defined by H.
D(s,t,z,y) = det <825(s, t,, y)/Bw@y) : van-Vleck determinant
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An alternative method of F.P.l. (rough sketch)
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For small t — s and for z,y € R"™,

51 % (1) st ):((7') satisfies E—_L eq.
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§.2 Time slicing approximations (An alternative method of F.P.l.)

An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

51 % (1) st ):((7') satisfies E—_L eq.
X(s)=xand X(t) =y

S(s,t,x,y) = f: L(X (1), X(7)) : phase function defined by H.
D(s,t,z,y) = det <825(s, t,, y)/Bw@y) : van-Vleck determinant
A:0=tr<t1 <+ <th_1 <tp, =t

Ut—s)f(z) = an (2777:)_n/2D(3’ t,z,y) exp{%S(s, t,z,y)} f(y)dy
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§.2 Time slicing approximations (An alternative method of F.P.l.)

An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

N Z(r) st ):((7') satisfies E—_L eq.
X(s)=xand X(t) =y

S(s,t,x,y) = f: L(X (1), X(7)) : phase function defined by H.
D(s,t,z,y) = det <825(s, t,, y)/Bwﬁy) : van-Vleck determinant
A:0=tr<t1 <+ <th_1 <tp, =t

Ut—s)f(x)= [ (27ri)_"/2D(s, t,x,y) exp{%S(s, t,z,y)} f(y)dy

n

. —it .
|i1|1201:[[U(ti —ti—1)] = exp <hH)
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§.2 Time slicing approximations (An alternative method of F.P.l.)

An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

N Z(r) st ):((7') satisfies E—_L eq.
X(s)=xand X(t) =y

S(s,t,x,y) = f: L(X (1), X(7)) : phase function defined by H.
D(s,t,z,y) = det <825(s, t,, y)/Bwﬁy) : van-Vleck determinant
A:0=tr<t1 <+ <th_1 <tp, =t

Ut—s)f(x)= [ (27ri)_"/2D(s, t,x,y) exp{%S(s, t,z,y)} f(y)dy

n

. —it .
|i1|1201:[[U(ti —ti—1)] = exp <hH)

Probleml.
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§.2 Time slicing approximations (An alternative method of F.P.l.)

An alternative method of F.P.l. (rough sketch)
H(x,p) € C®(T*R")

Strong Assumption (Time locally unique path condition)

For small t — s and for z,y € R"™,

51 % (1) st ):((7') satisfies E—_L eq.
X(s)=xand X(t) =y

S(s,t,x,y) = f: L(X (1), X(7)) : phase function defined by H.
D(s,t,z,y) = det <825(s, t,, y)/Bwﬁy) : van-Vleck determinant
A:0=tr<t1 <+ <th_1 <tp, =t

Ut—s)f(x)= [ (27ri)_"/2D(s, t,x,y) exp{%S(s, t,z,y)} f(y)dy

n

lim [J[U(t — ti—1)] = exp <_hth)

|A|—0 p
Probleml. A = H(z,12) € L(L*(R"))?
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§.2 Time slicing approximations (Summary. Euclidean case)

; (t, )
é(t3a ‘173)

(t2, 152)
(tla 1131)

0,y

o - : t
X () piecewise classical path
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§.2 Time slicing approximations (Summary. Euclidean case)

t —_ 2
: S(s,t,x,y) = [, L(X, X)dr
: :(t,x) The action S is integrals over
(t3, x3) piecewise classical paths

(t2, 152)
(tla 1131)
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o - : t
X () piecewise classical path
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t —_ 2
: S(s,t,x,y) = [, L(X, X)dr
: :(t,x) The action S is integrals over
(t3, x3) piecewise classical paths

(t2, 152)

: : By using the density of paths a
;(tla 1131)
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X () piecewise classical path
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§.2 Time slicing approximations (Summary. Euclidean case)

T P
: S(s,t,x,y) = [, L(X, X)dr
: :(t,x) The action S is integrals over
(t3, x3) piecewise classical paths

(t2, &2)

: By using the density of paths a

Jar oty tita, 5, jga)
enStitit1®5®ii) f (1) de;

= U(tjy1 — t;) f(zj41)
(small time evolution op.)

(tla 1171)

0,y

o - : t
X () piecewise classical path
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§.2 Time slicing approximations (Summary. Euclidean case)

t —_ 2
: S(s,t,x,y) = [, L(X, X)dr
: :(t,x) The action S is integrals over
(t3, x3) piecewise classical paths

By using the density of paths a
Jar oty tita, 5, jga)
enStitit1®5®ii) f (1) de;

0,y =U(tj+1 — tj) f(zj41)
(small time evolution op.)
0 : : : 7 Time slicing approximations
X (+) piecewise classical path are defined by

N-1

, N-1
Jan o S I1 a(ty,tjpn, @, zjpa)enStotinnamin) f(y) T da;
No1 =0 =0

= [ Ultia — )15 () = Jo enSOL2) f(4)D[X] (N — o0).
M
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Known results (Fujiwara Theory) (Euclidean case)

Assumption V' (z) € C*®(R"™), |02V (z)| < C4 for |a| = 2.
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Known results (Fujiwara Theory) (Euclidean case)

Assumption V' (z) € C*®(R"™), |02V (z)| < C4 for |a| = 2.

1. Stz y) = [JEX ()2 — V(X (r))]dr

(The classical path connecting (0, y) and (t, x) is time locally unique. )
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Known results (Fujiwara Theory) (Euclidean case)

Assumption V' (z) € C*®(R"™), |02V (z)| < C4 for |a| = 2.

L S(tz,y) = fgl3X(1)? = V(X(r)))dr
(The classical path connecting (0, y) and (t, x) is time locally unique. )

2. D(t,x,y) = det(82S(t, z,y)/0xBy) (van Vleck determinant)
a(t,z,y) = (2mih) ~"/2D(t, z,y)'/%.
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Known results (Fujiwara Theory) (Euclidean case)

Assumption V' (z) € C*®(R"™), |02V (z)| < C4 for |a| = 2.

1. S(t,z,y) = [{LX ()2 — V(X(r))]dr
(The classical path connecting (0, y) and (t, x) is time locally unique. )
2. D(t,x,y) = det(82S(t, z,y)/0xBy) (van Vleck determinant)
a(t,x,y) = (2wih)~"/2D(t,z, y)/2.

3. U®) (@) = [gn alt, z,y)erSE2Y) f(y)dy.
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Known results (Fujiwara Theory) (Euclidean case)

Assumption V' (z) € C*®(R"™), |02V (z)| < C4 for |a| = 2.

L S(tz,y) = fgl3X(1)? = V(X(r)))dr
(The classical path connecting (0, y) and (t, x) is time locally unique. )

2. D(t,x,y) = det(82S(t, z,y)/0xBy) (van Vleck determinant)
a(t,z,y) = (2mih) ~"/2D(t, z,y)'/%.

3. U®) (@) = [gn alt, z,y)erSE2Y) f(y)dy.

Theorem (D. Fujiwara)
Fort # 0,

Iillm H[U(t —t;—1)] = exp _’t[— A + V(z)] (Operator norm)
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Other different alternative definitions of Feynman path

integrals

Other alternative methods for path integrals.
1. Trotter Kato forumulas.
2. Analytic continuation of Wiener measure
by using complex Planch constant h, m or t

3. An improper integral on Hilbert spaces.
(K.lto, Albeverio )

4. Non-standard analysis (¥*measure of the Dirac operator

and take the limit ¢ — oo
etc.

March 8, 2015 7/27
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Other different alternative definitions of Feynma

integrals

Other alternative methods for path integrals.
1. Trotter Kato forumulas.
2. Analytic continuation of Wiener measure
by using complex Planch constant h, m or t

3. An improper integral on Hilbert spaces.
(K.lto, Albeverio )

4. Non-standard analysis (¥*measure of the Dirac operator

and take the limit ¢ — oo
etc.

Here, we employ the time slicing products.
to derive the curvature from action integrals.

Yoshihisa Miyanishi (The graduate school of A Feynman path integral-like method of quan

n path

March 8, 2015

7/
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§3 Path integral-like method on Riemannian manifold

Settings.
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§3 Path integral-like method on Riemannian manifold

Settings.

1. (M,g) : m-dim C®° oriented complete Riemannian manifold

2. H(z,p) = 3|p|?

Yoshihisa Miyanishi (The graduate school of A Feynman path integral-like method of quan March 8, 2015 8 /27
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§3 Path integral-like method on Riemannian manifold

Settings.

1. (M,g) : m-dim C®° oriented complete Riemannian manifold
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§3 Path integral-like method on Riemannian manifold

Settings.

1. (M,g) : m-dim C®° oriented complete Riemannian manifold
2. H(z,p) = 3|p|?= 29%pip; (on local charts)
Hamiltonian gives the geodesic flow on T™*M (various speed)
3. d =d(z,y) (geodesic distance)
4. S(t,w,y) = fg 5900 (@(2), &(1) di = 14500
(The action integral over the shortest path)
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§3 Path integral-like method on Riemannian manifold

Settings.
1. (M,g) : m-dim C®° oriented complete Riemannian manifold

2. H(z,p) = 3|p|?= 29%pip; (on local charts)
Hamiltonian gives the geodesic flow on T™*M (various speed)
3. d =d(z,y) (geodesic distance)
t . . d(z,y)|?
4. 8(t: 2, y) = [§ 39 (£(1), (1)) dt = LG5
(The action integral over the shortest path)

5. van Vleck determinants on manifolds
D(t,x,y) = G~/2(2)G~/%(y) det(8?S (¢, =, y) / Oz DY)

x(d(z,y)) : cut off
(bump ft. with compact support contained in d(x,y) < injrad(M) )

a(t,z,y) = x(d(z,y))D(t, , y)l/z

Yoshihisa Miyanishi (The graduate school of A Feynman path integral-like method of quan March 8, 2015 8 /

/ 27



§3 Path integral-like method on Riemannian manifold

Settings.
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§3 Path integral-like method on Riemannian manifold

Definition (Shortest path approximations on manifolds)
Ut)f(z) = (2mi) "2 [y, a(t, 2, y)e5E > V) f(y) dy

(Remark. For the simplicity, let h = 1.)
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§3 Path integral-like method on Riemannian manifold

Definition (Shortest path approximations on manifolds)
Ut)f(z) = (2mi) "2 [y, a(t, 2, y)e5E > V) f(y) dy

(Remark. For the simplicity, let h = 1.)

We don't consider d(x,y) = injrad(M)
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§3 Path integral-like method on Riemannian manifold

Definition (Shortest path approximations on manifolds)
Ut)f(x) = (2mi)~™2 [y alt, ,y)e?® = V) f(y) dy

(Remark. For the simplicity, let h = 1.)

We don't consider d(x,y) = injrad(M)
Problem. lim [U(t/N)]N f(x) = exp(—itH) f(x) ?
N—o00

What is the H ?
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§4 Asymptotically conic non-trapping scattering case

Assumtions for scattering case
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§4 Asymptotically conic non-trapping scattering case

Assumtions for scattering case
(A1) OM is n — 1 dimensional smooth Riemmanian manifold,
with metric h = hjkdyidyk
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§4 Asymptotically conic non-trapping scattering case

Assumtions for scattering case
(A1) OM is n — 1 dimensional smooth Riemmanian manifold,
with metric h = hjkdyidyk
(A2) 3 compact set K C M s.t.
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§4 Asymptotically conic non-trapping scattering case

Assumtions for scattering case
(A1) OM is n — 1 dimensional smooth Riemmanian manifold,
with metric h = hjkdyidyk
(A2) 3 compact set K C M s.t.
g = 4z 4 halew)dytdy® _ g2 | r2hik (3, y)dy’ dy*

:12
on the asymptotlc region

M\K = (0,e) X OM = {(z,y) : 0 < x < €,y € OM}
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§4 Asymptotically conic non-trapping scattering case

Assumtions for scattering case
(A1) OM is n — 1 dimensional smooth Riemmanian manifold,
with metric h = hjkdyidyk
(A2) 3 compact set K C M s.t.
g= 1%2 + hm(w,y)zdy W _ g2 4 Tzhjk(%,y)dyjdyk

xr
on the asymptotic region

M\K = (0,e) X OM = {(z,y) : 0 < x < €,y € OM}

Example(The radial compactification map)
Rn

(2,1)/ RC:(2,1) € R™
— z L Sn
/M R,ccf)\ e e € 5%

S
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84 Asymptotically conic non-trapping case

(A3)(Non-trapping) For all compact set K C int(M), 3T > 0 s.t.
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84 Asymptotically conic non-trapping case

(A3)(Non-trapping) For all compact set K C int(M), 3T > 0 s.t.
m{exptXpg(z,p)} N K =0 forV|t| >T
(i.e. Every geodesic v : R — M reaches M at too. )
(A4) The scalar curvature R(x) on M is bounded.
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84 Asymptotically conic non-trapping case

(A3)(Non-trapping) For all compact set K C int(M), 3T > 0 s.t.
m{exptXpg(z,p)} N K =0 forV|t| >T
(i.e. Every geodesic v : R — M reaches M at too. )
(A4) The scalar curvature R(x) on M is bounded.

Lemma (The action integral S(¢, x,y) is well defined locally)
Under (A1)~ (A4),

injrad(M) > 0.
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84 Asymptotically conic non-trapping case

(A3)(Non-trapping) For all compact set K C int(M), 3T > 0 s.t.
m{exptXpg(z,p)} N K =0 forV|t| >T
(i.e. Every geodesic v : R — M reaches M at too. )
(A4) The scalar curvature R(x) on M is bounded.

Lemma (The action integral S(¢, x,y) is well defined locally)
Under (A1)~ (A4),

injrad(M) > 0.

(Notation)

Yoshihisa Miyanishi (The graduate school of A Feynman path integral-like method of quan March 8, 2015 11 /27



84 Asymptotically conic non-trapping case

(A3)(Non-trapping) For all compact set K C int(M), 3T > 0 s.t.
m{exptXpg(z,p)} N K =0 forV|t| >T
(i.e. Every geodesic v : R — M reaches M at too. )
(A4) The scalar curvature R(x) on M is bounded.

Lemma (The action integral S(¢, x,y) is well defined locally)
Under (A1)~ (A4),

injrad(M) > 0.

(Notation)

o2 = [g Edp(E) : spectral resolution

Yoshihisa Miyanishi (The graduate school of A Feynman path integral-like method of quan March 8, 2015 11 /27



84 Asymptotically conic non-trapping case

(A3)(Non-trapping) For all compact set K C int(M), 3T > 0 s.t.
m{exptXpg(z,p)} N K =0 forV|t| >T
(i.e. Every geodesic v : R — M reaches M at too. )
(A4) The scalar curvature R(x) on M is bounded.

Lemma (The action integral S(¢, x,y) is well defined locally)
Under (A1)~ (A4),

injrad(M) > 0.

(Notation)

o2 = [g Edp(E) : spectral resolution

p(E) : L2(M) — L?(M) : spectral projector
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84 Asymptotically conic non-trapping case (Results)

(in preparation)

Theorem (strong limits)
Assume (Al)~ (A4). Fort # 0
s-lim [U(¢/N)INp(N)f(2) = exp |—it (=3(& — ) | £(@) in L?
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84 Asymptotically conic non-trapping case (Results)

(in preparation)

Theorem (strong limits)
Assume (Al)~ (A4). Fort # 0
s-lim [U(t/N)[Np(N)f(z) = exp =it (—3(& — B)) | f(@) in L?

Assume (Al)~ (A4). If R(x) < 0, then injrad(M) =
Moreover we can take x(d(z,y)) = 1 and U*(t)U(t) € ¥2,

Theorem (strong limits without cut off and spectral projectors)

Assume (A1) ~ (A4), If R(x) < 0 and x(d(ac,y)) = 1. Then
s-lim [U(t/N)]V f(2) = exp [ — it ( LA - ) ]f(m) in L2
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85 In the case of a compact manifold (Sphere)

Setting

1. (M,g) = (S?,gst) (2dim standard sphere in R3)
2. d =d(z,y) = arccos(Z - §) (geodesic distance)

(We don't consider d = r.)
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§b Path integrals on the sphere

Setting.
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§b Path integrals on the sphere

Setting.

. . d(z,y)|2
3. 8(ty) = o 59u( (E(2), &(1)) di = 14500
(The action integral over the shortest path)

4. Van Vleck determinant on manifolds
D(t,z,y) = G~/2(x2)G~/2(y) det(8?S(t, z,y) /dxdy)

x(d(z,y)) : cut off
(bump ft. with compact support contained in d(z,y) < 7. )

a(t,z,y) = x(d(z,y))D(t, x, y)l/z
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§b Path integrals on the sphere

Setting.

. . d(z,y)|?
3. S(ta :IC,’y) = f(f %gm(t)(x(t)ﬂw(t)) dt = %
(The action integral over the shortest path)

4. Van Vleck determinant on manifolds
D(t,z,y) = G~/2(x2)G~/2(y) det(8?S(t, z,y) /dxdy)

x(d(z,y)) : cut off
(bump ft. with compact support contained in d(z,y) < 7. )

a(t,z,y) = x(d(z,y))D(t, x, y)l/z

Definition (Shortest path approximations on S?)
U@t)f(z) = (2m1) 7! [g a(t,z,y)eS® ™ 9) f(y) dy

(Remark. For the simplicity, let h = 1.)
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§5b Path integrals on the sphere.
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Setting
—ANg2 + €R = [g Edp(E) : spectral resolution

Remark.
{uj, E;} : Eigenfunction expansion on S2.
({u;} denotes C.0.B in L?(S?) , E; the eigenvalue)

p(E) : L2(S?) — L.h.{u; | E; £ E} : spectral projector
(Spectral projectors )

Yoshihisa Miyanishi (The graduate school of A Feynman path integral-like method of quan March 8, 2015 15 / 27



§5 Path integrals on the sphere. (Results)
[Adv. Appl. Math. Anal. (2014)]

Theorem (operator norm)
Fort # 0 and small e > 0,
lim [U(¢/N)INp(NY/3=2) = exp [ it (~3(& = &) | inL?
N—oc0
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§5 Path integrals on the sphere. (Results)
[Adv. Appl. Math. Anal. (2014)]

Theorem (operator norm)
Fort # 0 and small e > 0,
lim [U(t/N)]Np(N/3-¢) = exp [— it <—%(A -
IN—o0

Theorem (strong limits)
Fort # 0
s-lim [U(t/N)]Np(N)F(x) = exp |—it (—3(& — &)

v
Corollary

Let uwj be an eigenfunction of Laplacian. Fort # 0,

s-lim [U(¢/N)]Vu; = exp [— it (—%(A g ) }uj in L?

A,
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85 Path integrals on the sphere (Results)

Remark 1.
Fort #£ 0,

Jim [[[U@E/N)Y —exp | =it (=3(A = ) [llz270,

(Time slicing products does not converge in operator norm
without spectral projector, )
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85 Path integrals on the sphere (Results)

Remark 1.
Fort #£ 0,

Jim [[[U@E/N)Y —exp | =it (=3(A = ) [llz270,

(Time slicing products does not converge in operator norm
without spectral projector, )

Remark 2.
f(x) € G1/6(S?) (Gevrey class). For t # 0,

s-lim [U(t/N)]N () = exp [ — it (—%(A — B )}f(x) in L2.

(The convergence for low energy functions)

High energy functions cannot be captured by shortest path
approximations.
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85 Path integrals on the sphere (Related results)

_Let _)f(a:) € C®°(S?) and t = S”Tm € Q (k and m are relatively
prime.
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85 Path integrals on the sphere (Related results)

!_et {(w) € C®°(S?) and t = &'Tm € Q (k and m are relatively
prime.

S-A}i_lffloo{U(Sﬂm/kN)}Np(N)f(w) x etit/12

= 52 X0 (231;1) e~ 4miImIUADF1}/3 )2 (cos d(a, y)) f (y)dy

= {ezmm/% Z_ I'(m,k,j) cos 2ZJA} f(x)

i=0
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85 Path integrals on the sphere (Related results)

!_et {(w) € C®°(S?) and t = &'Tm € Q (k and m are relatively
prime.

S—A}im {UB7m/EN)}Np(N) f(x) x et/12
—>0o0
= Js2 Xico (25;1) e M TN/ (cos d(w, ) F(y)dy

= {ezm’m/?’k Z_ I'(m,k, j) cos 2ZJA} f(x)

i=0

2k—1 )
where I'(m, k, j) = % S emimHi)/k s 3 Gaussian sum,
=0

A=,/-A47,

C; : Gegenbauer polynomials are defined by
1 _ = 01/2 tl
Gzmez — L O (@)
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§51 Outline of proof (We mainly discuss the case of sphere)

For the case of Sphere S  We find

d(z,y)
D(t,m,y):m f0r0§d<ﬂ'.

For x(d)K (t, x,y) = x(d)D(t,xz,y)"/%e*S, we obtain
15) 1 R
i AL — ) (DKt
(15 + 300 — 13 ) (DK (t.2,9)
[ d? — sin d+1 R 41 (A )]K(t )
= s . 5 - T T,
X\ 8d%sin?d '8 12 X Y

Ox (sind — dcosd
od 2dsind

+g§< )K(twy)

) K(t,z,y)
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§51 Outline of proof (We mainly discuss the case of sphere)

By using stationary phase methods and integral equations,

For the case of sphere S?

For H = —%(ASZ — %)

U@ fllzz £ 1+ Cit)|| fllrz + Cot?||(—Ag2 + 1) fllzz -+~ (3)
IU#)f — exp(—itH) fllz2 < GE|[(—LDg2 +1)3flgz -+ (4)
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§51 Outline of proof (We mainly discuss the case of sphere)

By using stationary phase methods and integral equations,

For the case of sphere S?

For H = —%(ASZ — %)

U@ fllzz £ 1+ Cit)|| fllrz + Cot?||(—Ag2 + 1) fllzz -+~ (3)
IU#)f — exp(—itH) fllz2 < GE|[(—LDg2 +1)3flgz -+ (4)

For the scattering manifold case
For H = —%(AM — %)
U@ fllzz = 1+ C1t)|| fllzz + Cat?|| fllag, forl = 2 - (3)

IU@t)f — exp(—itH) fllz2 < S22\ f|l30,, for m > [n/2] +1( |
... (4)

Here Hjp = ﬂ’:zo xF~SHS (M) : weighted scattering Sobolev sp.

March 8, 2015 20 / 27
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§5.1 Outline of proof (We mainly discuss the case of

sphere)

The binomical coefficients bounds <JZ> L < L yields the following

estimates

I{e™™ = Ux(t/N)"} (@)]l»
— {e AN (L4 B(t/N)IN] £@)lI12

Il
=
®
:';
T

JZ) |[{e N =RH/N ft /NYVFY () || 2
JZ) (é>k<;>2kll(—A +1)% f (@)l

) N+ 1% (@)

2y
Il
=

A A
NENINIE
7 N N

™
Il
=

17AN
I
|-
T
N
2 %
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(Case 1) M = R"™, H(z,p) = %|p|2 + V(z) € C®(T*M)

] Classical mechanics \ Canonical quantization \ Feynman quantization

V(z) = O(|z[>)terror. | H = - A + V(x) Jim [TV
— exp (—Ttﬂ)

(Fujiwara theory)
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(Case 1) M = R"™, H(z,p) = %|p|2 + V(z) € C®(T*M)

] Classical mechanics \ Canonical quantization \ Feynman quantization

V(z) = O(|z[>)terror. | H = - A + V(x) lim [U(L)V
N—o0 o

(Fujiwara theory) = exp (%”H)

(Integral kernel) e_Titﬁf(m) = Rf K(t, z,y)f(y) dy.

’ Classical mechanics \ Orbits of CM \ integral kernel
V(z) = O(|z|?)+error. time locally K(t,z,y)
global diffeo € C*>((0,t) x R?")
on config. space
V(z) =Clz|" infinite many fn=1 K(t,z,y)
(C>0,nz=4) small periodic curves | is nowhere C1
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(Case 2) (M, g) : Riem. mfd., H(xz,p) = %|p|2 € C>®(T*M)

|

Manifolds ‘ Feynman quantization
Asymptotically conic lim [U(£)]Vp(N)
N—oo
+ cutoff =exp | — it (—%(A — ER )
- : . TN
Asymptotically conic A}gnoo[U(ﬁ)] _
R(z) < 0 without cutoff | = exp | — it (—%(A - %))
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(Case 2) (M, g) : Riem. mfd., H(xz,p) = %|p|2 € C>®(T*M)

’ Manifolds ‘ Feynman quantization ‘
Asymptotically conic lim [U(£)]Vp(N)
N—oco _
+ cutoff =exp | — it (—%(A — % )
- : . TN
Asymptotically conic ]\}gnoo[U(ﬁ)] _
R(z) < 0 without cutoff | = exp | — it (—%(A _ R )

’ Manifolds ‘ Feynman quantization ‘
2 : T\ N
57 (sphere) | Jim [U(5)]"p()
+ cutoff :exp{—it (—%(A—% )w
2 li T \1IN
5 Tim [U()]
without cutoff How to define rigorously 7

March 8, 2015 23 /27
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Prospects

(1) General manifolds? Potentials?
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(e.g. Geometric quantization, Feynman quantization,
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* In the framework of geometric quantization, we can not
construct the real polarization of £|p|? on L2(S2).

- Quantized operators may differ depending on the definitions.

(3) Application? Spectral geometry A + BR
B =0 (well-known)
B =1/6 (geometry of spectrum clustering)
(4) Application? Gutzwiller trace formula
(eg. Albeverio's proof using Feynman path integral (Euclidean case). )
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- Quantized operators may differ depending on the definitions.

(3) Application? Spectral geometry A + BR
B =0 (well-known)
B =1/6 (geometry of spectrum clustering)
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(eg. Albeverio's proof using Feynman path integral (Euclidean case). )
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§3 Appendix

* Quantization (Euclidean space)
Canonical quantization
A, B € C®(R} x R?) = C>(T*R")

_ dA 8B _ 8B HA -
{A,B} = g (awa opn — Daa 6pa> Poisson Bracket

A, B € L(L*(R"))

[4,B] = zh{ﬁ} Canonical quantization
(ie. 2=z, p="22)
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Geometric quantization
A, B e C®(T*M)
(w = > dxq A dpy : Darboux coordinates)

_ DA 8B _ OB HA -
{A,B} = g (awa Ope — Da. 8pa) Poisson Bracket

A, Be L(LiL(T*M))
[A,B] = zh{z,\ﬁ} Prequantization
(ie. H=—ihXgy+ n(XH) + H
= —ih{(5) 5 — (3)op) — 325 +p50) + H
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§7 Appendix

* Quantization (manifolds)
Geometric quantization
A, B e C®(T*M)
(w = > dxq A dpy : Darboux coordinates)

_ DA 8B _ OB HA -
{A,B} = g (awa Ope — Da. 8pa) Poisson Bracket

A, Be L(LiL(T*M))
[A,B] = zh{z,\ﬁ} Prequantization
(ie. H=—ihXgy+ n(XH) + H
= —ih{(5) 5 — (3)op} — 3(z% +p50) + H

We can't take the real polarization of %|p|2. However for T*S?
3L, € C>(S?) st. %|p|2 = 3, L2 The prequantization L., satisfy
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* Quantization (manifolds)
Geometric quantization
A, B e C®(T*M)
(w = > dxq A dpy : Darboux coordinates)

_ DA 8B _ OB HA -
{A,B} = g (awa Ope — Da. 8pa) Poisson Bracket

A, Be L(LiL(T*M))
[A,B] = zh{z,\ﬁ} Prequantization
(ie. H=—ihXgy+ n(XH) + H
= —ih{(5) 5 — (3)op} — 3(z% +p50) + H

We can't take the real polarization of %|p|2. However for T*S?
3L, € C>(S?) st. %|p|2 = 3, L2 The prequantization L., satisfy
~ 2
Yo L2 Yim = "5 (114 1) 4+ 5) 7 Yim
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Thank you for your attention.
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