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® (M, g, i) a weighted manifold with density W > 0, that is du = Wdxg

@ Weighted Laplacian:
Af = %div (VVf)

@ Sobolev space:

1

Hi = Cgo(l\/I)H7 (u,v) i :/ uvd,u+/ g(Vu,Vv)du
M M

o Semigroup: exp(tA) : L2(M, ) — L2(M, p)
up := exp(tA)f solves (0 — A)uy =0and uy — f ast — 0

with D(A) := {u € H} | Au € L2(M, )}
o exp(tA) extends uniquely to Ty : L®°(M, u) — L(M, p)
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We say that T; (or M) is conservative ((C) for short) iff

T:1(x)=1, Vt>0,¥xeM (@)

e R"is (C) (the integral of the Gaussian distribution equals to 1)

e Q C R"” domain is not (C) (Dirichlet boundary condition)
e M =R"\ K, where K is closed, then TFAE

(i) Mis (C)

(ii) cap(K) =0, where

cap(K) = inf{||ul|x | u € HY(R"), u|k > 1}
(i) HA(M) = H(M)
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All manifolds in this slide are complete. v(r) =

Theorem 1.1 (Yau 1978)

Xlgf Ric(x) > —oc0 = (C)

Theorem 1.2 (Davies 1992, Takeda 1989)
v(r) < Ce” = (C)

Remark:
r2+6

vir)=e"", §>0 == (C)

Theorem 1.3 (Grigoryan 1986)

*  rdr
| mm == ©
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Important criteria for the conservation property uses “Liouville type
property”

with vel* = u=0 (K)
U|t:0 =0

{(at—A)u =0

Theorem 1.4 (Khasminskii, 1960)

(€) « (K)

@ Khasminskii's test extends to a much wider class of operators
including Dirichlet forms without killing inside.
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Consider
L=A-V, Vecl®M), V>0

Recall
V(x)>0atxe M = eff1(x) <1

To establish a conservation property in a more general sense which is
characterized by Khasminskii's criteria for L.

In discrete setting, M. Keller and D. Lenz studied this problem in
“Dirichlet forms and stochastic completeness of graphs and subgraphs. J.
Reine Angew. Math., 2012.
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Set up (Rather unusual)

o M a weighted manifold with weighted Laplacian A = §(div(WV))
e With a strictly positive p € C*(M),

Lyv:=—(A-V)

1
p
= L, restricted to C2°(M) is symmetric in L2(M, pp).

@ Sobolev spaces:
H' (M, p) := {f € L(M, pp) | Vf € L*(TM, )}

with
(u, V) :—/ g(Vu,Vv) d,u—i—/ uv pdp
M M

HA(M.p)
H§(M, p) := Ceo (M) "
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o Dirhclet form (&, v, D(E,,v)) in L2(M, p):

D(E,v) = H3(M,V + p) C L>(M,V + p) C L3(M, p)

Epvlu,v) = / g(Vu,Vv) d,u—{—/ wVdu, Yu,veD(E,v)
M M
e Generator L,y in L2(M, ppu):

5p,v(f,¢) = (_Lp,Vfaw)B(M,p,u)a Vf € D(LP:V)’w € CSO(M)

Jun Masamune Generalized conservation property Himeji Conference on PDEs 2019 9/20



@ Markovian Semigroup and Markovian Resovelent
TPV = exp(tl, ) : L°(M) = L®(M), t>0

GOV = (a—L,y) L L®(M) = (M), a>0

Definition 1.1 (Conservative in the generalized sense (CG))

With V =V /p, let

t
H; = Tf"/1+/ TPVV ds
0

We say L, v in L?(M, p) is conservative in the generalized sense (in short,
CG) iff
Hi(x) =1, Vt>0,xe M

v
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Results

Denote H = H; and C := C*°((0,00) x M) N C([0,00) x M)
Theorem 2.1

HeC,0<H<KLI1, and

(0t —L,v)H ="V, (0,00) x M
H=1, {0} x M.

Furthermore, 1 — H is the largest function u € C with u <1 and

(0t —L,v)u<0, (0,00)xM
u=0, {0} x M.
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Set
Ny = aGlY1+ GV, a>0

Theorem 2.2

N, € C*(M),0< N, <1, and

(@ —Lyy)Ng =0l +V

Furthermore, 1 — N,, is the largest function f € C*°(M) with f <1 and

(a — Lp7\/)f S O
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Results

Theorem 2.3 (Khasminskii's test)

The following assertions are equivalent.
(i) L, v is (CG).
(i) V/3a >0, (a = L,v)f =0, f € (°(M) = f=0.
(i) V/3a >0, (o« = L,v)f <0, fe C°(M), f >0 = f=0.

(iv)

ot — L =0 0 M
{((0 ) P,\(;)u ’ ( 7OO)X 9 , UECb — LIEO
ulyv,-) =

(v)

ot— L <0, (0 M
{((0 )p7\0/)u_ ) (7OO)X ’ 7 uecb7u20:>u50
u(0,-) =

v
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Corollary 2.1

(i) Lyois (C) = L, v is (CG) with any V € C,(M).
(i) Lpv in L3(M,p) is (CG) <= L,ivo in L2(M,p+ V) is (C).

Corollary 2.2

Of the following (i) == (ii). If p+ V € LY(M, ) then (i) <= (ii).
(i) Ly in L2(M,p) is (CG)

(i) HY(M,p+ V) = H}(M,p+ V)
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Results

Corollary 2.3

Let M be a complete weighted manifold M.

e M admits V such that L, is (CG).

@ In particular, if M is spherically symmetric (model manifold) with
radially symmetric p and V' and ifu = volg, then TFAE

(i) L,v in L2(M, pvolg) is (CG).
v > v(r) < Jo S(E)V(€)de
/ mdr‘i'/ Tdr =0

where v(r) is the volume of B(0,r) and s(r) = 2 v(r).
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The space W3 (M, p + V) is an order ideal in WY(M, p + V), i.e., for

f| implies

feW(M,p+ V), g€ WLM,p+ V) the inequality |g| <
g € Wg(M,p+ V).

We say f € W(M, p + V) satisfies
f>0  mod Wi(M,p+ V)

if there exists g € W} (M, p + V) such that f + g > 0.

A function f € WY(M, p + V) satisfies f > 0 mod W¢ (M, p+ V) if and
only if f- € W}(M,p+ V).
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Lemma 3 (Parabolic maximum principle)
Let T € (0,00] and v : (0, T) — WY(M, p+ V) be a path with the
following properties

@ 0O.v exists as a strong limit in L>(M, pp),

Q v(t)- — 0in L2(M,pu) as t — O+,

Q foreveryt € (0,T), v(t) >0, mod WLH(M,p+ V),

Q foreverys € (0, T), Otv(s) > L, v(v(s)) as distributions.
Thenv >0o0n(0,T) x M

\

Lemma 4 (Elliptic maximum principle)
Let f € WY(M, p+ V) with
f>0 mod Wi(M,p+ V).

If for some o > 0 it satisfies (a« — L)f > 0, then f > 0.

v
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We denote by (T5?) the L2(, p)-semigroup of the Dirichlet form
EN(f,g) = / Vf.Vg du—i—/ Vg du
Q Q
with domain D(EJ},) = W3(Q, p+ V). We extend it to f € L*(M, pu) by

T9p . Tflq on Q,
t I =
0 on M\ Q.

Lemma 5 (Duhamel’s principle)

Let Q C M be an open relatively compact subset and let f € C*°(M). Let
u € C nonnegative. If O;u — Lu > f on (0,00) x Q, then

t
ue > T +/ T fds.
0
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Let e, f € CX(M) and let u : (0,00) — L2(M, pu) given by
t
u(t) = Tf’ve+/ TPV fds.
0
For each t > 0 we have u(t) € C*°(M). Moreover, the function

i:(0,00) x M =R, (t,x) — u(t)(x) belongs to C and satisfies

{(at —L)i=f,

ﬁ():e.

Now we are ready to prove Theorems 2.1 and 2.2.

Theorem 2.3 (Khasminskii's test) is proved based on Theorems 2.1 and 2.2.
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Items in the proof of Corollary 2.3.
o Suffices to prove that L, v o is (C) in L2(M,p+ V).

e New distance d,; v is defined as
dyrv = sup{F(x) — F(y) | £ € Hb (M)A C(M) with [VF| < p+ V}

e (M, d) complete = (M, d,,v) complete

@ Apply the Grigoryan-Strum volume growth criteria for a regular local
Dirichlet form with a complete intrinsic distance:

0 rdr
/1 max{log u(r), 1} (€)
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