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Aim of this talk 1,2

© Quantum walk is a quantum analogue of random walk.
@ QW is defined on discrete graph T.

© QW has impressive features:

© linear spreading,
@ localization,
© (quantum tunneling [Matue, Matsuoka, O, Segawa, 2018].)

@ These seem to depend on the geometrical structure of .

Our AIM is to propose QW on simplicial complex.
©@ We discuss relation between QW on SC and bipartite walk.
© We give an application, Glover search on simplicial complex.
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What's quantum walk? 2/
Random walk: P(x,n+1) = gP(x —1,n)+ pP(x +1,n) € [0,1]
p=>0,g=>20 pt+qg=1

P(x

Quantum walk: W(x,n+1) = Q¥(x —1,n) + PV(x + 1,n) € C?
U=P+QeU(2

rel

QW has probability amplitude W; the distribution P(x) = [|W(x)]|2..
I
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© Quick review of Simplicial Complex
@ n-simplex and its face
@ Simplicial Complex
@ Direction of simplex and induced direction of face
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n-simplex 1/4
lo| == {22:1 Tedoar: Tk > 0, STk < 1}, aj € RP.

|a0a1| |T| = |303182| |0'| = |30313233|
o 2 *l
L=
¢ JARE
1-simplex 2-simplex 3-simplex
Note: Consider |o| is an unordered sequence. e.g. |aga;| = |aiao].

Definition:
We say |7| is a face of |o| iff |7| C |o|, and write |7|<]o].

Osamu OGURISU Quantum search on simplicial complexes RS HRNEBRARES 7/30



Simplicial Complex 2/4
Definition: |K]| is a simplicial complex iff
Q |K| is a set of simplices,
Q if |7| < |o| € |K], then |T] € |K],
Q if |7| :=|o|N|o’| # 0, then || < |o] and |7] < |o|.

Direction of simplex

Let
|Ki| .= {|o| € |K|; |o]| is k-simplex}, (unordered sequences)
and
K :={m(a); ™ € Sk11, |a|l € |Kk|}. (ordered sequences)

Here, 7r(a) = (aﬂ(o), aﬂ(l), ceey a,r(k))
for |a| = |ag ... ak| € |Kk| and m € Sy.1.
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Direction of simplex 3/4

Define 0 ~ ¢’ on Ky iff 3m € Agy1 s.t. (o) = m(0’) and

<Kk> = Kk/w :{<a()31...ak>; ac Kk}
Note that #(Kx) =2 (k > 2).
_ﬁf\o 0] = [Goticiz | = 1T

J-:(QJQIQJ.)

\ 7 = {20 Go)

Remark: We can consider any simplex |o| has two ends o and 7.
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Induced Direction of Face 4/

Definition: Let 0 = (apay ... ak) € (Kk), |7] € |Kk-1
We say 7 has the induced direction from o

, and |7| < |o|.

iff dre Ak+1 s.t. T = <37r(1)37r(2) cee a7r(k)>-

Let 0 = (apaiaas). Then,

T = <a1aga3> (7'(' = ld),

T = <aoa3a2> (7T = (01)(23)),
T = <a33031> (7'(' = (02)(13)),
T = (apa139) (m=(03)(12)).
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© Quantum walk on Simplicial Complex
@ Quantum walk on graph I, revisited
@ Definition of QW on SC
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Quantum walk on graph [, revisited 1/6
Preparation

-+ Let [ = (V, E) be a discrete graph.

- A:={a, 3 |a| € E}; a, 3 are the induced arcs from an edge |a|.

Remark: A = Upee Al = Uvev A, (disjoint unions),
with A, ={a,a}, A/ ={acA t(a) =v}.

I =1t(a i

© —J)a a It At ]
| Qﬂa sdinudnn; In3hy it
QT ‘ l ‘ Alpr = (L'D L§ Y v o= Polinat

lCL . W\}(.; w x

L | /\b o (028 A Aus=Tblack

A:A‘E‘UA|b||_|A|C‘ A=A,UA UALUA,
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Quantum walk on graph [, revisited 2/6

Quantum walker moves on E.

Definition of QW on I’

(1) The total state space: H := (?(A)

(2) Time evolution unitary operator U on H.:

P(n+1):=Up(n) (n€Z: time).
(3) The existence probability of quantum walker at |a|:

p(lal) == [0(2)]” + [ (3)[* for py(E) = |l¥]l7 = 1.

How to give U?
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Quantum walk on graph I = (V/, A), revisited 3/6
Unitary operator U made from shift and coin operators
Since

Hi=103(A) = Brev P(A) = @paee P(Aa),
we can give U by
(2) U:=5C with S:=®.cv S, C:=;ee G-

Here, S, and C, are unitary on (?(A,) and (?(A),), respectively.

Using this idea, we define QW on SC.
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Definition of QW on SC 4/6

We consider quantum walker moves on |K,,_1|. We define
K:= K"t :={(o,7) € (Kn) x (Ko_1); T <0}
and the total state space
(1) H = ?(K).
Using two equivalence relations on K,
(o,7)Ri(o’, ) iff T=7" and (o,7)Ra(0’,7') iff 0 = &',
we can decompose K in two ways:

K = |—|FUEK/R2 Fa = l—lETEK/Rl ET. (dISJOInt unions)
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Definition of QW on SC s/

Since

H = 1P(K) = DF, ek /R, C(F,) = ®fex P(E),

we can define U by
(20 U=FE with F=orckrfsr E=ceckrE

Here, F, and E, are unitary on (2(F,) and (2(E,), respectively.

(3) The existence probability of quantum walker at |7|:
ps(I71) = [0l + 10llege,) for m(lKnal) =905 = 1.
Here, |||k := ||Pxt||» for a subspace I C H (Px is a projection).
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Is this QW on SC valid? /s

We ought to check the following;
© linear spreading,
@ localization.

In next section, we show a relation between

our QW on SC and  bipartite walk.
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@ QW on SC and bipartite walk
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QW on SC and Bipartite walk 1/4

Theorem (Matsue,O,Segawa,2017)
Our QW on SC is unitary equivalent to (a kind of) bipartite walk.

More precisely,

¥ QW on SC with time evolution U,
3 a bipartite walk with time evolution V
st. U= V.

Consequently, these two QW have same distribution.
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Definition of Bipartite walk 2/4

Definition: I = (X U Y, E) is a bipartite graph iff
@ the vertex set X LU Y is the disjoint union of X and Y.
Q@ E C X x Y, any edge in E connects between X and Y.

eg X= {X1,X2} and Y = {}/17}/2,}/3}-

Note: E has two natural decompositions; E = LiyexE, = UyecvE,.



Definition of Bipartite walk on ' = (X LU Y, E) 3/

Bipartite walk on I is defined by
(1) The total state space: H := (?(E) = ®yexl?(Ey) = Dyeyl?(E)),

(2) Time evolution: V := (EBXEXEX> (@yeyﬁy>

with unitary operators £, and £, on (2(E,) and (*(E,).

Key of Proof of Theorem
SC K induces a bipartite graph I'(K) := (K/Ry U K/R», E) with

E:={(E,F,) € K/R x K/Ry; E,NF, #0}.

Then, we can prove
U of QW on K is unitary equivalent to V of a bipartite walk on I'(K).
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Example of the induced bipartite graph from K 4/
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QW on SC is an important subclass of bipartite walk!
(It is our hope.)
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© Application: Quantum search on SC
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Quantum search algorithm 15

Search Problem: Find a target in a given set.

* Problem size N := the size of the given set.
- Time complexity := the time order with respect to N.

Well-known results about time complexity:

- Classical search requires O(N).
- Quantum search requires O(v/N) using Glover algorithm.

We can implement Glover algorithm as Glover walk on a graph.
Our question:

Can we implement Glover search as QW on SC?
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Glover search as Glover walk on graph 25
Let K, = (V, E) be the complete graph.

Problem: Mark some w € V and find it using QW.
Using the Glover matrix, G, = %J,, — I,, we define
= SC with § := ®,caGp(a) and C := D,y C,.
Here, Cy, := —Inw) and C, = Gy (v # w).

Take an initial state ¢y a uniform state and let

P = ZaeA,aww |(Uttho)(a)[?

be the finding probability at time t. Then,

the finding time T := inf{t; P, > 1/2} = O(v/N).
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Glover search on simplicial complex 3/5

Define SC K,_> ,_3 from K, as follows:

Here, we consider K4 with V(K4) = {a, b, ¢, d} for simplicity.
K4 contains four 2-simplices,

|K2| = {|3bC|, |aCd|7 |adb|7 |de|}
and six 1-faces of them,
’Kl‘ = {’8b|, \ac\, ’ad|? ’bC’7 ‘bd|> ‘Cd’}
Using these, we define

K271 = {(O’, T) € <K2> X <K1>; T < O'}.
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Glover search as QW on Simplicial Complex 4/5
Consider K,,_5 ,_3.

Problem: Mark some |7| € |K,_3| and find it using QW.
Note N = #K,_20-3 =2(n+ 1)(n+ 2).
Define
U:= FE with F := ®o Gp() and E = P E,.
Here, E. := —lp;) and E, = Gy (v # 7).
Take an initial state ¢y a uniform state and let
Pei= T, 0. |(Ut0)(0)?
be the finding probability at time t.
Theorem (Matsue,O,Segawa,2017)
The finding time T := inf{t; P, > 1/2} = O(V/N).
RHSARIERFRES  27/30




Numerical example of Glover search on SC 55

@ Consider n = 10 case. Then, N is about 200.

© We used another correspondence between QW on SC K and
QW on a non bipartite-graph I, because we wanted to use a
quantum search program for graphs which we already made.

The correspondence maps the one marked face on K to four
vertices on . It may make you confuse. Sorry.

© We plot the vertices of [ on a circle.

@ You can find four peaks on the circle at finding time T in our
simulation.

© Remark: The distribusion periodically varies and the time at the
first peak is the finding time T.
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@ Conclusion and references

Osamu OGURISU Quantum search on simplicial complexes



Conclusion and references

© We propose a definition of quantum walk on simplicial complex.
© This definition gives a new non-trivial class of bipartite walk.

© Our QW can achieve quantum acceleration on search problem.

References:
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Thank you.
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