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|. Introduction

Symmetric hyperbolic systems with relaxation:

n
Auy + Z Ajuxj + Lu =0, (SHR)
j=1
where u = u(x,t): m-vector function of z = (x1,--- ,x,) € R” and ¢ > 0.

Assume that

(a) A° is symmetric and positive definite,
(b) A7 is symmetric for each j,

(c) L is symmetric and non-negative definite.
Applying the Fourier transform, we obtan
A0y + i|€|A(w)i + L = 0,

where A(w) =377, Awj, w=¢/|gle S
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Eigenvalue problem

Eigenvalue problem:
A% + (i|¢|A(w) + L)p = 0.

A = A(|¢],w): Eigenvalue, ¢ = ¢p(|{|,w): Eigenvector.

Jin-Xin model:
Pt + Vg = 07

Ut + px + v = 0
We rewrite Jin-Xin model that

up + Aug + Lu = 0,

=) =) =)

where
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Stability conditions

Condition(CSC): Shizuta & Kawashima (1985)

For any (u,w) € R x S~ 1, Ker(ul + A(w)) NKer(L) = {0}.

Condition(CR): Kalman, Ho & Narendra (1963), Beauchard & Zuazua

(2011)

For any w € S"1, L
L(A%) ™1 A(w)

rank

I
s

L((AO)‘l:A(W))m‘1

Condition(CK): Umeda, Kawashima & Shizuta (1984)

There exists K (w) with the following properties:
(i) K(~w)=—-K(w). (i) K(w)A? is skew-symmetric.
(i) (K (w)A(w))? is positive definite on ker(L),

where X is the symmetric part of X.
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Characterization and decay estimate

Theorem 1 (Characterization for the dissipative structure)

The following conditions are equivalent.
(i) Condition(CSC). (ii) Condition(CR). (iii) Condition(CK).
(iv) ReA([g]) <0 for [€] # 0. (v) ReA([€]) < —clel/(1 +1€]).

Theorem 2 (Decay estimate)

Under Condition(CK), the solutions to (SHR) satisfy the pointwise

estimate
|a(&, 1) < Cem P ag(¢)],

where p(€) = [£]2/(1 + |¢|*). Namely, we obtain

105u(t)llze < C(L+ ) 2 |ug| 11 + Ce™|Ofuoll 2, k = 0.

Q: Can we extend these conditions for (SHR) with non-symmetric L?77
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Dissipative Timoshenko system(linear):
bt — (¢o — ) =0,
wtt_z/}:ca:_ (%—iﬁ)-i-wt:o

Putting p = ¢, — ¥, v = ¢, 2 = V¥, y = Yy, we obtain the symmetric
hyperbolic system
up + Aug + Lu = 0,

where u = (p,v, z,y)T and

O O = O
oo o=
_ o o o
S = O O
o O O O
o O O O
— o O
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Thermoelastic plate equation with Cattaneo’s law:

Utt+A2U+A(9:O,
0; +divg — Av =0,
T +q+ VO =0.

Putting z = Au and y = ug, then this yields
Ay + ZAJUIJ. — Z B]kuxjxk + Lu =0,
j=1 jk=1
where u = (z,9,0,q)T, A° = diag(1,1,1,7I), L = diag(0,0,0,I) and

0 -1 0

o O O O

0

0

0
T

o & oo
(=R )
|
—_
[=Ne ol

1
0
0

o O O

w

(A(w) = Xioy Awj, B(w) =Yy Brwjur, w=¢/[¢] € 8"71)
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2. New stability condition
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2. New stability condition

Linear system:

Aup+ " Alug, — Y By + Lu =0, (LS)
j=1 jk=1
where u = u(z,t): m-vector function of z = (z1,--- ,x,) € R" and t > 0.

Apply the Fourier transform :
Ay 4+ i|¢|A(w)a + [€* B(w) + La = 0,

where A(w) =377, Awj, Bw)= > k=1 Bikwiwg, w=¢/|¢l e st
Assume that

(a) A° is symmetric and positive definite,

(b) A7 is symmetric for each j,

(c) B(w)* and LF are non-negative definite (not necessary symmetric).

X! : symmetric part of X, X’ : skew-symmetric part of X
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Eigenvalue problem

Eigenvalue problem:

A p + (irA(w) + r*B(w) + L)p = 0. (EP)

A = A(r,w): Eigenvalue, ¢ = ¢(r,w): Eigenvector.

ReA(r,w) <0 for r >0, we St

Indeed, taking a C™ inner product (EP) with ¢, and taking a real part for

the resultant equation, we obtain
ReA(A%, o) + r*(B(w)p, o) + (L¥p, o) = 0. (1)

Here, we used the symmetric property for A(w). Therefore, since A° is
positive definite, and B(w)* and L* are non-negative definite, we arrive at
Remark 2.1.
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New stability conditions

Define A(v,w) := (A"~ (vA(w) — i’ B’ (w) — iL).
Here, vA(w) — iv?B°(w) — iL” is a complex valued Hermitan matrix.

Stability Condition(SC):

For any (u,v,w) € R x Ry x Sn~ 1
Ker(ul + A(v,w)) N Ker(B*(w)) N Ker(L*) = {0}

Kalman Rank Condition(R):

For any (v,w) € Ry x S»~ 1 B(w)ﬁ
B(w)*A(v,w)
B(w) Ay, w)™ !
It
LFA(v,w)

rank

LﬁA(v;w)m*1
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New stability conditions

Craftsmanship Condition(K):

There exists K(v,w) € C(R4 x S™1) with the following properties:

(i) Kv,—w) =—-K(v,w). (i) Kv,w)* = —-K(v,w).
(i) ICk s.t. |K(v,w)|| < Ck for (v,w) € Ry x S L,

(iv) ek st 9

<(B<W)ﬁ +IF 4+ (lC(y,w)A(y’w))i)U’ ) > 1Ciyy2

for (v,w,0) € Ry x 8" 1 x §™~1, where S"~! := {0 € C™; |o| = 1}.

K(v,w)a?
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Characterization for the strict dissipativity

Theorem 3 (Characterization for the strict dissipativity,U(2019))

Let n = 1. The following conditions are equivalent.
(i) Condition(SC). (ii) Condition(R). (iii) Condition(K).
(iv) ReA(r,w) <0 for r >0, w € S ! (called Strictly dissipative).

(v)

( 7,‘2(m—1)
T D) (A(w) # O, B(w) =0, L#0),
T2m
R,e)\(T',W) S —CW (A((AJ) 7507 B(W) #O, L:O),
,2(2m—1)
| " Aoy (A(w) # O, B(w) #0, L#0)

forw € S"1 (called Uniformly dissipative).
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Characterization for the strict dissipativity

Theorem 4 (Characterization for the strict dissipativity,U(2018))

Let n > 2 and B(w) = O. Suppose that
Ker (L*G(((A%)tA(w))", (—i(A%)~LL’)k=*)) does not depend on
w € S"~L. The following conditions are equivalent.
(i) Condition(SC). (ii) Condition(R). (iii) Condition(K).
(iv) ReA(r,w) <0 for r >0, we S* L
(v) ReA(r,w) < —er2(m=1 /(1 4 ¢2)2(m=1) forw € §7 1.

For matrices X and Y, we define (X + Y)F = le:o G(X*, Y* 1), where
G(X*,Y*~%) denotes a polynomial of X and Y, which degrees of X and
Y are £ and k — ¢, respectively. Then A(r,w)* is represented by

A(r,w)k = (I(CAO)_l(rA(w) —ir”)"
=) G (((A") T Aw))", (—i(A%) LR,
=0
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Decay estimate

Corollary 5 (Decay estimate, U(2018))

Let A(w) # 0, B(w) # O, L # O. Under the condition (v) in Theorem 3,
the solutions to (LS) satisfy the pointwise estimate

(&, )] < Cem @ lag(e)],  p(6) =

Namely, we obtain

|£|2(2m—1)
T+ Py

n 4

lu() |2 < C(1+ )" 7D |lug|| 2 + C(1 + )T | Fpuol| 2, £ 0. |

r r

0 0
I Rel(r,®) Rel(r,0)
Figure: Standard type Figure: Regularity-loss type
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The pointwise estimate in Theorem 3 might not be optimal.
(e.g. Timoshenko system is ReA(r,w) < —cr?/(1 +72)? but m = 4.

Outline of the proof of Theorem 3:
& Re)(r,w) < 0 <= Condition(SC) <= Condition(R)
(". Ccontradiction argument and the Celey-Hamilton theorem.)
& Condition(R) = Condition(K) = ReA(r,w) < 0
(" Use the energy method. Section 4.)
F2(2m=1)

& Condition(R) = ReA(r,w) < C(l + r2)4m=3

= ReA(r,w) <0

(". Construct the Lyapunov function. Section 3.)
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3. Lyapunov function
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Lyapunov function

Let k be a small positive number. Then we chose k; such that

1
0=k < k1 <+ < Km, /ik_i(/‘ik—l+"€k+l)2/‘i>0- (2)

Then we define the Lyapunov function
m—1

m (L} k=ly L}
£(0) == <A°a,a>+5h1(|§|7w)zgnk1 (LPA(E], w) 1 a, LAA(E], w)Fa)

e A€l @)%
= (@) A(J€], ), BH(w)A(E],w)" )
+ 0ha(l€],w Z A€l )2
for 6 >0 and € > 0, where
(el ) = LA(g],w) |12
(FACEL @) + (AT ZENZ
(€], ) = ERIAE], @) |12

(ACEL )l + [P CAC) HIBE (w) 1)
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Lyapunov function

Lemma 6 (Lyapunov function)

There exist 6y and ¢ such that :
0 N . m— ‘LﬁA“f‘ W)k’ll|2
75(u)+C(]|Lﬁu‘2+clh1(‘£|’w) K Sl
o 2 = el )P
m—1

o [ B (@) A(I€], w)Fal?
+ CQ}LQ § 7&)) gk — O’
(1) 2 ™= ie] w "
and c,|i]? < E(@) < Cila|? for § = dp and 0 < € < &.

When we prove Lemma 6, we do not use the conditions in Theorem 3.
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Energy estimate

Corollary 7

2 () + D(l€],w,d) <0,

dt
where (m—1 \Lﬁ.A (€], w |2
u
Z (1+ \fl
if Aw)#0, Bw)=0, L} #£0, L’ + 0,
= [€]%1BHw) A(lE], w)*al?
D(|¢],w, @) == =5 \5\2"‘ + [€]2)*

k‘z

\LM €], w
Z 1+¢%)

2k

k=0

if A(w)# 0, Bfw)# 0, B’ (w)# 0, L=0,
LN [EPIBA @) A(E)

w)’%]z

(1+ 1¢[%)%*

:fA(w) 40, Bi(w) # 0,B’(w) # 0, L* £0,L" # 0.
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Proof of Corollary 7

If A(w) # O,B(w) =0,Lf # 0,1’ # O, we obtain

ALl ~ (L +1ED, ma(gl,w) ~ 1.

If A(w) # O, B¥(w) # O, B’(w) # O, L = O, we obtain

IACEL )l ~ lel(L+ gD, ha(ll,w) ~ €]

If A(w) # O, BY(w) # O, B’(w) # O, L! # O, L’ # O, we obtain

AL )l ~ (L +1eD? ha(lElw) ~ 1, ha(lg],w) ~ €%
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Proof of Theorem 3

Without loss of generality, we put w =1. (n = 1)

LEA(r,w)F = LH((A%) "M (rA — ir? B* — L))" erc:k '

Bﬁ(w)A(r,w)k = Bﬂ(w)((AO)_l(rA —ir’B® — le’ ZréGk 0

where G , and G}, are matrices constructed by A%, A(w), B(w), L.
We define Ngg = Ker Gie and

My, = min{|G} 0* ; 0 € (N] ) NS™ 1}, Mg = min M,

M?r

2
My := min{ M}, MZ}, M := Z max{|Gi o cesm

Remark that My > 0 because of Condition (R).

Yoshihiro Ueda (Kobe University) Dissipative structure for linear system March, 2019 24 /39



Proof of Theorem 3

In the low frequency region 0 < r < rg := min{My/(12(m — 1)M;),1}:
Because of Condition (R), for any r and o, there is kg with 0 < kg < m—1
such that LEA(r, w)*0o # 0 or Bf(w)A(r,w)*a # 0. Then, there exists a
integer £o with 0 < £y < 2k and jo with jo = 1,2, satisfies

G o =0for0<(<(ly—1andGJ , 0 #0.

1

D(r,w,0) 2 55 |LEA(r, w)*a]? + s5r?| Bf (W) A(r, w) o

L 2k 2ko

¢ 04142
Z Sk Zerer‘ +22k ‘ZT Gho ‘
=t

2 (kﬁ ¢ )Qk’o

r o—o
> 22011 (|Gk:0 20| Jr7"2|G1€0 ‘% |2)*722k0 ZT2£(|G11~30£ ol +T2\Gk0 z00| )

(=Lo+1
,r2(€0+1) 3 (K()O-i—l) pdm—2

m — 1),,,2(@04’2) MO

=z 92ko+1 0 270( My = 22k SRtz Mo = 92ko+2

L]
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Proof of Lemma 6 (B(w) = O)

E(@) == (Al @) + 1A T IILEN AL w) P 2€ (@)
= (IAUEL @I+ I T IHIEAD) *A(g] w) 22 (A%, )

m—1
+6)  eay(|€],w)*Im(LEA(E],w)* e, LEA(IE, w)*a),
k=1
where a(|¢],w) := [|A(|€],w)]|™*~1. Then we obtain

0s,. m— L
55 (@) = =2(JLA]l + | ZF)* [l AP (2P, )

m—1
—0 Z ek al| LFARG? — Iy — Ja,
where ) k=1
Jy =20 Z ek aiRe(LF AR L0, P AR ),
k=1
m—1
Jo =06 e™ap{Im(L*AF1(A%) " Lra, LP AR Q)
k=1 + Im(LF AR Y, LFAR(AY) LR ).
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Proof of Lemma 6

Sinse a% = ag_10k+1 and kg — %(%—1 + Kgy1) > Kk >0, Jq is estimated
m—1
] <6 e ap_yap |LAAF Al LEAR )
k=1
m—1

0 K k— k+1
- Z{ mr1g?  |LAART G2 4 emig?, | LEA +1u|2}

IN

m—1 S
< 5eh ﬁka2|LﬁAku|2 + EK Km g ’LﬁAm ’2
k=0

By the Cayley-Hamilton theorem, we have g(A(|¢],w)) = O, where

g(p) = det(ul — A(I¢],w)) = [ (e — 7).
j=1
Here 7; = 7;(|¢],w) € R for 1 < j < 'm is an eigenvalue of the Hermitian

matrix A(|€],w) 1= (A%)V/2A(|¢],w)(A%)~1/2.
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Proof of Lemma 6

Therefore, .
A(l¢],w an €], @) A(J€], ) = A(IE],w) ™= k(€] w) A(€], w)"
k=0

Here 7;, is defined by 7; for 1 < j < m. Precisely, these are defined by

NMm—1 = E :ij Nm—2 = — E : Tj1Tjas  Nm=3 = E : Tj1TjaTjzs * -
J J1<J2 J1<j2<J3
L m—1
no == (=1)"""mim2 T

Remark that

et < (") (s, mtehenl) ™= (", ) 1Al

_ 0)|(m—k)/2 0 1(mk/2ak(|f| w)
= (e a0y oo 2L

which comes from || A(|¢],w)| = maxi<j<m |75(/€],w)].
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Proof of Lemma 6

Hence we have

m—1
ap | LFA™ 0 < af, Z i L A"
k=0
1
™ ) A0 bt
0
Consequently, we get
m—1 5
| 1] < de” Z efkai| P ARG + 5“6”” 2 |LFA™ 0
k=0
m—1
< 6CHe" Z e a2 |LF AR a2,
k=0
where
= max <1+ Lom 2’|A0||m7k||(140)71||m7k
" 0<k<m—1 2\m—k '
Letting € suitably small, we can control J;. O
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4. Craftsmanship condition
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Condition(K) = ReA(|¢|,w) < 0

Craftsmanship Condition(K) (B(w) = 0):

There exists K(v,w) € C(R4 x S 1) with the following properties:
(i) K(v,—w) = —-K(v,w). (i) Kv,w)* = -K(v,w).
(i) ICk s.t. |[K(v,w)|| < Ok for (v,w) € Ry x S 1L,
(iv) Jex s.t. (L + (K(v,w)A(v,w)))o, o) > G IK(v,w)o|? for

1+2
v,w,0) € Ry x S"71 x 8§71 where S ! .= {g € C™;|o| = 1}.
_l’_

Energy method: oFE+2D =0,
2

B = (A%, ) — 7|§|’§’2< iKCil, 1),

- 2 L &P . gt a
D := (Lﬂu, a) + 1’:5’5’2 ((/C;Ll)ﬁu, ) — 11 ‘LPRe((zIC(AO) 1Lﬁu,u>)

1 €l 812
ol e
A IS 4
N R v
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Condition(R) = Condition(K)

We introduce

K(r,w)

T ek {A(r, w)F(LF)2A(r, w) 1 — A(r,w)F (L2 A(r, w)P
= 0h(r,w) ; c { AT }

Then we obtain

(L2 + (K ) Al ), 0) — 25 K, )
> (e = dh(r.w))| Lo ?

dméegr?h(r,w)| LH|? — |LFA(v,w)Fo?
+ (1—-¢€"Cy, — oh(r,w E gt ——~ 7~
( (14 r2)|| A(v, w)]? ) ( )k:o [ Ay, w)||?*
2
B ) = | A, W)

(LA )l + [I(A%)HIILA)>
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5. Application and weak dissipative
structure
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Applications

Cond.(SC): A% + (VA(w) —iL")p =0, ¢ e Ker(L) = ¢ =0
Dissipative Timoshenko system:
0 1

A =1, Aw)=-w

S O =

—_ oo O o
o= O O
O O O O
O O OO
_ O O =

0
0
0

Corollary 8

The Timoshenko system satisfies Condition(SC). Namely, this system is
strictly dissipative.

Proof: For (u,v,w) € R x Ry x {—1,1} and ¢ = (¢1, p2, @3, 04)" € C*,

pp1 — vwp — ipg = 0,
pp2 — vwer =0,
pp3 — vwpy =0,

ppy — vwes +ipr = 0, O

and @4 =0. == p =0.
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Thermoelastic plate equation with Cattaneo’s law:

v + A%0 + AG =0,

0; +divg — Av =0,

Tq +q+ VO =0.
Putting z = Au and y = u;, then this yields u = (z,y,0,q)7,
A% = diag(1,1,1,71), L = diag(0,0,0,I) and

00 0 0 0 -1 0 0
00 0 0 1 0 10
AW =100 0 ol BY=10 -1 0 o
00 &' 0 0 0 00

Corollary 9

The thermoelastic plate equation with Cattaneo’s law satisfies
Condition(SC). Namely, this system is strictly dissipative.

& We had already obtained the sharp decay estimate(Racke-U(2016)).
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Dissipative Bresse system

Dissipative Bresse system: (¢ # 0)
bt — (P + U 4+ tw)y — L(wy — L) = 0,
Vit — Yo + (¢n + 9 + Lw) +h =0,
wy — (g — €p) + U(de + ¢ + lw) = 0.
& If £ =0, this system is reduced to the dissipative Timoshenko system.
Putting p = ¢ + ¢ +lw, v =1, 2 =Yz, Yy = Y1, ¢ = wy — LY, p = wy,
we obtain the symmetric hyperbolic system u; + Au, + Lu = 0, where

u=(p,v,2,9,q,p)" and

01 00O0O 000 -1 0 -4
100 00O 000 0 —¢£ 0
A 000 10O I— 000 0 0 O
001 0O0O0])" 100 1 0 O
000001 0O ¢0 0 0 O
00 0O0T1O0 ¢ 00 0 0 O
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New dissipative structure

Corollary 10

The Bresse system does not satisfy Condition(SC). Namely, this system is
NOT strictly dissipative.
Proof: For (p,v,w) € R xRy x {—1,1} and ¢ = (1, , )T € C5,
(1p1 — vwps + iy + ilps = 0,
o — vwpr + itbps = 0,
w3 — vwpy =0,

. and =0 4
pps — vwps —ipy = 0, ot “)

pps — vwpg — ilpg = 0, )

\ ppe — vwps — ibpr = 0,

Let (u,v) = (0, |¢]), then

) L L ¢

= (01,02, —ZWULO, —lWUl, —Zm@)T
0

satisfy (4) for (o1, 09) € C. ReA(r,af) ]
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@ Can we classify the estimate of eigenvalues for our system under

Condition(SC)??
& Duan-Kawashima-U(2012) :
"y [95
Condition(S) + (K) = ReA < —¢——>——
)+ (1) T+ PP

(e.g. Timoshenko system, Euler-Maxwell system)

& Duan-Kawashima-U(2017) :
€1

Craftsmanship Condition =— ReA < —¢
(1+1€%)?

(e.g. Timoshenko system with memory)
@ Can we get the decay estimate for the dissipative Bresse system??

@ How about the asymptotic profile of the solution to the dissipative

Bresse system??

Yoshihiro Ueda (Kobe University) Dissipative structure for linear system March, 2019 38/39



Thank You Very Much
for Your Attention!!
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