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Spatial localization in QM by FKF

Let us consider the Schrédinger equation:

1
hf=Ef. h=—3A+V.

Spatial decays of f

(1) L2-estimate: ||eM f|| < oo
(2) point-wise-estimate: aje~M < |f(x)| < aze M a.e. x € R,

We are interested in "point-wise-estimate" from both upper and lower.
Roughly speaking solving the equation (d = 1)

1
—3 (e +Ve "=Ee "

we obtain ()2 =2(V —E), = [*y/2 E)dx ~ |x|\/2(
el ~Ae-c‘x‘m .
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Spatial localization in QM by FKF

FKF
[ (e F)(x) = Ee VBN f(B,)], a.ex € R

» (B;);>0 is 3-dim Brownian motion with By = x on (Q, %, W*).

E..]=[o...dW~
Ground tate /¢, = E@,, E = infSpec(h).

efthf

M—)(pp (t—>°°) in Lz, (fZO)

»We keep in mind that

(e ™f)(x) M AL:))

Pp(x) ~ e ] = ([ [Ex[e=hVBds f(B,)][2dx)1/2
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Spatial localization in QM by FKF

Examples 1 = — 1A+ 3|x|?

»(1) Set if = Ef. Then |x|/V(x) = |x|*> and it is known that
flx) = h(x)e_‘x‘z/z.
»(2) Set f =1¢ L% Then

(" 1)(x) E¥fe2 1%y

e ]~ (J |Ex[et BIBFas] 24x)1/2
o~ 1AI*/2cotht

- ([ e— P /eothir ) 1/2

1% 34, IxP/2

(Yor formula)

(ground state)
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Spatial localization in QM by FKF
Let V- (x) =inf{V(y) | |x—y| <1} and hf = Ef.

fw) =0 E f ) = Blem B0 £ (B, )

Upper bound (Carmona 79)
1/ (x)] < ae—chIVV-0-E

Let ¢, be the ground state. Let K = [—b1,b1] X [—b2,by] x [—b3,b3).

;glf; (pp(x) > deg > 0.

X If V=V, —V_andV, is local-Kato, then x — ¢,(x) is cont due to the
smoothing effect of ¢’*. V,(x) = sup{V(y) | |x; —y;| < 1+x;],j =1,2,3}
Lower bound (Carmona 79)

1@, (x)] > agge VY E
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Renormalized Nelson Hamiltonian

Gaussian random variable ¢(f), (f € L3(R?)) on (Q,Z,u)
[ Eu[0()]=0, Eu[o(f)0()]=3(f.8)2

K Byl ] = [l Jdu and By [e()] = 5113

Boson Fock space
[ F=LQ)=LH{: ¢(f1) - 0(f) :}

—/

»H; = dI'(®) is "the free field Hamiltonian" defined by

He: @(f1)--0(fn) :=L;:0(f1)--0(@f)) - 0(fu) :
Hi1=0
where @ = o(—iV) with

o(k) = { |k| massless

VIk[2+ 12 massive
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Renormalized Nelson Hamiltonian

Total Hilbert space
[ A =I2(RY)®.F = LR x Q) ]

X F=Fx,¢9)ecH

Nelson Hamiltonian with UV cutoff A and IR cutoff ¢
[ Hepn =Hs® I+ 1@ Hy 4+ g¢(pa(- —x)) — En
>Hg = —3A,+V

» g € R coupling constant
»Interaction: ¢ (pa(- —x)) Gaussian r.v. with test function p, (- — x)
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Renormalized Nelson Hamiltonian

»pa has two parameters 0 < € < A < o, IR cutoff €. UV cutoff A.
The Fourier transform of ps (- —x) is given by

ik
Palk,x) = NE)

» Removal of UV cutoff:

HSS‘HSA 0§8<A<°°

efikx

Jim pa (K, x) = pus(k, x) = Wﬂgw ¢ L*(R%)

Then ¢(p.(- —x)) is not well-defined as a Gaussian r.v.
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Renormalized Nelson Hamiltonian

1 le<pkj<a
2 Jes o(k)(o(k) + [k[*/2)
Thm (E. Nelson 64)

Let Ex = dk(— —o).

3s.a. Ho > —oostu— lim e "Ha—Er) — p=1He
A—ro0

» The methods of renormalization of the Nelson Hamiltonian
@ Operator theory (Nelson 64)
o Stochastic method (Gubinelli-FH-L6rinczi14, Matte-Mgller17)
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Existence of the ground state ¢, FKF for the renormalized Nelson model

FKF for A = «

Let F,G € 5. Then
(F,eH=G) = /}R EF [(F(Bo),e’féV(BS)dSKtG(BI)) 7| dx.

Here the integral kernel is given by

K, = eS¢ (U)o~ 1Hi a(01) (a.s. bounded)
\-

-~ Gubinelli-FH-Lorinczi (JFA14), Matte-Moller(PTRF17) —

By FKF

¢ (x) =E*e WV EMK o (B)]  ae.(x,$) ER® x Q.
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Existence of the ground state ¢, Existence of the ground state ¢

@,: ground state <= H¢, = E@, with E = info (H)

eE>0] €=0
w>0 | exist exist
w=0 | exist | not exist

Figure: ¢ IR cutoff, u mass, Ground state for A <

» (A < =) Bach-Fréhlich-Sigal (AdvMath95), Arai-Hirokawa (JFA97),
Spohn (LMP99), Gérard (AHP0O0), Griesemer-Lieb-Loss (InvMath01)
» (A =o0) |g| < 1 — Hirokawa-FH-Spohn (Adv Math 05)

Vg — FH-Matte, preprint (19)
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Localizations Spatial localization

Upper bound (FH20)

SupposethatV =W —UstU >0andU € L? for3/2<p <o, W€ L} .
and inf, W > —c. Then

g (x)]| 5 < AeelIVW-09),

>ldea [ 9o(x)] 5 = (I, ge(x)) 5 = ExlehVEIEM (1, K, (x)) 7]
Lower bound (FH20)

LetV=W-UstU >0,U €LPfor3/2 < p<e,and W is local Kato.
Then the map R? 5 x— (1, ¢,(x)) is continuous, and

e ()] 5 > Ae eIV,
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Localizations Renormalized Gibbs measures

»Let 0 <u e L*(R*) and since (u® 1, ¢y) # 0,

e’thu ® 1 t—o0

= t ly in A
U e Foum i, @, strongly

For A . 57 — 57, by FKF Ja prob. measure u, on a path space st

(r,Aug) = By, [f4]-

Hence
((Pg7A(Pg) = }LI{}OEM [fftx]

Gibbs measure. FH AdvMath (14), FH-Matte (19)
[ e St L — U (t — o) in the local sense.
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Localizations Renormalized Gibbs measures

Let N be the number operator.

Super exp-decay of bosons FH-Matte(19)

((ngeJrﬁN(Pg) — E,uw |:e+(lfe+/3)f()“dsfgwer(Bszr,sfr)] < oo Vﬁ cR.

-~ Gaussian domination FH+Matte (19) ~
Bolr? | +B<fi;swsé)dx>2 5
, . =1 = [ (1=BI/1?) } <o VB <1
(92,6 POV ) = sy [ B <1/If1
and .
lim (Pv,eﬁ¢(f)_(Po — o
ﬁTI/H.fHZ( ¢ e)
N\ J
Cf. h=—1A+L|x> and hf, = Ef,. limpyy (fo, P £,) = oo.
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Concluding remarks

Concluding remarks A = «

0. All results we obtain are independent of coupling constants.

1. Suppose that u = 0 (massless).

o Let e > 0. Then H.. has the ground state.
o Lete=0. Then H.. has no ground state.

2. Properties of ground state:
o spatial decay: e FIVVE) < |, (x)| < e FVV®,

super-exp. decay: [P g, || < o for all B € R.

©

o Gaussian domination: lim (@,,eP?) @) = oo
Bi/IfI2 ¢

For decaying potential V we can also see a spatial decay.
Agmon metric

«®
°

©
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