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Introduction

This talk is based on a joint work with
Alexander Grigory’an (Bielefeld)
and
Laurent Saloff-Coste (Cornell).

o Heat kernel estimates on connected sums of parabolic
manifolds, J. Math. Pures Appl. 113(2018), 155-194.

o Geometric analysis on manifolds with ends, Advances in
Analysis and Geometry, 3(2020), 325-343.

o Poincaré constant on manifolds with ends, in preparation.
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Introduction

Definition (Manifold with ends (connected sum))

Let M;, Mo, ..., Mj be geodesically complete, non-compact
weighted manifolds of a same dimension.

We say that M is a manifold with k-ends My, ..., M} (and
write M = My # - - - # M) if there exists a compact set

K C M so that M\ K consists of k non-compact connected
components E1, ... Ej so that each E; is isometric to M;\ K;,
exterior of a compact set K; of M.
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Our interest
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Introduction

Our interest

oStable global structure under the quasi-isometric modification.

In this talk, we focus on
» Long time behavior of the heat kernel p(t,z,y) on M
» We always assume that the heat kernel p;(t,xz,y) on
each end M; satisfies the Li-Yau type estimates
(two-sided matching Gaussian estimates):

(LY) pi(ta T, y) ~ e_bd? (a:,y)/t.

Vi(z, V1)
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Introduction

Typical examples

On M = R"#R", n > 3, forx € M,y € M,

1 1 1 d?(z,y)
t,x ~ e_b t .
o)~ s (s + )

On M = R2#R?, for x € M;,y € Mo,

p(t, z,y)
e (logt + log® VI —log z[logly]) if |e], y] < V2,
| il et e if [yl < VE < |z,
T sk log e if o] < VE < |y,

_bd2(f,y)

1 .
t <10g|m| + log|y|) e if |ZC|, |y| > \/E
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Introduction

Typical examples

Let M = (R4 x S1)#R2.

R2

Ry x St ) K

FOI’ZBEMl,yEMQ

d(m,) .
%e - if |y| > V4,
pt,a,y) < 3 ¢ (1+ Glog S5T) i lol, Iyl < V2,
_pdi@y)
Flog G e T E ™ if Jul > Vi > [yl
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Introduction

History of geometric analysis on manifolds with ends

1979 Kuz’menko, Molchanov
Failure of Liouville property on R"#R", n > 3.

1991 Grigor'yan, Saloff-Coste (with Moser, Kusuoka, Stroock
etc)

(LY) < (PI)+ (VD) < (PHI)

1996 Benjamini, Chavel, Feldman
Bottleneck effect on the heat kernel on R"#R", n > 3:
For x € M;, y € M, with d(z, K) ~ d(y, K) =~ V1,

C
p(t,yz,y) < pr for some € > 0.
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2002 Grigor’yan and Saloff-Coste
Estimate of the Dirichlet heat kernel exterior of a
compact set
2002 Grigor'yan and Saloff-Coste
Estimate of the first hitting probability to a compact set
2009 Grigor’yan and Saloff-Coste
Heat kernel estimates on non-parabolic manifolds with
ends.
Mixed case (i.e. parabolic # non-parabolic) is reduced
to a non-parabolic case by using Doob’s h-transform)
2018 Grigor’yan, | and Saloff-Coste
Heat kernel estimates on parabolic manifolds with ends.

Remark: M is called parabolic if the B.M. is recurrent.
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Introduction

Definition
A manifold M admits the Poincaré inequality if there exits
C, k > 0 such that for any » > 0, * € M and any

fe CI(B(:I:’T))'

|- fpenPdu<or [ (9P,
B(z,r) B(z,kT)

where .fB(:z},r) = /,L(B(lzz:,r)) fB(m,r) fdp.
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Introduction

The connected sum M = M;# My = R™"#R™ (n > 3)
doesn’t satisfy the Poincaré inequality. Indeed, the function

. 1 x €& M,,
f(w)_{—l x € M,

implies that fp(, ) = 0 for a central point o € M and

/ If — fB(o,r)lzlez ~ r”, / |V f|?du =~ const.
B(o,r) B(o,kT)

which fails (P1).
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Heat kernel estimates

Heat kernel estimates

pp, (t,z,y): Dirichlet heat kernel on E; = M;\K;,
Tg,: First exit time to K; C M,;.
Px(Tr; < t): First exit probability from x to K; by time ¢.

Theorem 1 (Grigor'yan and Saloff-Coste, 2009)
Let M = ML# ---#My and fixo € K. Forxz € E;, y € E;,

p(t,z,y) =pp. (t,x,y) + p(t, 0,0)Ps(tE, < t)Py(7E, < 1)+

it
/ p(s,0,0)ds (atzpm(TEig t)Py (15,< t)+Pa(Tr, < t)8Py(TE, < t)).
J1
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Heat kernel estimates

Setting

We always assume that each end M; satisfies (LY). If M; is
parabolic, we also assume that relatively connected annuli
condition (RCA) :

Definition 2 (Relatively connected annuli condition (RCA))

M; admits (RCA) for a fixed reference point o; € M; if
there exists A > 1 and rg > 0 such that Vr > rg,

B,;(Oi, 44’)")\BZ (01;, A_l’I“)

is connected.
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Heat kernel estimates

On-diagonal estimates: non-parabolic case

For a fixed reference point o; € K; C M;, let
Vi(r) = Vi(oi,r) = pi(B;(o;,7)) and
T sds

1 Vi(s)’

hi(’l") =

Remark: h;(r) — oco(r — o©) <= M is parabolic.
Theorem 1 (Grigor'yan, Saloff-Coste (2009))
Let M be a non-parabolic manifold with ends My, ..., My. Then

1
min; V;(vt)h?(Vt)

p(t,0,0) =
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Heat kernel estimates

On-diagonal estimates: parabolic case

Definition Let M; be parabolic.
M; is called subcritical if h;(s) < Cs?/V;(s) (Vs > 1).
M; is called regular if there exist e, > 0 with n < /2 s.t.

(1) < X9 <o ()T s en0

Example

V;(r) = r®(log r)? is parabolic if « < 2 or a = 2,3 < 1.
V; is subcritical if « < 2 and regular if o = 2,3 < 1.
Definition

Vin =V, ifforalls >0

CVpn(8) > Vi(s) and V,,(s)h2,(s) < CV;(s)h2(s).
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Heat kernel estimates

On-diagonal estimates: parabolic case

Theorem 2 (Grigor'yan, |, Saloff-Coste, in preparation)
Let M = My # .-+ 4 My, is parabolic. Assume also that

> each end is either subcritical or regular.

> there exists m such that V,,, = V; foralli =1,...,k.

Then we have 1

p(t,0,0) = m
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Heat kernel estimates

Examples

Let M = R"#R" (n=1,2,...). Then

1
p(t,0,0) = 2

Let M = (R4 x S1)#R2. Then

1
p(t,0,0) = T

Let M = (R? x S"~2)#R"™ with n > 3. Then
hi(r) = logr and

1

t,o,0) ) ——.
p(t, 0,0) tlogzt
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Heat kernel estimates

Examples

Let M = R1# -+ #Ryi, where R; is a model manifold with
Vi(o,r) =~ r2(log r)? satisfying

1>0612 B2 2 Bk

Note that all ends are parabolic and, especially, regular.
Then

1
t,o,0) ~ ——.
p( 9 9 ) t(logt)ﬁl

™~
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Heat kernel estimates

A highlight of the proof: non-parabolic case

Assume that M, ... M} are non-parabolic.
They prove the Faber-Krahn inequality which implies that

sup p(t,z,x) < ——.
zeEM ( T ) len(\/i)

Since all ends are non-parabolic, forall i = 1,...,k,

’’

0;) > m

p(ta o, 0) > CPIE)i (ta O, Oi) > C/pi(ta Oj,
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Heat kernel estimates

A highlight of the proof: parabolic case

Assume that M, ... M; are parabolic. We estimate the
integrated resolvent kernel

[e o]
Ya(x) ::/ / e Mp(t, x, z)dzdt
K Jo
and its derivative v in A. They satisfy
Avx — A = —1k, A% — A% = —a.
In a open set A C M with K C A,
(A =X —) =0,

where v(z) 1= [ [;° e Mph (L, @, z)dzdt
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Heat kernel estimates

We apply comparison principle (a sort of maximal principle).
On 9A, A E;

7 e Z(%lzp a)1o4,-
i 3
Then we obtain in A,

™ —7e < Z(salip va) i,
i i

where h; is the harmonic extension of 154;."

(2Cihi =1)

Since (A — A)vx = 0 in E;, using the comparison principle again
on FE;, we obtain

T < (supa) (1 — @5%),
OFE;

where -
BYi(x) = A / MNP, (TE, > t)dt.
0
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Heat kernel estimates

By calculation,
k
. E;
(sup 1) z; inf @3 < C.
1=

Since
inf &% (x) >
BA; A hz(%) ’
We obtain 1
supvyx < Cminh;(—).
0K % A

7
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Heat kernel estimates

By a similar argument, we obtain

(sup')/)\) Z 1nf '1> < C+ (sup'y)\) (C + nglp\ll >

=1

where o
‘IIEz( _ —At
N(x) = te” O Py (TR, < t)dt.
0

By the assumption of M;, we obtain

c
vl <
Py N2Vi(J5)h3(J5)

which concludes

< c minih?(%) C
o = T N ming Vi(Z)h () | AP ming Vi()'
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