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A
Decaying Potential Model

We consider

2

H:=—-—
dt?

+a(t)F(X;) on L*R)

where a : decaying factor, and F' : random potential.

ELT A N O R Q R TR VATVl S caling |imit for 1d Schrodinger operators wi 2021 43 H 5 H 2 /14



Mode
Decaying Potential Model

We consider

H:= —d—2+ (t)F(X;) on L*RR)
Tz t

where a : decaying factor, and F' : random potential.

a(t) e C*(R), a(—t)=a(t), \y fort>0
a(t) =t *(1+o0(1)), t—o0, a>0
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Mode
Decaying Potential Model

We consider

H:= —d—2+ (t)F(X;) on L*RR)
Tz t

where a : decaying factor, and F' : random potential.

a(t) e C*(R), a(—t)=a(t), \y fort>0

a(t) =t *(1+o0(1)), t—o0, a>0

FeC>®(M), M :torus, (F) :—/ F(x)dx =0,
M

{Xi}ter : BM. on M.
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Introduction Known Results

Known Results 1

(1) Spectrum (Kotani-Ushiroya, 1988)

o(H)N[0,00) is

a.c. (a>1/2)
p.p. on [0, E;] and s.c. on [E.,00) (a=1/2, 3E,)
p.p. (< 1/2)
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Known Results 1

(1) Spectrum (Kotani-Ushiroya, 1988)

o(H)N[0,00) is

a.c. (a>1/2)
p.p. on [0, E;] and s.c. on [E.,00) (a=1/2, 3E,)
p.p. (< 1/2)

(2) CLT for IDS (N. 17)

HL = H|[0,L]7 D-bc
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Introduction Known Results

Known Results 1

(1) Spectrum (Kotani-Ushiroya, 1988)

o(H)N[0,00) is

a.c. (a>1/2)
p.p. on [0, E;] and s.c. on [E.,00) (a=1/2, 3E,)
p.p. (< 1/2)

(2) CLT for IDS (N. 17)

HL = H|[0,L]7 D-bc
NL(El,EQ) = ﬂ{ e.v.'s of Hy, in (E]_,EQ)}, 0< F1 < By
bounded

Lo L (1 /By — 1 /E1> + C1log L + v/log L(Gaussian)
T (CoL'~2% 4+ ... ) 4 L2~*(Gaussian)
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Introduction Known Results

Known Results 2
(3) Level statistics (Kotani-N14, N14, Kotani-N17)
{E;(L)} : positive e.v.'s of Hy, := H|[g 1], Eo > 0 : reference energy

§r.m = DO /BT V)
J
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Introduction Known Results

Known Results 2

(3) Level statistics (Kotani-N14, N14, Kotani-N17)

{E;(L)} : positive e.v.'s of Hy, := H|[g 1], Eo > 0 : reference energy
Clock(A(Ep)) (a>1/2)

Come = 0, 4L Sine(B(Ey)  (a=1/2)
o ZJ: VB V) Poisson(do)\/w) (v < 1/2)
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Known Results 2
(3) Level statistics (Kotani-N14, N14, Kotani-N17)
{E;(L)} : positive e.v.'s of Hy, := H|[g 1], Eo > 0 : reference energy

Clock(0(Ep)) (> 1/2)

Come = 0, 4L Sine(B(Ey)  (a=1/2)
o ZJ: VB V) Poisson(do)\/w) (v < 1/2)

where
Clock(9) := Z‘Smﬂr@? 0: rv.on[0,7)
neZ
Sine(8) := bulk scaling limit of GgFE
Poisson (i) := Poisson process with intensity meas.
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Introduction Known Results

Known Results 2

(3) Level statistics (Kotani-N14, N14, Kotani-N17)

{E;(L)} : positive e.v.'s of Hy, := H|[g 1], Eo > 0 : reference energy

Clock(0(Ep)) (> 1/2)

ELn = D00 BT v 40 Sine(B(Ey)) (o =1/2)
J

Poisson(dA/m) (a0 < 1/2)

where
Clock(0) Z‘Smﬂr@? 0: rv.on[0,7)
neZ
Sine(3) bulk scaling limit of GgFE
Poisson (1) Poisson process with intensity meas. p
1
B -
1 2
(E) / ‘V(L +2VE)F| da
8E |y
Scaling limit for 1d Schrédinger operators wi 2021 43 H 5 H
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Known Resuls
Remark for o = 1/2

(1) 7(Ep) : “Lyapunov exponent” in the sense that
|z| =00 —~(E
Hp=Ep = p(x) = |o| 7"
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Known Resuls
Remark for o = 1/2

(1) 7(Ep) : “Lyapunov exponent” in the sense that

Hp= Ep = o(z) "= 2|75,

(2) limp, 0 B(Eo) = 0 ~» Ey : small = e.v. repulsion is small,
limgy100 B(Eo) = 00 ~» Ey : large = e.v. repulsion is large,
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Known Resuls
Remark for o = 1/2

(1) 7(Ep) : “Lyapunov exponent” in the sense that

Hp= Ep = o(z) "= 2|75,

(2) limp, 0 B(Eo) = 0 ~» Ey : small = e.v. repulsion is small,
limgy100 B(Eo) = 00 ~» Ey : large = e.v. repulsion is large,

cf. Pg()q, s ,)\n) X Hm‘ |/\i - Aj‘ﬂeXp (_% Zj AJQ)
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Known Resuls
Remark for o = 1/2

(1) 7(Ep) : “Lyapunov exponent” in the sense that
|z| =00 —~(E
Hp=Ep = p(x) = |o| 7"

(2) limp, 0 B(Eo) = 0 ~» Ey : small = e.v. repulsion is small,
limgy100 B(Eo) = 00 ~» Ey : large = e.v. repulsion is large,

cf. Ps(hs--- ha) o [T i = gl exp (—% >, )\JQ.)
(3) (Allez-Dumaz 14, N 15)

. d [ Poisson(d\/m) (810)
Sine(f) = { Clock(unif[0,7)) (81 o)
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Known Resuls
Remark for o = 1/2

(1) 7(Ep) : “Lyapunov exponent” in the sense that

Hp= Ep = o(z) "= 2|75,

(2) limp, 0 B(Eo) = 0 ~» Ey : small = e.v. repulsion is small,
limgy100 B(Eo) = 00 ~» Ey : large = e.v. repulsion is large,

cf. Ps(hs--- ha) o [T i = gl exp (—% >, A?)
(3) (Allez-Dumaz 14, N 15)

. d [ Poisson(d\/m) (810)
Sine(f) = { Clock(unif[0,7)) (81 o)

~> Sine (/3) “interpolates” between Poisson and clock.
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el e
Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].
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Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].

{E;(L)}; : positive eigenvalues of Hy,

{'(/)%)(L)} : corresponding eigenfunctions.
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el e
Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].

{E;(L)}; : positive eigenvalues of Hy,

{z/)gj)(m} : corresponding eigenfunctions.

1 d
H () = (wE (L) + E](L)\wgﬁimm

2
7 ) dt € P[0, 1]
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el e
Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].

{E;(L)}; : positive eigenvalues of Hy,

{z/)gj)(m} : corresponding eigenfunctions.

2
(L) . 1L |d @)
P, 1) (dt) = <1¢E (L) + (D) ‘dthj(L)(Lt) )dteP[O, 1]
J = a,b](C (0,00)) : an interval on the energy axis,
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el e
Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].

{E;(L)}; : positive eigenvalues of Hy,

{z/)gj)(m} : corresponding eigenfunctions.

2
(L) . 1L |d @)
P, 1) (dt) = <1¢E (L) + (D) ‘dthj(L)(Lt) )dteP[O, 1]
J = a,b](C (0,00)) : an interval on the energy axis,

c‘f}L) :={E;(L)}; N J : eigenvalues of Hy, on J,
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el e
Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].

{E;(L)}; : positive eigenvalues of Hy,

{z/)g:)@)} : corresponding eigenfunctions.

1 d
s () = (wE (LD + E](L)\wzﬁimu)

2
7 ) dt € P[0, 1]

J = a,b](C (0,00)) : an interval on the energy axis,
c‘f}L) :={E;(L)}; N J : eigenvalues of Hy, on J,

EFIL> : r.v. uniformly distributed on EgL).
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el e
Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of Hy, under the formulation studied by Rifkind-Virag
[18].

{E;(L)}; : positive eigenvalues of Hy,

{z/)g:)@)} : corresponding eigenfunctions.

1 d
s () = (wE (LD + E](L)\wzﬁimu)

2
7 ) dt € P[0, 1]

J = a,b](C (0,00)) : an interval on the energy axis,

c‘f}L) :={E;(L)}; N J : eigenvalues of Hy, on J,

EFIL> : r.v. uniformly distributed on EgL).

Our aim Q: <JL),M(L()L)> 4 9
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[Lidgcte[ladlill  Scaling limit of eigenfunctions

Known Results

(1) (N 07)

H : d-dimensional discrete random Schrodinger operator

J :loc. region —> <E(L) (E()L)> i> (EJ75unif[0,1]d>

where B, : rv. ~ ZELIN(E), dN : DS meas.
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[Lidgcte[ladlill  Scaling limit of eigenfunctions

Known Results

(1) (N 07)

H : d-dimensional discrete random Schrodinger operator

J :loc. region —> <E(L) (E()L)> i> (EJ75un7jf[0,1]d>

where B, : rv. ~ ZELIN(E), dN : DS meas.

(2) (Rifkind-Virag 18)
H : 1-d discrete Schrodinger operator with decaying coupling const.
(a=1/2)

. L . . : .
= limy o u;()m : given by an exponential Brownian motion.
J
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[Lidgcte[ladlill  Scaling limit of eigenfunctions

Known Results

(1) (N 07)

H : d-dimensional discrete random Schrodinger operator

J :loc. region —> <E(L) (()L)> i> (EJ75un7jf[0,1]d>

where B, : rv. ~ ZELIN(E), dN : DS meas.

(2) (Rifkind-Virag 18)
H : 1-d discrete Schrodinger operator with decaying coupling const.
(a=1/2)

. L . . : .

= limy o u;()m : given by an exponential Brownian motion.
J

~» What about continuous and decaying potential case 7
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Scaling limit of eigenfunctions
Result

N(E):=n""VE : IDS, N(J) := N(b) — N(a),
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Scaling limit of eigenfunctions
Result

N(E):=n""VE : IDS, N(J) := N(b) — N(a),
7(E) == g [, V(L +2ivVE)"'F|?dz, L : generator of (X;)
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Scaling limit of eigenfunctions
Result
N(E):=n""VE : IDS, N(J) := N(b) — N(a),

7(E) == g [, V(L +2iVE)"'F|?dz, L : generator of (X;)
E; : rv. distributed as N(J)™11,(E)dN(E),
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Introduction Scaling limit of eigenfunctions

Result

N(E):=n""VE : IDS, N(J) := N(b) — N(a),

7(E) == g [, V(L +2iVE)"'F|?dz, L : generator of (X;)
E; : rv. distributed as N(J)™11,(E)dN(E),

U : uniformly distributed on [0, 1],
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Scaling limit of eigenfunctions
Result

N(E):=n""VE : IDS, N(J) := N(b) — N(a),

7(E) == g [, V(L +2iVE)"'F|?dz, L : generator of (X;)
E; : rv. distributed as N(J)™11,(E)dN(E),

U : uniformly distributed on [0, 1],

Z : the 2-sided Brownian motion,

where E;, U, and Z are independent.
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Scaling limit of eigenfunctions
Result

N(E):=n""VE : IDS, N(J) := N(b) — N(a),

7(E) = g= [1; V(L + 2iVE)"'F|?dz, L : generator of (X;)
E; : rv. distributed as N(J)™11,(E)dN(E),

U : uniformly distributed on [0, 1],

Z : the 2-sided Brownian motion,

where E;, U, and Z are independent.

~ Theorem
(L) (L)
(B nm)
(B, 1j0,11(t)dt) (a>1/2)
exp| 2Z_ oa £ —27(EJ) log £ | ) dt
LY E;, (E5)log & 2l U‘) (a=1/2)
f()l exp QZT(EJ)logﬁf%-(EJ)‘lOg %|>d8
(Ej, 6u(dt)) (a <1/2)
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Introduction Scaling limit of eigenfunctions

Remark

o < 3 : same for (N 07)
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Introduction Scaling limit of eigenfunctions

Remark
o < 3 : same for (N 07)
a > % : natural
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Scaling limit of eigenfunctions
Remark

o < 3 : same for (N 07)
o> % : natural
1 . . .
a=g5 im0 pp,(r) is
+ |—TIEs)
T

l I
0 U= unif:ﬂ. l:

Figure: Limit Shape of eigenfunction

ELT A N O R Q R TR VATVl S caling |imit for 1d Schrodinger operators wi

2021 43 H 5 H

9/14



Scaling limit of eigenfunctions
Remark

o < 3 : same for (N 07)
a > % . natural
_ ]_ . . .
a=g5 im0 pp,(r) is
¢ |-TIE)
T
| | Ly
l I >
0 U7 = unif{0, l: 1
Figure: Limit Shape of eigenfunction
where
U = unif[0,1] : "loc. center”
T(Ey) : strength of power law decay
zZ : Brownian fluctuation
Scaling limit for 1d Schrodinger operators wi 2021 43 H 5 H
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Introduction Scaling limit of eigenfunctions

Remark(cont)

Moreover, since

oo (0 F)
0 (B /)
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Sealing lmit of eigenfunctions
Remark(cont)

Moreover, since

oo (0 F)

T(E) — 0 (B o0

eigenfunctions behave like

1] E
ocalized delocalized
around

Figure: Limit Shape of eigenfunction Part 2

ELT A N O R Q R TR VATVl S caling |imit for 1d Schrodinger operators wi 2021 43 H 5 H 10 / 14



Sketch of Proof : Step 1

Hl’t = K}Q.’Et Pr«lx{fer < L > :’r’t(l’i>< Slnet(ﬁ) )

x /K
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Sketch of Proof : Step 1

Hl’t = K}Q.’Et Pr«l/{fer < L > :’r’t(l’i>< Slnet(ﬁ) )

x /K cos 0y(k)

() = exp(p() < ) = 5tm [ a(s)F X

_2I€ 0
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Sketch of Proof : Step 1

Hz, = K’z Pwer < rt >:T‘t(l-€)<

x /K cos 0y(k)
ri(k) = exp(pi(k)) ~ pi(k :im te%es(“)as s.
(R) = explp(s) = () = gt [ a ()
PO = pule) — (Fa) [ alsPds, tefo.1)
0

gs = (L+2ik)"'F.
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Sketch of Proof : Step 1

Hl’t = I{2$t PU/{:)Fer < L > :’r’t(l’i) < Slnet(ﬁ) )

x /K cos 0y(k)
ri(k) = exp(pi(k)) ~ pi(k :im te%es(“)as s.
(R) = explp(s) = () = gt [ a ()
PO = pule) — (Fa) [ alsPds, tefo.1)
0

gs = (L+2ik)"'F.

Lemmal a=1/2, k) := Ko+ 2, ko := VFo,

n’
—  "(ky) S 35(N), te[0,1], locally uniformly
2 2
~ K R,
dpy (k) = T(tO)dt - o O)dB?, t>0
Scaling limit for 1d Schrédinger operators wi 2021 4£ 3 A 5 H
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Sketch of Proof

Proof : Step 2 : local version

Lemma 2 = .= E(EO) where

( (\/m F) ”E (n))
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Sketch of Proof

Proof : Step 2 : local version

Lemma 2 = .=

=39 LN =(Ep), where
I (VB E) )

Ejez 5j7r+9(Eo) ® 51[071] (t)dt (>1/2)
= _exp(2pp(\)dt _
=(Eo) = Z)‘:Smeﬂ(Eo) e 6(f01 exp(2ﬁs(>\))ds) (a=1/2)

2 jez 0p; ® 55%, (< 1/2)

where {P;} : Poisson(d\/), {]5]} : Poisson(1p 1 (t)dt).
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Sketch of Proof

Proof : Step 2 : local version

Lemma 2 = .= Z E(EO) where
( (\/m F) ”?(n))

Zjez 5j7r+9(Eo) ® 61[071](t)dt (>1/2)
= exp(2p:(\))dt _
2(Bo) = Znsinesy N © 5(%) (a=1/2)

> jez.0p; © b (@ <1/2)

where {P;} : Poisson(d\/), {]5]} : Poisson(1p 1 (t)dt).

E[G(\,v)d=Z(A\,v)]  (intensity meas.)

JAXE [G (A, 1pqy(t)dt)]
1 exp| 2Z

T(Eqg) lo L_Q (EO 1Og|U|)
= ={ [dE |G| Fo)loe g
n fol exp <QZT(E0)logi_2T(E0) log’%Dds

JAXE[G (A, dv)],

ELT A N O R Q R TR VATVl S caling |imit for 1d Schrodinger operators wi 2021 43 H 5 H 12 / 14



Sketch of Proof

Step 3 : average on ref. energy

(@) = (1—[z)I(|lz] £1), g2 € Co(RxP(0,1)),
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Sketch of Proof

Step 3 : average on ref. energy

gi(z) = (1- Ifﬂ\) (lzl <1), g2 € Go(R x P(0,1)),

GL(E) = < <F f)) 2 (B (L), 1))

(L)GJ
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Sketch of Proof

Step 3 : average on ref. energy

gi(z) = (1- |$D (lz] <1), g2 € Cp(R xP(0,1)),
g )
(1) Since [dN(E)g1 = 1/(Lx), we have
ety ] 5 ot
E;(L)eJ
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Sketch of Proof

Step 3 : average on ref. energy

g(x) = (1- Ifﬂ\) (lzl <1), g2 € Go(R x P(0,1)),

GL(E) = < <F f)) 2 (B (L), 1))

(L)GJ

(1) Since [dN(E)g1 = 1/(Lx), we have

E[ d]ifv((ﬁ)GL(E)] = |: Z g2 (E MSE)(L)>:|

Ej(L)eJ

N {ﬁ{ eigenvalues of HL onJ }1+o0(1))

Z 92(E )i ))}

E;(L)eJd
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Sketch of Proof

Step 3-2 : average on ref. energy

(2) Compute [ d]]\\rf((ﬁ)

E[GL(E)].
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Sketch of Proof

Step 3-2 : average on ref. energy
N(E)

(2) Compute [ dN(J) E[GL(E)].
88 () e
Ej(L)eJ |
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Sketch of Proof
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Sketch of Proof

Step 3-2 : average on ref. energy

(2) Compute [ d]]\\ff((f)>E[GL(E)]

S (t(VED ) (B0

E[/gl )g2(E, p)d ()(MJJ)}
dN( )

N /g1 B a=0, M)]
([ dAE [g2 (E, 1jo,1)(t)dt)]

AN (E)
N(J)

exp|2Z_ oy o. t (EO)IOg’UD
[dE |g, | B, —
folexp(ZZT(EO)1Og%—27(E0)10g‘%‘)d8

(| [dAE[g2 (E,dv)]

dN(E) 1
N(J) ©
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