
Scaling limit for 1d Schrödinger operators
with random decaying potential

Fumihiko NAKANO

Tohoku University

2021年 3月 5日

Fumihiko NAKANO (Tohoku University) Scaling limit for 1d Schrödinger operators with random decaying potential2021 年 3 月 5 日 1 / 14



Introduction Model

Decaying Potential Model

We consider

H := − d2

dt2
+ a(t)F (Xt) on L2(R)

where a : decaying factor, and F : random potential.

a(t) ∈ C∞(R), a(−t) = a(t), ↘ for t > 0

a(t) = t−α(1 + o(1)), t→ ∞, α > 0

F ∈ C∞(M), M : torus, ⟨F ⟩ :=
∫
M
F (x)dx = 0,

{Xt}t∈R : BM. on M.
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Introduction Known Results

Known Results 1

(1) Spectrum (Kotani-Ushiroya, 1988)

σ(H) ∩ [0,∞) is
a.c. (α > 1/2)
p.p. on [0, Ec] and s.c. on [Ec,∞) (α = 1/2, ∃Ec)
p.p. (α < 1/2)

(2) CLT for IDS (N. 17)

HL := H|[0,L], D-bc
NL(E1, E2) := ♯ { e.v.’s of HL in (E1, E2)} , 0 < E1 < E2

L→∞∼ L

π

(√
E2 −

√
E1

)
+


bounded
C1 logL+

√
logL(Gaussian)

(C2L
1−2α + · · · ) + L

1
2
−α(Gaussian)
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Introduction Known Results

Known Results 2

(3) Level statistics (Kotani-N14, N14, Kotani-N17)
{Ej(L)} : positive e.v.’s of HL := H|[0,L], E0 > 0 : reference energy

ξL,E0 :=
∑
j

δ
L(
√

Ej(L)−
√
E0)

d→


Clock(θ(E0)) (α > 1/2)
Sine(β(E0)) (α = 1/2)
Poisson(dλ/π) (α < 1/2)

where

Clock(θ) :=
∑
n∈Z

δnπ+θ, θ : r.v. on [0, π)

Sine(β) := bulk scaling limit of GβE

Poisson (µ) := Poisson process with intensity meas. µ

β(E) :=
1

τ(E)
,

τ(E) :=
1

8E

∫
M

∣∣∣∇(L+ 2i
√
E)−1F

∣∣∣2 dx
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Introduction Known Results

Remark for α = 1/2

(1) τ(E0) : “Lyapunov exponent” in the sense that

Hφ = Eφ =⇒ φ(x)
|x|→∞
≃ |x|−τ(E).

(2) limE0↓0 β(E0) = 0 ⇝ E0 : small =⇒ e.v. repulsion is small,
limE0↑∞ β(E0) = ∞ ⇝ E0 : large =⇒ e.v. repulsion is large,

cf. Pβ(λ1, · · · , λn) ∝
∏

i,j |λi − λj |β exp
(
−1

2

∑
j λ

2
j

)
(3) (Allez-Dumaz 14, N 15)

Sine(β)
d→
{
Poisson(dλ/π) (β ↓ 0)
Clock(unif [0, π)) (β ↑ ∞)

⇝ Sine (β) “interpolates” between Poisson and clock.
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Introduction Scaling limit of eigenfunctions

Scaling Limit of E.f. : Notation

In this talk, we consider the scaling limit of the measure corresponding to
the eigenfunction of HL under the formulation studied by Rifkind-Virag
[18].

{Ej(L)}j : positive eigenvalues of HL,

{ψ(L)
Ej(L)

} : corresponding eigenfunctions.

µ
(L)
Ej(L)

(dt) := C

(
|ψ(L)

Ej(L)
(Lt)|2 + 1

Ej(L)

∣∣∣∣ ddtψ(L)
Ej(L)

(Lt)

∣∣∣∣2
)
dt ∈ P[0, 1]

J := [a, b](⊂ (0,∞)) : an interval on the energy axis,

E(L)
J := {Ej(L)}j ∩ J : eigenvalues of HL on J ,

E
(L)
J : r.v. uniformly distributed on E(L)

J .

Our aim Q :

(
E

(L)
J , µ

(L)

E
(L)
J

)
d→ ?
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Introduction Scaling limit of eigenfunctions

Known Results

(1) (N 07)
H : d-dimensional discrete random Schrödinger operator

J : loc. region =⇒
(
E

(L)
J , µ

(L)

E
(L)
J

)
d→
(
EJ , δunif [0,1]d

)
where EJ : r.v. ∼ 1J (E)

N(J) dN(E), dN : DS meas.

(2) (Rifkind-Virag 18)
H : 1-d discrete Schrödinger operator with decaying coupling const.
(α = 1/2)

=⇒ limL→∞ µ
(L)

E
(L)
J

: given by an exponential Brownian motion.

⇝ What about continuous and decaying potential case ?

Fumihiko NAKANO (Tohoku University) Scaling limit for 1d Schrödinger operators with random decaying potential2021 年 3 月 5 日 7 / 14



Introduction Scaling limit of eigenfunctions

Known Results

(1) (N 07)
H : d-dimensional discrete random Schrödinger operator

J : loc. region =⇒
(
E

(L)
J , µ

(L)

E
(L)
J

)
d→
(
EJ , δunif [0,1]d

)
where EJ : r.v. ∼ 1J (E)

N(J) dN(E), dN : DS meas.

(2) (Rifkind-Virag 18)
H : 1-d discrete Schrödinger operator with decaying coupling const.
(α = 1/2)

=⇒ limL→∞ µ
(L)

E
(L)
J

: given by an exponential Brownian motion.
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Introduction Scaling limit of eigenfunctions

Result

N(E) := π−1
√
E : IDS, N(J) := N(b)−N(a),

τ(E) := 1
8E

∫
M |∇(L+ 2i

√
E)−1F |2dx, L : generator of (Xt)

EJ : r.v. distributed as N(J)−11J(E)dN(E),
U : uniformly distributed on [0, 1],
Z : the 2-sided Brownian motion,
where EJ , U , and Z are independent.

Theorem� �
(
E

(L)
J , µ

(L)
Ej(L)

)

d→



(
EJ , 1[0,1](t)dt

)
(α > 1/2)EJ ,

exp

(
2Z

τ(EJ ) log t
U
−2τ(EJ )|log t

U |
)
dt∫ 1

0 exp

(
2Zτ(EJ ) log s

U
−2τ(EJ )|log s

U |
)
ds

 (α = 1/2)

(EJ , δU (dt)) (α < 1/2)� �
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Introduction Scaling limit of eigenfunctions

Remark

α < 1
2 : same for (N 07)

α > 1
2 : natural

α = 1
2 : limL→∞ µEJ (L) is

Figure: Limit Shape of eigenfunction

where 
U = unif[0, 1] : “loc. center”

τ(EJ) : strength of power law decay

Z : Brownian fluctuation

are all independent.
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Introduction Scaling limit of eigenfunctions

Remark(cont)

Moreover, since

τ(E) →

{
∞ (0 ↙ E)

0 (E ↗ ∞)

eigenfunctions behave like

Figure: Limit Shape of eigenfunction Part 2
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Sketch of Proof

Sketch of Proof : Step 1

Hxt = κ2xt
Prüfer⇝

(
xt
x′t/κ

)
= rt(κ)

(
sin θt(κ)
cos θt(κ)

)

rt(κ) := exp(ρt(κ))⇝ ρt(κ) =
1

2κ
Im

∫ t

0
e2iθs(κ)a(s)F (Xs)ds.

ρ̃
(n)
t (κ) := ρnt(κ)− ⟨Fgκ⟩

∫ n

0
a(s)2ds, t ∈ [0, 1],

gκ := (L+ 2iκ)−1F.

Lemma 1 α = 1/2, κλ := κ0 +
λ
n , κ0 :=

√
E0,

=⇒ ρ̃
(n)
t (κλ)

d→ ∃ρ̃t(λ), t ∈ [0, 1], locally uniformly

dρ̃t(κλ) =
τ(κ20)

t
dt+

√
τ(κ20)

t
dBλ

t , t > 0
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Sketch of Proof

Proof : Step 2 : local version

Lemma 2 Ξ(n) :=
∑

j δ
(
n
(√

Ej(n)−
√
E0

)
, µ

(n)
Ej(n)

) d→ Ξ(E0), where

Ξ(E0) :=


∑

j∈Z δjπ+θ(E0) ⊗ δ1[0,1](t)dt (α > 1/2)∑
λ:Sineβ(E0)

δλ ⊗ δ
(

exp(2ρ̃t(λ))dt∫ 1
0 exp(2ρ̃s(λ))ds

)
(α = 1/2)∑

j∈Z δPj ⊗ δδ
P̃j
, (α < 1/2)

where {Pj} : Poisson(dλ/π), {P̃j} : Poisson(1[0,1](t)dt).

E [G(λ, ν)dΞ(λ, ν)] (intensity meas.)

=
1

π



∫
dλE

[
G
(
λ, 1[0,1](t)dt

)]
∫
dλE

G
λ, exp

(
2Z

τ(E0) log
t
U
−2τ(E0) log| t

U |
)
dt∫ 1

0 exp

(
2Zτ(E0) log

s
U
−2τ(E0) log| s

U |
)
ds


∫
dλE [G (λ, δU )] ,
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Sketch of Proof

Step 3 : average on ref. energy

g1(x) := (1− |x|)1(|x| ≤ 1), g2 ∈ Cb(R× P(0, 1)),

GL(E) :=
∑

Ej(L)∈J

g1

(
L

(√
Ej(L)−

√
E

))
· g2
(
Ej(L), µ

(L)
Ej(L)

)

(1) Since
∫
dN(E)g1 = 1/(Lπ), we have

E

[∫
dN(E)

N(J)
GL(E)

]
=

1

N(J)

1

πL
E

 ∑
Ej(L)∈J

g2

(
Ej(L), µ

(L)
Ej(L)

)
= E

[ 1

♯{ eigenvalues of HL on J }(1 + o(1))

· 1
π
·
∑

Ej(L)∈J

g2

(
Ej(L), µ

(L)
Ej(L)

)]
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