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Introduction Introduction

Introduction
We consider the Cauchy problem

Ou = F(du), t>0, v€R?
(NLWW) ¢ u(0,2) = ef (),
(0, ) = eg(z),

€ R2.

° Dz@f—Az@%—(@f—l—@%), ﬁu:((?ou,alu,agu),
80 = 6t = 6/815, 81 = 6/8111, 62 = 8/81‘2
e u = u(t,z) : R-valued unknown.

e F(Ou) : polynomial w.r.t. Ju.

e fLgeCP(R?), 0<ex 1.
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Introduction Introduction

e =0 (free wave equation Ou = 0)
|Ou(t, z)] < C(1+t)~2, t>0, 2 € R%:

lu(@)[|z = |u(0)|&, t>0.
2 1 2
where ||u(t)]|% = 3 |Ou(t, x)|*dx.
R2

e F(Ou) = O(|0ulP) near du=0, p>1

p > 3 = Small Data Global Existence (SDGE) holds.

LLvfge CP(R?), 79 > 0st. 0 <e < g
= 'u: global classical sol. to (NLW).
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Introduction Introduction

p = 3: one of the critical cases.

e F(Ou) = —(9;u)® (nonlinear damping) — SDGE
o F(Ou) = (Ou)? — blow-up solution
o F(0u) = (0u)® — (Oyu)|V,ul> — SDGE

We are interested in

o structural conditions of F' for SDGE,

o asymptotic behavior of the global solution w.
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Introduction Introduction

We put F(Ou) = Fy(0u) + F.(Ou) + Fy(0u), where
2

o Fy(0u) = Bi(0ju)(Opu)

7,k=0

F.(0u) = Z Ciri(05u)(Oru) (Oyu)

Gk, 1=0
o [, (0u) = O(|0u|*) near u = 0
for Bjka Cjkl € R.

Remark
o F,=F.=0 = SDGE. ~» We consider F; and F..
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Introduction Introduction

Null condition

= > Bi(0ju)(Osu),  Fe(Ou) = Y Ci(05u)(0ku)(Ou)
5=0 JkI=0

Null condition

e Quadratic null condition (QN)

d

B Z rwiwy =0 for all w e St
7,k=0

o Cubic null condition (CN)
2

d

ol < F.(o Z Cimwjwgw; =0 for all w e S
j,k1=0

Here & = (wp,wr,ws) = (—=1,w), w e St
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Introduction Known results

Godin(1993) cf. Klainerman(1986), Christodoulou(1986)

(QN) and (CN) = SDGE for (NLW).

Remarks
e Under (QN) and (CN), the solution u is asymptotically free
» Asymptotically free £, There exists ut = ut(t, ) satisfying

Out =0 and (ut,dput) |i=o € H' x L?
such that lim |ju(t) — ut(¢)||g = 0.
t—ro0

e Moreover, u(t) behaves like a non-trivial free solution
as t — oo unless f = g = 0. In particular, tlim |lu(t)|| g # 0.
—00
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Introduction Known results

Agemi condition

In what follows, we always assume (QN).
Let P(w) = F.(©). wo=—1,weSst
o F.(0u) = —(0u)?

o F.(0u) = (Ou)?
o F.(0u) = (Ou)® — (Opu)|Viul> —  Plw) =0

e (A) &, P(w) >0 for all w € S,

— Plw)=-1

o (Ay) &L P(w) >0 forall w e S.
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Introduction Known results

P(w) = Z?;m:n Ciuwjwrw;,  (A) Pw) >0 (A;) P(w) >0

Hoshiga(2008), Kubo(2007)

(A) = SDGE for (NLW).

Katayama-Murotani-Sunagawa(2012)

Ce
(1 + 2 log(t + ) /0"

as t — 400, where 0 < § < 1.

(A+) = [lu@®lle <
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Introduction Known results

Remark
e (A) <= P(w) >0 for all w € S* = SDGE holds.

e (CN) < P(w) =0 for all w € S!
~ Ju(®)]|z = O(1) as t — +o0
e (A)) < P(w) >0 forallwes!
o Jul®)l = O((log £)/++) as t  +oc

Does the energy decay occur when (A) is satisfied but (CN) and
(A.) are violated?
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Main result Main result

Main result

Theorem (N.-Sunagawa-Terashita JMSJ 2021)

Assume that (QN) and (A) are satisfied but (CN) is violated.
For the global solution u to (NLW), there exist positive constants
C and A such that

Ce

l®)llz < T3 e logz 1 27

for t > 0, provided that € > 0 is sufficiently small.

The energy decay occurs when (A) is satisfied but (CN)
is violated.

Y. Nishii (Osaka Univ.) Weakly dissipative structure March 3, 2022 11/28



Main result Main result

Examples

The cubic nonlinear terms below are examples of F,(Ju) which

satisfy (A) but fail to satisfy (CN): 0ol — wy
F.(0u) P(w) A
—<81U)28tu (A}% 1/4 — 0

(A) | —(01u)*(Opu + Oou) | Wil —wo) | 1/8 =14
—(Oyu + Oou)? (1 —wy)? | 1/12 -6
(A}) —(Opu)? 1 1/4 -6

Ce
e < ) ; 11
Ju®)lz < (11 2 log(i + 2))° > 0 : sma
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Outline of the proof

Lemma 1 (Key estimate)

Let 0 < u < 1/10. Assume that (QN) and (A) are satisfied. If ¢ > 0
is suitably small, there exists a positive constant C', not depending on
g, such that the solution u to (NLW) satisfies

But, rw)] < 25 min S
Vi P(w)e2logt (t —r)t=+

for (t,r,w) € [2,00) x [0,00) x S!, where r = |z|, w = z/|z| and
(2) = (1L +[[)V2.
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Outline of the proof Proof of Key estimate

Proof of Key estimate

From Katayama-Murotani-Sunagawa, we already know

Ce " 1
VIti (t—rw

, w= (wy,ws) = x/|x| for x € R?,

|Ou(t, rw)| < (t,r,w) € [0,00) x [0, 00) x S*.

We set r = |z

S = tat + l’lal + x282, Lj = ta] + l‘jat, Q = x182 — (L’Qal.
Then we have
O,8]=20, [O,L;]=[0,0=0 j=12
We also set 0, = w10, + w0, and 0F = 0, £ 0,, we get

1
ot = m (S +wi Ly + (.UQLQ) .
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Outline of the proof Proof of Key estimate

For r ~t > 1, we get followings:
° 0, = 1(a+ +07) —_—18_ Op==(0"—07)~—=0"
"9 2 T 27
¢ h=wd — 20~ Do
T 2
o Oy = wdy + 2Q~ 20,
r 2

1
'D:_iaia wo=-1= 0, ~w,D, a=0,1,2.

Lemma 4
||z|"20¢(t, z) — &(x)D (|x'¢(t,2))| < C(t + ||y~ /*Te(t, z)|

for (t,7) € Ao = {(t,x) € [0,00) x R |z| > t/2 > 1},
where [' = (S, Ll,Lz,Q,ao,al,az).
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Outline of the proof Proof of Key estimate

We also have the relation

1
—(r _ /2 2
aro (r'?¢) = r'/?0¢ + T (492° 4+ 1)¢.

Now we set U(t,z) = D(r'/?u(t, z)), then we obtain

otU(t,x) = —%U(t,x}3 + H(t,z),

1

<r1/2F(8u) - tP(w)U3) -

2
537 (4Q° + 1)u.

where H =

N =

Remark

e Under (QN), H can be regarded as a remainder
|H(t,z)| < Ce(t —r) =1 1221=3/2,

for (t,2) € Aoo,r = {(t,2) € Aso; 2| <t + R},
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Outline of the proof Proof of Key estimate

Moreover, for t > 2, r >0, w € S!, we put
V(t,o,w) =U(t,rw)|r=t+o and G(t;0,w) = H(t,7W)|r=t+0, then

(NLW) = 9,V (t) = —%V(t)?’ +G(2).

Let (o,w) € R x S! be fixed, and we set ®(t;0,w) = P(w)V (t;0,w)%
Then we obtain
0@ (t) = 2P(w)V ()0, V (t)
_Pw)?
t

V() 4 2P(w)V (H)G(t)
Ce?
n 13/2=21(g)3/2°

whence we have

0 < ®(t; < —
<a(tiow) < g
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Outline of the proof ~ Proof of Key estimate

Therefore we deduce that

<I>(t g, w)

|V (t;o,w)| <
1og

r2\0u(t, rw)] < V2IV (LT —t,w)| + |7’1/28u(t,rw) — QU (t,rw)|

C Ce

< +
~ /P(w)logt (t+mr)t-*r

for (t,rw) € A g, whence

P logt
u(t, rw)| < ¢ (1 4 SV )08t (‘f) o8 )
log K

= NG VP(w)e?logt

for (t,rw) € A .
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Outline of the proof Proof of Key estimate

Lemma 1 (Key estimate)

Fort>2,r>0, weS, we have

Ce | 1 1
|Ou(t, rw)| < — min , - :
Vit P(w)e2logt (t—r)t=#
By using Lemma 1, we obtain

Ce 1 _ 1 =22
oult, < | -
Gut, rw)| < Vi ( P(w)e? 1ogt> (<t—7">1_“>
B Ce 1 1

~ (e2logt) ‘ P(w)? ‘ \/f<t — )= (=23

forA>0,t>2,r>0andwe S,
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Outline of the proof Proof of main theorem

Proof of main theorem

e We can take R > 0 such that supp fUsuppg C {x € R?;|z| < R}.
Then, from the finite propagation property, we get

suppu(t,-) C {z € R* |z| <t + R}.

o Let p=(?log t)l % . Then we can split

2u(t)|3 = / Ou(t, 2)Pda
|z|<t+R

:/ |8u(t,x)|2da:+/ |ou(t, z)|*dx
|z|<t+R—p t-+R—p<|z|<t+R

=: 11 + Is.
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Estimate for 4

e By Lemma 1, we have

Ce
Vit —r)l=w’

|Ou(t, rw)| < t>2 r>0, wesSh

Then, for t > 2, we get

L :/ |Ou(t, z)|*dx
x| <t+R—p

21 rt+R—p o2
/ / >2 oM rdrdf

t+R—p dr
< 2
< Ce /0 (R+t—r)2—2m
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Outline of the proof Proof of main theorem

Estimate for [

Since we have

|Ou(t, rw)| < Ce b 1 :
(e2logt)r  P(w)d it(t —r)A-m(1-2))

for t > 2, we obtain

Iy = / |Ou(t, z)|*dx
t+R—p<|z|<t+R

. ce o do /t+R rdr
~ (e2logt)?* \Jy P(cosf,sinf)?A t+R—p t(t — 7)2(=m(1=23)

. ce n df / do
~ (e2logt)** \ Jy P(cosf,sinf)?* R (0)201=m)(1=2%) |
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Outline of the proof Proof of main theorem

Lemma 2

Suppose that U(#) is a real-valued function on [0, 27| which can be
written as a (finite) linear combination of the terms cos?* 6 sin®? ¢
with py, po € Zso. If U(0) > 0 for all 6 € [0, 27|, then we have either
of the following three assertions:

(a) W(0) =0 for all 8 € [0, 27].

(b) ¥(8) > 0 for all € [0, 27].

(c) There exist positive integers m, vy, ..., Vy,, points
01,...,0, € 10,27], and positive constants ¢, ..., ¢, such that
» U(0) >0 for 6 € [0,27|\{b1,...,0m},
> U(0) = (6 —6;)*i(cj +0(1)) as § — 6; for each j =1,...,m.
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Outline of the proof Proof of main theorem

Let W(0) = P(cosf,sind). St 3 w = (cos b, sinh)
e P(cosf,sinf) >0 forall §€[0,2nr] < (A)

(a) P(cosf,sinf) =0 forall € [0,2n] < (CN)

(b) P(cosf,sinf) >0 forall 6 €[0,2r] < (A})

(c) » P(cosf,sin) > 0 for 6 € [0,27)\{01,...,0m}

> P(cosf,sinf) = (0 — 6;)*7(c; +o(1)) as 0 — 6;
<~ (A) O, (CN) X, (A;) X.
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Outline of the proof Proof of main theorem

We focus on the case (c)

(¢) » P(cos®,sin®) >0 for 6 € [0,27]\{b1,...,0m}
» P(cosf,sinf) = (0 — 6;)*i(c; + o(1)) as 6 — 0,

Lemma 3

Assume that P(cos ), sin §) satisfies (c). We set
v =max{v,...,Vn}. Then, for 0 <~y < 1/(2v), we have

/27r do .
o P(cosf,sinf)r '

.* We can take 6 > 0 so small that

P(cos 0,sin) > (6 — 0;) for 0 € (6; = 6.6 +9).

Y. Nishii (Osaka Univ.) Weakly dissipative structure March 3, 2022 25/28



Outline of the proof Proof of main theorem

Estimate for [

e We apply Lemma 3 with v = 2,

2m db
1/(4 .
0<A<1/(4) :/0 P(cos 6, sin 0)2* <00

e With this )\, we choose

1 1—4X

0<M<mln{10,2_4)\

} = 2(1—p)(1 -2 > 1.
Then, for t > 2, we obtain

e /2” df / do
~ (e2logt)?* \ Jy  P(cosf,sin ) R (0)20=p)(1=2%)

< 7062 .
~ (e2logt)2X
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L Ouine ofthe oot
Estimate for the energy
22
Eventually, for t > 2, we have, p = (logt)T2»

Ce? Ce? Ce?

DIz < < .
||U( )HE = pl=2u + (82 logt)”‘ = (52 log(t—|— 2))2>\

On the other hands, for t > 0, we get

rdr

B <ce [T e[ A7
e L R CIEae T

Summing up them, we obtain

Ce
(1 +e2log(t + 2))*

lu@®)e <

for t > 0. O
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Remarks Remarks on the decay rate

Remarks on the decay rate

We can take A = 1/(4v) — § with arbitrarily small 6 > 0, and 2v is
the maximum of the vanishing order of zeros of P(cosf,sinf).

F.(0u) ‘ P(cosb,sin ) ‘ ‘ A
—(01u)20u cos? 6 0 —m/2)* + - 1/4—6
(0 —3m/2)% +---
—(01u)2(Opu + Dau) | cos?O(1 —sind) | (1/2)(0 —n/2)* +--- | 1/8=§
2(0 —31/2)% + - -
—(Oyu + Oau)? (1 —sing)3 (1/8)(0 —m/2)° +--- | 1/12—6
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