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QCD Theory

e QCD Lagrangian: ¢ = (u,d,s,...) = Ng-quark, t* = SU(3)-color matrix

Lqocp = ¥(iv"D,, — )1/1 — tr FFY /4 D, =0, —igt® A}
N ~- —~—
quark Yang Mills gluon

Fo, = 0,A% — 0,A% + gfarc ALAS (a,b,c=1,2,...,8)

e Chiral transformation: For Ug/;, € SU(Ny)

o1 = VR = ”%%Um

Lqcp is invariant under the chiral transformation when m = 0.
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Effective (Low-Energy) Theory

A simplest effective theory: Nambu-Jona-Lasinio (NJL) model.

Ly = Vi 0up + g [(Y)* + (ivs1)?]  (without gluon)

(. J/

g

4-fermion

= Priv" O br + YRV O R + gURY LY LR

Ly has the chiral symmetry. B
In physics literature, it shows that the dynamical mass M ~ (1)) # 0 when g > g. —
Spontaneous breakdown of chiral symmetry ~ quark mass generation.

Main issue in this talk
Proof of mass generation in a mathematically rigorous way.

@ Lattice model: Some known results...
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Lattice Dirac and Doubling Problem

f

-05

-

(a) dispersion relation on —id,.¢ (b) dispersion relation on Z

! [Y(z 4+ a) —Y(x — a)] and w = sin(ka)

Discrete Dirac operator is p,1) = 5
at

(—m <k <m).
For dimensions v, lattice fermions have 2" degeneracy.

Cause: The difference is 2a for lattice spacing a.
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Staggered Fermion: Kogut-Susskind Formalism

Let 1), for even points and v, for odd. Two Eq: For a — 2a,

Pathr = —i[1(z +a) = i (x)]/a, patps = —i[Y2(z) — Po(z — a)]/a.

" (Patn) (k) = e sin(ka/2)/(a/2) and (pato) (k) = e~ sin(ka/2)/(a/2). (Fig.)
((1) _01> Vs = (O 1) ¢751/1 @ZJT%V&W ¢1@/}2 ¢;¢1-
Hamiltonian is obtain by H = iZ@E%po@/} = ZZ —1)"[¢"(x)p(x + 1) — h.c] for a

one component field ¢.

For Dirac matrices 79 =

-/ 2 m™m/2

-4 -3 -2 -1 0 1 2 3 4 1

(a) Even and Odd points (b) Even = Blue, Red = Odd
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Staggered Fermion: Lattice NJL

We consider the staggered fermion + four-fermion interaction (NJL) in
A=[-L+1,LJ".
Two formalism:

e Lagrangian: 1,1: Grassmann
When m = 0, the action is invariant under

Y(x) = (), D) - @ DPr), e(r) = (=)=, aeR

Theorem (Salmhofer-Seiler '91)
In A — 7, the mass generation (1)) # 0 occurs when v > 4.

e Hamiltonian: ¢ : Fermion operator
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Kogut-Susskind Hamiltonian

A=[=L+ 1L, {M(2), 9 (y)} = day, {(2),%(y)} = 0, a = lattice spacing.

= LSO (e + o) — 6+ ()]

xeA m

S0+ 3 plaloa ), () = W ()(r) 5

20 =0

l'(l) + .. _I_ :L'(:u'fl) for 'x(/"‘) ;é L
0,(z) =

x(l) + “ e + x(l"_l) _|_ 1 for a:(.“’) — L7

@ H(0) does not have usual continuous chiral symmetry.

e H(0) is invariant under a certain discrete chiral transformation.
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Particle-Hole Symmetry and Mass Generation

U = [[ [T "W @h () + d(2)) = Ulyto(2)Upn = ()

TEN y#x

ULy H(0)Upy = H(0) = (p(x))gmeo = 0, (A)gm = Zﬁ_in tr(Ae—PHm)

Theorem (Mass Generation in Lattice NJL)
Assume v > 3. For g. < ag, 8 > . we can show that

g g T3 5 . Z;ﬁv(”)
lim Tim (Oh)g,, = lim Alg%u<2( 1) p(a:)>ﬁ £0.

T

When v > 2 & g. < ag, lim,,_,o limp_,z» limg_, o (Oa)g.m # 0.

@ Breaking the discrete symmetry o/1r



Image of Phenomena

/‘ o
repulsion
‘o 1
b
\r
(a) Dirac sea (b) Checker boards pattern

/N

(c) dispersion relation on massless case (d) massive case

@ This is essentially the same as Mott (Metal-insulator) transition. 017



Tools of Proof

© Fermion Reflection Positivity (RP)

@ Gaussian Domination (GD) Bound

@ Infrared (IR) Bound
These imply the existence of Long-Range Order (LRO) i.e., Phase transition.
LRO implies SSB (Koma-Tasaki, 1993).
IR bound: Let A* be the dual lattice of A, and

p = [AI7VEY  p(a)eT, pe A

TEA
1
(A, B) = Z_l/ dstr(e P Ae=(1=9)BH(M) BY (Dyhamel 2-point func.)
0
1
: ——— (IR bound
() < 7 (R bound

Here 2E, := 3 ".[1 — cos(p')] and Q := (m,...,m).
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Infrared Bound to Inequalities

v n 1
ag Ep+Q By EP+Q

_ A A~ o~ 1% 1 2<ﬁQﬁQ>
AT popp + ppp) < C/ + >+
pEA* ! P rer p£Q CLng+Q ﬁng+Q |A|
N—_——

—.9,(A)
=:2m Ko

(Pob-p+ sy <

Here m{3), = [A|71\/(O2) = LRO parameter. By p(z)? = 1/4 & Plancherel,
A

Z <:5p15—p + ﬁ—pﬁp> = 9
peEA*
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LRO in Finite & Zero Temperature

Letting A — Z"

1 < fv 1 / dp 1 1 / dp .
- < m
4 Clg [—m,m]¥ \/ 59 271— [—m, 7] E RO

=, =1,

Since E, ~ p*+ O(p*), 1, J, < 0o when v > 3.
Hence LRO (myro > 0) if ag & f large.
Taking f — oo before A — Z:

1
43\/ gJ + MEsLRO-

J, < oo in v > 2. Hence LRO if ag large.
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Gaussian Domination Bound

Note
Hmt:gZZp(x) (x+e,) = gz ) 4 plz + e,)]” + const.

TEA p

Let h = (V... hW) : C-valued functions and

Hin(h) = gz [p(z) + p(z +e,) + AW (31:)}2 + const.

T,

H<m7 h) = Hfree + mOy + Hint<h>u Z(h) = tr eXp(_BH(mv h))

GD bound: For all h: Z(h) < Z(0) holds.
By GD, d*Z(ch)/de?|.—o < 0. Then for 8~h(”)(x) = hW(z) — kW (z — ¢;)

<p [Z auhvo] S am)]) < Z S [h® plfl =3 p(@)f(x)

H 1 zeA
Taking hW(z) = |A|7Y/2(e™(#Fen) — ¢i7) we have IR bound.
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Reflection Positivity

Divide A = A_ UA, and take r s.t. (Ay) = As.
Eg A_={2: —L+1<2® <0}, r(2W) = -2,
Define A = algebra of v(z),%(y), ¥,y € Ay, and anti-linear ¥ : AL — A: st
(V) (z) = (¥(x)), ¥(AB) = ¥(A)I(B) for A, B € AL, etc.
In usual, RP is
tr(Ad(A)e ) >0, Ac A
if H=H,+ H_+ Hy, with H, € A, Hy= ), A;9(4;), A; € A
This fails for fermions.
Fermion RP: tr(A6(A)) > 0 holds for A € A,.
Using the Lie-Trotter formula: eATB+C = lim,,_,o.[(1 + A/n)eB/meC/],
tr e AHMA) — lim,, tr(a?),

Q= (1 — éﬂgee) H o~ 52 (p(@)—plater) +hD ()2 = EH™ (m,h) ,— £ H* (m,h)
n
TEA:
zM=0,L
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Reflection Positivity to GD

Ju, WL € A4 we can write

tr(a” / Ztr W, (j, k)] H o1OR)\/£h ) ()

;1:(1):(]7L

tr(A0(A)) > 0= (A, B) :=tr(A0(B)) for A, B € A, is an inner product. By Schwarz

() < [ duk) 3 e W-()0OV-3) [ duh) Y- s (GO ().

Undoing, Z(h)? < tr e AU (m)+0(H-(mh)+Ho()) x ty o= BUH-+ (mh)+I(H (m.h)+Ho(h))
h(x) (z € Ax\{zM =0,L})
Then Z(h)? < Z(hy)Z(h-), for hy := { h(¥(z)) (2 € A:\{zM =0,L})

0 else.
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Proof of Gausian Domination

Figure: Divide z() = L plane.

Let hg to be a maximizer that contains the maximal number of zeros. We claim that
héi)(x) =0 for all 7,z. Suppose that h(()l)(L,x(Q), ...,#™)) #£0. Then, since

Z(ho)* < Z(hy)Z(h_), h+ obtained from hq are also maximizers containing more zero
than hg. Hence hg = 0. QED

Rem: Reflection Positivity for any hyperplane is crucial.
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Summary and Other Problems

Kogut-Susskind (KS) Hamiltonian: Lattice version of NJL model.

@ KS Hamiltonian does not have chiral symmetry.

Mass term (p(x)) = 0 when m = 0 in KS Hamiltonian.

For a large coupling constant, we can show the mass generation in the
infinite-volume limit.

@ Fermion reflection positivity is crucial.

o If we can take the continuum limit, the chiral symmetry is broken.
| don't know

@ KS Hamiltonian <> Grassmann theory?

@ Proof of mass gap (spectral gap).

@ Existence of the continuum limit.
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