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QCD Theory

QCD Lagrangian: ψ = (u, d, s, . . . ) = Nf -quark, ta = SU(3)-color matrix

LQCD := ψ̄(iγµDµ −m)ψ︸ ︷︷ ︸
quark

− trF a
µνF

µν
a /4︸ ︷︷ ︸

Yang-Mills

, Dµ := ∂µ − igta Aaµ︸︷︷︸
gluon

F a
µν := ∂µA

a
ν − ∂νA

a
µ + gfabcA

b
µA

c
ν (a, b, c = 1, 2, . . . , 8)

Chiral transformation: For UR/L ∈ SU(Nf )

ψL =
1− γ5

2
ψ → ULψL, ψR =

1 + γ5
2

ψ → URψR

LQCD is invariant under the chiral transformation when m = 0.
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Effective (Low-Energy) Theory

A simplest effective theory: Nambu-Jona-Lasinio (NJL) model.

LNJL := ψ̄iγµ∂µψ + g [(ψ̄ψ)2 + (ψ̄iγ5ψ)
2]︸ ︷︷ ︸

4-fermion

(without gluon)

= ψ̄Liγ
µ∂µψL + ψ̄Riγ

µ∂µψR + gψ̄RψLψ̄LψR

LNJL has the chiral symmetry.
In physics literature, it shows that the dynamical mass M ∼ 〈ψ̄ψ〉 6= 0 when g > gc →
Spontaneous breakdown of chiral symmetry ' quark mass generation.

Main issue in this talk
Proof of mass generation in a mathematically rigorous way.

Lattice model: Some known results...
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Lattice Dirac and Doubling Problem

(a) dispersion relation on −i∂xψ (b) dispersion relation on Z

Discrete Dirac operator is paψ =
1

2ai
[ψ(x+ a)− ψ(x− a)] and ω = sin(ka)

(−π ≤ k ≤ π).
For dimensions ν, lattice fermions have 2ν degeneracy.
Cause: The difference is 2a for lattice spacing a.
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Staggered Fermion: Kogut-Susskind Formalism
Let ψ1 for even points and ψ2 for odd. Two Eq: For a 7→ 2a,
paψ1 = −i[ψ1(x+ a)− ψ1(x)]/a, paψ2 = −i[ψ2(x)− ψ2(x− a)]/a.
∴ (p̂aψ1)(k) = eika/2 sin(ka/2)/(a/2) and (p̂aψ2)(k) = e−ika/2 sin(ka/2)/(a/2). (Fig.)

For Dirac matrices γ0 =
(
1 0
0 −1

)
, γ5 =

(
0 1
1 0

)
, ψ̄γ5ψ = ψ†γ0γ5ψ = ψ†

1ψ2 − ψ†
2ψ1.

Hamiltonian is obtain by H = i
∑
x

ψ̄γ5p0ψ = i
∑
x

(−1)x[φ†(x)φ(x+ 1)− h.c.] for a

one component field φ.

(a) Even and Odd points (b) Even = Blue, Red = Odd
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Staggered Fermion: Lattice NJL

We consider the staggered fermion + four-fermion interaction (NJL) in
Λ = [−L+ 1, L]ν .
Two formalism:

Lagrangian: ψ, ψ̄: Grassmann
When m = 0, the action is invariant under

ψ(x) → eiαε(x)ψ(x), ψ̄(x) → eiαε(x)ψ̄(x), ε(x) = (−1)
∑ν

µ=1 xµ , α ∈ R

Theorem (Salmhofer-Seiler ’91)
In Λ → Zν , the mass generation 〈ψ̄ψ〉 6= 0 occurs when ν ≥ 4.

Hamiltonian: ψ : Fermion operator
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Kogut-Susskind Hamiltonian

Λ = [−L+ 1, L]ν , {ψ†(x), ψ(y)} = δx,y, {ψ(x), ψ(y)} = 0, a = lattice spacing.

H(m) :=
i

a

∑
x∈Λ

∑
µ

(−1)θµ(x)[ψ†(x)ψ(x+ eµ)− ψ†(x+ eµ)ψ(x)]

+m
∑
x

(−1)
∑

µ x
(µ)

ρ(x) + g
∑
x,µ

ρ(x)ρ(x+ eµ), ρ(x) = ψ†(x)ψ(x)− 1

2

θµ(x) :=

{
x(1) + · · ·+ x(µ−1) for x(µ) 6= L

x(1) + · · ·+ x(µ−1) + 1 for x(µ) = L,
x(0) := 0

H(0) does not have usual continuous chiral symmetry.
H(0) is invariant under a certain discrete chiral transformation.
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Particle-Hole Symmetry and Mass Generation

UPH :=
∏
x∈Λ

∏
y ̸=x

(−1)ψ
†(y)ψ(y)(ψ†(x) + ψ(x)) ⇒ U †

PHψ(x)UPH = ψ†(x)

∴ U †
PHH(0)UPH = H(0) ⇒ 〈ρ(x)〉β,m=0 = 0, 〈A〉β,m := Z−1

β,m tr(Ae−βH(m))

Theorem (Mass Generation in Lattice NJL)
Assume ν ≥ 3. For gc ≤ ag, β ≥ βc we can show that

lim
m→0

lim
Λ→Zν

〈OΛ〉β,m := lim
m→0

lim
Λ→Zν

〈∑
x

(−1)
∑

µ x
(µ)

ρ(x)

〉
β,m

6= 0.

When ν ≥ 2 & gc ≤ ag, limm→0 limΛ→Zν limβ→∞〈OΛ〉β,m 6= 0.

Breaking the discrete symmetry
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Image of Phenomena

(a) Dirac sea (b) Checker boards pattern

(c) dispersion relation on massless case (d) massive case

This is essentially the same as Mott (Metal-insulator) transition.
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Tools of Proof
1 Fermion Reflection Positivity (RP)
2 Gaussian Domination (GD) Bound
3 Infrared (IR) Bound

These imply the existence of Long-Range Order (LRO) i.e., Phase transition.
LRO implies SSB (Koma-Tasaki, 1993).
IR bound: Let Λ∗ be the dual lattice of Λ, and

ρ̂p := |Λ|−1/2
∑
x∈Λ

ρ(x)eip·x, p ∈ Λ∗.

(A,B) := Z−1

∫ 1

0

ds tr(e−sβH(m)Ae−(1−s)βH(m)B) (Duhamel 2-point func.)

(ρ̂p, ρ̂−p) ≤
1

2βgEp+Q
(IR bound)

Here 2Ep :=
∑

i[1− cos(pi)] and Q := (π, . . . , π).
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Infrared Bound to Inequalities

〈ρ̂pρ̂−p + ρ̂−pρ̂p〉 ≤
√

ν

agEp+Q
+

1

βgEp+Q

∴ |Λ|−1
∑
p∈Λ∗

〈ρ̂pρ̂−p + ρ̂−pρ̂p〉 ≤
∑
p ̸=Q

(√
ν

agEp+Q
+

1

βgEp+Q

)
+

2〈ρ̂Qρ̂Q〉
|Λ|︸ ︷︷ ︸

=:2m
(Λ)
LRO

Here m(Λ)
LRO = |Λ|−1

√
〈O2

Λ〉 = LRO parameter. By ρ(x)2 = 1/4 & Plancherel,∑
p∈Λ∗

〈ρ̂pρ̂−p + ρ̂−pρ̂p〉 =
|Λ|
2
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LRO in Finite & Zero Temperature

Letting Λ → Zν

1

4
≤
√

ν

ag

1

(2π)ν

∫
[−π,π]ν

dp√
Ep︸ ︷︷ ︸

=:Jν

+
1

βg

1

(2π)ν

∫
[−π,π]ν

dp

Ep︸ ︷︷ ︸
=:Iν

+m2
LRO

Since Ep ∼ p2 +O(p4), Iν , Jν <∞ when ν ≥ 3.
Hence LRO (mLRO > 0) if ag & β large.
Taking β → ∞ before Λ → Zν :

1

4
≤
√

ν

ag
Jν +m2

GSLRO.

Jν <∞ in ν ≥ 2. Hence LRO if ag large.
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Gaussian Domination Bound
Note

Hint = g
∑
x∈Λ

∑
µ

ρ(x)ρ(x+ eµ) =
g

2

∑
x,µ

[ρ(x) + ρ(x+ eµ)]
2 + const.

Let h = (h(1), . . . , h(ν)) : C-valued functions and

Hint(h) :=
g

2

∑
x,µ

[
ρ(x) + ρ(x+ eµ) + h(µ)(x)

]2
+ const.

H(m,h) := Hfree +mOΛ +Hint(h), Z(h) := tr exp(−βH(m,h))

GD bound: For all h: Z(h) ≤ Z(0) holds.
By GD, d2Z(εh)/dε2|ε=0 ≤ 0. Then for ∂jh(µ)(x) := h(µ)(x)− h(µ)(x− ej)(

ρ

[∑
µ

∂µh(µ)

]
, ρ

[∑
µ

∂µh
(µ)

])
≤ 1

βg

ν∑
µ=1

∑
x∈Λ

|h(µ)(x)|2, ρ[f ] :=
∑
x

ρ(x)f(x)

Taking h(µ)(x) = |Λ|−1/2(eip·(x+eµ) − eip·x), we have IR bound.
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Reflection Positivity
Divide Λ = Λ− ∪ Λ+ and take r s.t. r(Λ±) = Λ∓.
E.g. Λ− = {x : − L+ 1 ≤ x(1) ≤ 0}, r(x(1)) = −x(1).
Define A± = algebra of ψ(x), ψ†(y), x, y ∈ Λ±, and anti-linear ϑ : A± → A∓ s.t.
(ϑψ)(x) = ψ(ϑ(x)), ϑ(AB) = ϑ(A)ϑ(B) for A,B ∈ A±, etc.
In usual, RP is

tr(Aϑ(A)e−H) ≥ 0, A ∈ A±

if H = H+ +H− +H0, with H± ∈ A±, H0 =
∑

iAiϑ(Ai), Ai ∈ A±.
This fails for fermions.
Fermion RP: tr(Aθ(A)) ≥ 0 holds for A ∈ A±.
Using the Lie-Trotter formula: eA+B+C = limn→∞[(1 + A/n)eB/neC/n]n,
tr e−βH(m,h) = limn tr(α

n
n),

αn :=

(
1− β

n
H free

0

) ∏
x∈Λ:

x(1)=0,L

e−
βg
2n

(ρ(x)−ρ(x+e1)+h(1)(x))2e−
β
n
H−(m,h)e−

β
n
H+(m,h)
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Reflection Positivity to GD
∃µ, ∃W± ∈ A± we can write

tr(αnn) =

∫
dµ(k)

∑
j

tr[W−(j, k)W+(j, k)]
∏

x(1)=0,L

eiΘ(k)
√

β
2n
h(1)(x)

tr(Aθ(A)) ≥ 0 ⇒ (A,B) := tr(Aθ(B)) for A,B ∈ A± is an inner product. By Schwarz

|tr(αnn)|2 ≤
∫
dµ(k)

∑
j

tr [W−(j)ϑ(W−(j))]

∫
dµ(k)

∑
j

tr [W+(j)ϑ(W+(j))] .

Undoing, Z(h)2 ≤ tr e−β(H−(m,h)+ϑ(H−(m,h))+H0(h))) × tr e−β(H+(m,h)+ϑ(H+(m,h))+H0(h))

Then Z(h)2 ≤ Z(h+)Z(h−), for h± :=


h(x) (x ∈ Λ±\{x(1) = 0, L})
h(ϑ(x)) (x ∈ Λ∓\{x(1) = 0, L})
0 else.

15 / 17



Proof of Gausian Domination

Figure: Divide x(1) = L plane.

Let h0 to be a maximizer that contains the maximal number of zeros. We claim that
h
(i)
0 (x) = 0 for all i, x. Suppose that h(1)0 (L, x(2), . . . , x(ν)) 6= 0. Then, since
Z(h0)

2 ≤ Z(h+)Z(h−), h± obtained from h0 are also maximizers containing more zero
than h0. Hence h0 ≡ 0. QED

Rem: Reflection Positivity for any hyperplane is crucial.
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Summary and Other Problems

Kogut-Susskind (KS) Hamiltonian: Lattice version of NJL model.
KS Hamiltonian does not have chiral symmetry.
Mass term 〈ρ(x)〉 = 0 when m = 0 in KS Hamiltonian.
For a large coupling constant, we can show the mass generation in the
infinite-volume limit.
Fermion reflection positivity is crucial.
If we can take the continuum limit, the chiral symmetry is broken.

I don’t know
KS Hamiltonian ↔ Grassmann theory?
Proof of mass gap (spectral gap).
Existence of the continuum limit.
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