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Homogenization problem

Let Q :bounded,openCc RY,d > 3,00 : C2,
f € L*(Q), T. :closed set— () in "some sense”.
Q. =Q\ T..
Consider

U € Hy(Q.) with — Auv® = f.
Regard H3(€.) C H3(Q2) by 0 extension.
Homogenization problem:
Find 1 satisfying ||u® — ul| gy — O where

u € Hy(Q) with (—A + p)u = f.
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inw=0ie —Au="f

54 = faB(o,l) ds.

Definition (Newtonian capacity)

VK :compactC RY,
mik = {u Borel measure on K,v(K) = 1}.
)

x 2—d
cap(K) ™t = infuemy, [[ |dy2|)5 dv(x)dv(y

Example 1
cap(B(x, R)) = Sy(d — 2)R9~2.

Example 2 ([Rauch and Taylor, 1975])
U.T. € Qcap(T.) - 0= pu=0.
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Weak solution to (—A + p)u = f

Let € W=1(Q) = W' (Q)*, 1 > 0 in D'(Q) and

a(u,v) =(Vu, V) + (4, uV) 100y (U, v € H; (Q))

be form on L2(Q).||-||H1(Q) ~ ||-||,- .". a:closed form. Riesz
theorem gives F'u € H}(Q),
Vg € Hy(Q), a(u,g) = (f.8)2- (12Poi)
le.
Lyu=f

where L, = L is operator defined by form a.
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p # 0 [Cioranescu and Murat, 1997]
Example 3 (Periodic balls)

Te= UieZaZd B(i,ed- 2) = pu= M.

It is known that origin of p is lim, cap(B(0,c92)) (for ex,

|(_€7€]d|
[Khrabustovskyl and Post, 2017])
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i # 0 [Cioranescu and Murat, 1997]

Example 4 (Periodic balls on R9~! x {0})

,od=1 —
T. = Uiezszd_lx{o} B(i,e72) = = sd2(j_12)5Rd_1X{0}.

Example 5 (Periodic cylinders)
d=3,T= Uiezsz2x{0} Bro(i,e ) X R = = 37“
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Framework

Example 3,Example 4,Example 5 are shown by Theorem 1.

Assumption 1
Jwe € HY Q) N H3 (TE) — 1 weakly in HY(Q),
pe Wte(Q),
v € H}(Q.) — v weakly in H}(Q)
= (AW V) gy = (1 v) -
Theorem 1 ([Cioranescu and Murat, 1997])
Under Assumption 1, we have p > 0 in D'(Q2) and

ut — L;lf weakly in Hy ().
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Preliminaries for Theorem 1

Lemma 1

—1 : 2\2 __.
L ||L2(Q)—>H1(Q) < (2 + diam(£2)%)* =: pa.
Proof.

1 5 5 (pPoi)

u= LA full; < CIIVU||22 < Ca(zu, u) < cl[f|l,llull,-
clully < el el Vull; < SIFl O
Lemma 2

Let X : norm space, sup, ||x,|| < 0o, any subsequence of x,
converge weakly have same limit x.
Then, x, — x weakly.

8/22



Proof of Theorem 1

Vg € D(Q), (—Aw* ,gW>

= [|Vwe?gdx + [(w® —1)Vw®  Vgdx + (Vw*, Vg),.
(p,1g) =lim. [ |VWE|2ng by Rellich theorem, etc. .. u > 0.

Lemma 1
[y < pallflly < pallfll,
For any subsequence u®" converge weakly, and limit v,

(Vu, V(wrg))s = (f, w™g),

—(pPoi) by Assumption 1.
u=L;'f. Use Lemma 2.
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Application to heat, Schrodinger equation

Theorem 2
Let AP : Dirichlet Laplacian on L?(S0.), P. : restriction to ..
Under Assumption 1,

Vf € 13(Q), HP;g(—Af)PEf — g(Lu)sz — 0.

for g(\) = e™™ (t € R),e ™ (t > 0).

Proof.
If g(\) = A1, it is Theorem 1. Analogy of
[Reed and Simon, 1980, VI11.20] shows this. O

See [Dondl et al., 2017] about Norm Convergence, spectrum,
Neumann, Robin Laplacian.
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Concentrated holes (I. arXiv:2208.04557)

We consider T. concentrated at subset of R¥.
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Construction of T,




Construction of T,
J ={ECR?||E|=|E|}. Tp:={E € J : bounded}.
{Fe}7, disjoint C J. {Nk}7_; C N. A :measurable,
#A = #N,R? = |_|i€/\(A +i).
A can contain maxx<m N balls with radius C > 0.
Fore > 0,i € A\, AS == (A + ).
(E):={ieN| A5 C E}.

For E C RY, A

€
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Result

For i € AZ (Fi). {x{;} C R? satisfy
B'® = icn, B(x5j, Ce) C AL T = icw, B(x5)s a-.x)-
e %a.4)%% = i € [0, 00). (radii)

Tew = |_|ie/\;(Fk) T T = |—|k§m Te k.
Result (1. arXiv:2208.04557)
p=YB S Nkl
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Proof (using Theorem 1)
Bek = Uieaz (royjen, B(ij> Ce)y Be = ke Bek

0 on T,
w® := ¢ harmonic on B.\ T. € C(RY).
1 on Bf
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Approximation of sets
For EC RYAF(E) = {i € A| AN E # 0}
AZ(E) = |_|ie/\3E(E) A;.
(Recall AZ(E) = {i € A | A5 C E})

Lemma 3 .
VE € Ty, |AZ(E)| = |E|.#AX(E) = 4500
Proof.

d. := diameA. {x € R? | dist(x, (E)°) > d.} Cc A-(E) C E
C AH(E) € U,.¢ B(x. d.). O
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w® — 1 weakly (1/3)

(aE k)—d+2_r—d+2
agyk)_d+27(C€)_d+2 .

19w g = {‘aeﬁwN@i‘i(f’(ci%m (i A= (F)
L2(A5) — . B .
“D 0 (i & LI A (Fe))

(radii) gives ¢ := supa’,-a_d||VW5Hi2(A?) < 0.

2 2 AL (Q
[V w2y < VW [Fogas ay < #AF(Q)ee? < 4530
W[ < 1. sup. HW€HH3(Q) < 00.

w® with polar coordinate is wg ,(r) = ¢
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w® — 1 weakly (2/3)
For i ¢ ||, AZ(Fk), B™ :=0.N := max N.
B'= c ADs C A:, |Ds| = N|B(0, Ce)).
(shown by intermediate theorem for
re |((A7\ B") N B(x, r)) U B™)

8 ‘= 1(U, Df)e- wog = .
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w® — 1 weakly (3/3)

Lemma 4

f € L, supey |[foll oo < 00,VE € Tp, (fa — £, 1£), = 0
=Vhe L' {f,—f h) — 0.

We apply Lemma 4 for wég. = g..

<g€7 1A;(E)> (8=, 1g) < <g5, 1A+(E)>

(& 1ax(e)) = (12Al = NIB(0, Co) ) #AE (E)

— (¢, 1g) where ¢ = IAI*’VIAW.

For any subsequence w®" converge weakly, and limit w,

(ge,w —cw,1g) = [ g, (W —w)lgdx+(g., — c,wlg) — 0.
eaw =c¢, w=1.
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(—Aws, v) = (p,v) (1/2)

Property of we, v¢ gives(—Aw®, v¢)

Y B (1 G Tt d (16,,v7))

where Ag® =d on B.,q° =0on BS.|Vg| < Ce.
(wg 4)' (Ce) _y (d=2)ii
Ce cd

’fB&k Vg - vadx‘ < Cel[v¥ |l yrgq) — 0.
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(—Aws, v) = (p,v) (2/2)

VE € Jb, B- x C Fi gives
<1Ba,k’ 1A;(E0Fk)> <1B Ko 1E> <1B k71A+(EﬂFk)>

(L0 Latenny ) = Nl B0, COl#AE(E N Fi) =

Ni|B(0,C)||FkNE| __ N,|B(0,C)|
U <k\A| 1F 1E>'

<]'BEJ<’ > <1BE k’ V> + <1B€,k7 V>

Lemma 4 N,|B(0,C)]
— <T1Fk,v .

L (—AwE, vE) = < |A\Sd 2 k<m i NilE; v >
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