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Notations in genera] graphs

» V(X): a set of vertices {x, xp, ... }.

» E(X): a set of unoriented edges {ej, e, ... }.
x1 ~ x if a pair (xl, xg) S E(X).

> A(X): a set of oriented edges {e],a, - }

» o(e): the origin vertex of e,

t(e): the terminal vertex of e,
where o( ) = t( ) t(é) = o(e).
» Subset of E(X) and /4( ) for each x € V(X):
> E( ) = {e € E( ) | x is an endpoint of e},

> AN« = {e € A(X) | o(e) = x}.
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Topo]ogical Crysta]s

X and X: connected graphs, where X is a finite graph.

A graph morphism

w:X =X, (w:V(XX) = V(X), w: E(X) = E(X))
s.t.if x|~ X2, then CU(X]) ~ (,u(xz).

Definition 1 (Covering map, [4])

A morphism w : X — X is called a covering map,
X: a covering graph over the base graph X, if

l. w: V(X) — V(%) Is surjective,
2. Vx € V(X), w\E(X)X L E(X), — E(%)w(x) Is a

bijection.
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A Topologica] crystal and a Unit cell

Notations: V(%) = {},‘], . ,}3,,}, E(%) = {2], cey ek}.
We choose a unit cell U = {x,...,x,} C V(X)
satisfying w(x,-) = I Vj € {], ceey n}.

#*2
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The Tran sformation group

[ C Aut(X) is called a transformation group acting upon
X, st woy=wVyer.
We choose a set of generators (’yj) = (’y], ce ,’yd) of .

d is the number of generators.

\ / 5
t/ ', — = O R
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Definition 2 (Topological Crystals, [4])

A d-dimensional topological crystal is a quadruplet
(X, X, w, F) such that:
1. X and X are graphs, with X finite,
2. w:X—Xisa Coverfng map,
3. The transformatfon group [ ofw Is fsomorphic to
A
4. w is regular, i.e. for every x,y € V(X) satisfying
u)(x) = w(y), there exists 7 € [ such that x = ~y.
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Analysis on topologica] crystals;

Periodic weight and degree function
Deﬁnezipeﬁodk:we%ht
m: V(X) = (0,00), E(X) = (0,00) s.t.
m(x) = m(o), m(e) = m(e)
And set
m(xr) = m(w(x)) := m(x), m(e) = m(w(e)) := m(e),
and n(é):zrn(e).
We introduce the degree function Vx € V(X),

w.0)= 300 3 e

eGA(X)X GA :f);
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The Laplace operator on topologica] crystals

Definition 3
The Lap/ace operator on a l‘opo/ogl'ca/ crysl‘a/ (X, X, w, F)
is defined on f € (*(X, m) and for any x € V(X) by

BEmAG = S ™ () - F(v)

e A(X), m(x)

= 3 ™ (o)) - deg () ()

o A(X), m(x)

A(X, m) is a self-adjoint operator on the Hilbert space
C2(X, m).
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Three maps in topo]ogical Crysta]s
depending on U, () Lift
Lift = : V(X) — U given by g =x € Ufory; € V(X).
B() = () : V(X) = U.

D)= Lo
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(2) The floor function
|_j : V(X) — [ given by \_xj&\)(x) =x VxE V(X).
We identify [ with Z4 through generators (7]-) as

X = (L 1)), gy € .
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(3) The Index map
We deﬁne the index map 7] : A(X) — F given by

n(e) := [t(e)] — |o(e)] Ve € AX).
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Three unitary transforms
1 Uy (X, m) — (27 (2(X));

LUuf1(1e 1) = Fux;) 1€ 2,

with 11, coordinate of | x| wrt the generators of T
2. F (2% 04(%)) = L2 (T4 (%))

[FHC) = e @ h(n) ¢eT’,

UEZ!

3. I, : I* (T; (X)) — LX(TY; C");

Z.al(Q) = (m(e)ia(C.m). . m(E)a(C k)
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The product of unitary transforms is a unitary transform.
ImFUy : (X, m) — L}(T9; C"). 1)
For g € L12(T9; C"),
[ZFUAX, m[ZFU] 8] (C) = hu(C)s(C), @
where hy(C) is an n X n matrix with the entries given by

(h)i(©):= Y m(e)  aricato)

e€A(X), o(e)=r;, t(e)=nr ”"(Pj)im(?k)
— deg(r;)0%, )
¢ € T. The image of A(X, m) n LZ(T”’; C”) is a

matrix-valued multip]ication operator Hy defined by the
continuous function hy : TY — M,(C).

o=
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|ndependence of spectrum wrt the Unit Cell

For distinct unit cells

U= {X],...,Xn}, U = {x{,...,x;} in X s.t.
w(x/) = w(x;) =¥ j =1... , n,

distinct lifts and floor functions based on U and U’;

TiX=U and T XU,

-] V(X)) =T st |x]@(x) = x,

and
L'J, : V(X) — [ st LXJ,CAU/(X) = Xx.

Then, distinct n and 77/ are defined accordingly.
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Since ZFUy is a unitary transform,
o ([ZFUY)AX, m)[ZFUY]*) = o (A(X, m)). @)

Only Uy depends on the choice of U. Let Uy be a

unitary operator for another unit cell U/, then
o ([ZFUAX, m)[ZFUY)") = o (A(X, m))

— o ([ZFU] DX, m)[TFUT).

Thus,
o(Hy) = o(Hy). (5)

We have more than this . ...
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Theorem 4 (1], Theorem 1)

Let hy(C) and hy(C) denote the matrices computed wrt
the unit cells U = {x,...,x,} and U' = {x{,...,x.}
respectively. Then the equality

o (hu(Q) = o (hu(C)) 6)
holds for any € T

(6) is the equality for each (, which implies the equality
for the union over all C This 1s stronger than (5) which is

the equality as a set.
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Proof. By a small computation, one has

(hU/),'lc(Q) _ e2”’.C‘LXI{J(hu),-1<(C) o2

2G| 0
Define V(C) = .
0 21

Then, hy(¢) = V(Ohu(Q)V(O) ™

Since V(C) 1s a unitary matrix,

o (hy(€)) = o (V(Qhu(OV(O) ™) = o (hu(C)).
(QED.)
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|ndependence of spectrum wrt Generators

for I

Let (’yi) and (’y]{) be distinct generators for I.
Then, there exist

ap € Lst. vy, = Zg:] apy, j=1...,d.

Set jk-matrix v = (aj/().

Let 7(e) and 7/(e) be the indices wrt (7;) and (’y]’)
Then, by a computation,

¢-1'(e) = (aC) - mle). ™
Let hU(C) and hb(C) be matrices wrt (’}/j) and (’y]/)

19/23



Theorem 5 ﬂﬂ,Theoren12J

/n the above framewor/c,

o(A,m) = J o(h(Q) = |J o (k(Q).

CeTd CeTd
and for any ¢ € Td, 0( (C)) = O(hu(ag))
but in genera/ ( (C)) (hU(C))

That s, only the entire spectrum of A(X, m) Is invariant

under the change in the set of generators.
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|dea of the proo|T
O_(}'U(C))

— m(e) 2miCn(e
_“(( 2 e

e€A(X), o(e)=r;, t(e)=1s

- deg(zc,')(5,1(> i/<> )
o (hy(<))
—0 (( me)  amitac)a(o
26/\(:{) o(e): t(e (x])fm( )E

— deg(lfj)fsjk)]_k) :
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Conclusion

We investigated the independence of the spectrum of the
Laplace operator on topological crystal with distinct unit
cells and distinct sets of generators of the transformation
group.
1. The choice of the unit cell has only a weak impact
on hy, since the spectrum of hy is preserved for
each individual ¢ € T
2. For the change In generators of the transformation

group, only the entire spectrum of the Laplace

operator is invariant.

22/23



Reterences

[ K. Kato and S. Richard. Topological crystals: Independence of

spectra] properties with respect to reference systems. Symmetry,

16(1073):1-15, 2024.
[2] D. Parra and S. Richard. Spectra] and scattering theory for

Schrﬁdinger operators on perturbed topo]ogica] crystals. Rev.

Math. Phys. 30 no. 4, 1850009-1-11850009-39, 2018.

[3] S. Richard and N. Tsuzu. Spectra] and scattering theory for

topo]ogica] crysta]s perturbed by inﬁnite]y many new edges.
Reviews in Mathematical Physfcs, 33(2):1-26, 2022.

[4] T. Sunada. Topological crystallography; with a view towards
discrete geometric analysis. Springer, 2013.

Thank you for your attention!

23/23



	Outline
	Topological crystals
	Topological crystals

	Representation
	Unitary Transforms

	Independence of Spectral Properties
	Independence WRT the Unit Cell
	Independence of spectrum wrt Generators for the Transformation Group

	References
	References



