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1. Uniform resolvent estimates and local smoothing effects

Consider first the free Schrodinger resolvent and group on R¢:
(—ARd — 0‘)_1, e/tArd
» Uniform resolvent estimate with a closed operator G
(Resolvent)  sup [|G(—Ags — ) G*|| 2oy 12(rey < 00
ceC\R
» Local smoothing effects with G:
1Ge"™ 22 f|] 2mxmey S IIF [l 2ro),
(Smoothing)

S 1Pl @)
L2(RxRd)

t
/ Ge!(t=5)2=d G*F(s)ds
0

» It is known (Resolvent) < (Smoothing)
(Kato '66, Mochizuki '11)
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Some examples of (R) and (S) for Ags

(Resolvent)  sup [|G(—Apgs — O')ilG*HLQ(Rd)A)L%Rd) < 00
o€C\R

1Ge™ 229 f|| ;2 rcrey S I ll 2 (e

S Pl 2mxrey

Smoothin t
( g) ‘ / Ge/(t—s)ARd G* F(s)ds
0

[2(RxRY)

» (Resolvent) hold for
> G =[x YDl (1- 4 <a<l).
(Kato—Yajima '89, Watanabe '91, Sugimoto '98)
> G = () DIz (1> 3,d >2).
(Kenig—Ponce—Vega '91, Ben-Artzi—Klainerman '92, Chihara '02)
» Application: Ex) If d > 3, H = —Ags+pV(x), V is R-valued,
V| < |x|72, || < 1, (Resolvent) holds with G = |V/(x)|*/?,
then Wy = s-lim e™e™®rd exist and Ran Wy = L?(RY)

t—+oo
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Two generalizations

» Elliptic case: if a € C°(R?\ 0), a(\¢) = A™a(&) (A, m > 0)
and Va(§) # 0 for £ # 0, then for > 2

sup [[(x)*|D|"z (a(D) — 0)"YD|"Z (x) ¥ < oc.

oceC\R
(Chihara '02, Ruzhansky-Sugimoto '12)
> Non-elliptic case: P = —02 — x{02 (Grushin operator) on R?,

_ _ _ 1
sup [[(A) P3P — o)t PY2(A) V|| < oo, u > 5
ceC\R

where A = 2(x10y, + O X1 + 2x205, + 205,%2). (Hoshiro '99)

Today's topic

Generalization of Hoshiro's result to the Heisenberg

sub-Laplacian
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2. Heisenberg group and sub-Laplacian

» Heisenberg group: HY = R29*+! with the group law
(z,8) (2, =(x+xX,y+y s+ +2x -y —2x-y)
where z = (x,y) € R x R? and s € R.

» Left invariant vector fields:

ijaxj+2yjﬁs, szﬁy—2xjﬁs, 352 [Yl,Xl]/4

J

» Sub-Laplacian: Vi = (X1, ..., Xy, Y1, ..., Yq)
d
Ay =V V=Y (X?+Y7) = A, +4N0, + 42?32,
=1
where N :=z1 -V, zt = (y, —x) for z = (x, y).
» Ay is self-adjoint on L2(H9) = L2(R?4*1, dzds).
» 0(Ag) = 0ac(Bn) = (—00,0], 0p(Am) = 0sc(Ag) = 0.
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Motivation: Non-dispersiveness of the Schrodinger flow

Bahouri—Gérard—Xu '00: Let
(z5) = [ ePe N g € GR((0.)
Then e2uf, is given by the translation in s-direction:
et™if,(z,5) = f,(z,s — 4td)

> (|24 L [ ouey = || £lloquay for any p and t.
» No global dispersive (time-decay) nor Strichartz estimates
» No local smoothing effects with respect to 0, or 0Os.
However, with L°L212 = [*(R; L*(R, x R29)),
e Auf, L1212 = (2\/3)_le*HL2(Hd)a
|||Z|VHeitAHﬁ«||LgoL§Lg = Cd||f*||L2(Hd)

with Cy = 27Y/2(d + 1)Y2779/2[(d /2).

6/14



Known results

>

M3ntoiu '17: L2 _-estimates with derivative loss

t,z,s
K1z, 8)l) = (Vaa) | Vi€ || oy S [1F ] 2gaae)-
where 1/2 < < 1and |(z,t)|n = (|z|* + s?)V/*.
Bahouri—Barilari-Gallagher '21:
Strichartz-type estimates for f radial in z:

1"l ioereis S flliz,  f(z,5) = (|2, )
for2 < p,g<o0,2/p+2d/qg=d+1. In particular

™|l ziz + [1{s) 7™ |z < [IFlee.

Barilari—Flynn (preprint '25): general f, non-endpoint p > 2
Bahouri-Gallagher '23: Explicit kernel formula for /4%,

local-in-time dispersive and Strichartz esti.
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3. Result (Fanelli-M. —Roncal-Schiavone, preprint '24)

Theorem 1 (Resolvent estimates)

Consider the following weights G;:

> d>1, G =(2)(z5)lu) "]

> d>2, G = (1+]|z>+ s?)71/2

> d>2 1> 3, G=(N)(|(z,9)la) " |z#| Va2

> d>2 3 <pu<1, G=(N)"(z,8)g" 2" Val ",
where N = z+ - V,, zt = (y, —x) for z = (x,y). Then

sup [|Gj(—Am — U)_lGj*fHB(Hd) S 1l ey
c€eC\R

forj=1,...,4. Moreover, if f(z,s) is radial with respect to z,
then (N)™" in Gz and G, can be removed.
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Result (Fanelli-M. —Roncal-Schiavone, preprint '24)

> d>1, G = (2)Y(z,9)u) 2|

> d>2 G =(1+|z]* +s2)71/2

> d>2 1> 1L G= (N)"(|(z,5)|u) |2 V2

> d>2 1< <1,6 = (N) (2, 5)[g 2] Vi

Theorem 2 (Kato smoothing effects)

Under the same condition in Theorem 1, for j =1, ..., 4,
1Gie™ 8 || 2rmey S I1Fll 2y

5 HF||L2(R><]HId)-
L2(RxH)

t
G,I/O ei(tfr)AHGj*F(r)dr

» (N)™" is a kind of spherical derivative losses (N = z* - V)
» |If f and F are radial in z, we have similar %—Iocal smoothing

effects to the Euclidean case. o 1



4. ldea of the proof. 1: The method of weakly conjugate

operators (Boutet de Monvel-Mantoiu '97, Hoshiro '99)

Let A= 2(z-V,+ V- z+ 250s + 20,5s) be the generator of
eMf(z,5) = el f(erz,e®s), AeR
such that [Ag, iA] = 2Ag. Let o € R and
Ao = (Vi) "A(VE) ", Wo=(A) " Val(Vi) "

We apply essentially the same differential inequality method as
in Mourre '81 to the operator

F(e) = (eA )" "Wy (=Ay — 0 + ie[Ag, iA]) TWE (A !
with € > 0 and Im o > 0 to obtain

sup ||Wo(=Ag — o) "W <oo, p>1/2, a>0.
oceC\R
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4. ldea of the proof. 2: Hardy's type inequalities

We have obtained sup,cc\g || Wo(—An — o)W || <oo J

It remains to replace W, by G; with appropriate o depending
on j. Consider the case G, = (1 + |z|> + s2)7Y/2. Then

Gz = Go| Viaa| M (Vi) (iAy + 1) - (i1 + 1) (A1) - (A1) | Val(Ve)

N

bou‘n,ded =W vmh pn=1
Go| Var| (Vi) (iAr + 1) = G| Vis| ™ (Vie) (i(Vi) " A(Vir) * + 1)
= Gyz- V|V HVu) ' 42 Gs 0,|Vy| ™ (Ve)
N =~

bou‘n,ded bounded

+ dG,| V| ™ (Vr) T + G| V| H{(VE)
Thus, it is enough to observe

0| V| (Vi) ™Y, Go| V| (Vi) Y, Go| V| (Vi) € B(L?)
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4. ldea of the proof. 2: Hardy's type inequalities

> 9, Vi 1(Vy) ' € B(L?): We use the sub-elliptic estimate
1
o1 < 2],

which follows from the facts 0, = %[Xl, Y1] and [0s, Ag] = O:
1
2
> G2|VH|71<VH>_1, Go| V| (V) € B(L?): By Hardy's type

inequality (D’Ambrosio '04)

2| ]l < (d = 1) Vef],
we obtain ||G;|Vg|™}|| <1 and
G2 V| (Vi) || < 11 G2 Vil ™ (Vi) xj0,1(— L) |
+ | G2 V| (Vi) X100 (— D) | S 1

- 1 - -
19s(=2m) | < ZIIVal X0, Vil Vi 7| <
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Future topics

v

1. On resolvent and smoothing estimates on H:
Potential perturbation H = —Ag + V(z,s)
Generalization to more general stratified Lie group

Endpoint Strichartz-type estimates with f not radial in z:
1€ F || o2, S IIF[li2?

2. On spectral and scattering theory on H:

Radiation condition: We can prove a priori estimate:
IVi(e™ )2 S (2. 9)Elzl 7l 0<e$A

if u=(—Ay — \ — ie)7f satisfies u(z,s) = u(|(z, s)|u),
where (2, 5) = ﬁ VA2, )

Structures of geometric scattermg matrices
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Thank you for your attention



