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Introduction

In this talk, we consider an analogue of the Klein-Gordon equation on Sn.

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2. x ∈ Sn, t ∈ R.

In the above, M denotes the mass of a particle.

Instead of giving the Cauchy data, we give the data at three different

times t = 0, t = t1, t = t2. The purpose of this talk is to give the

relationship between the number theoretical properties of the snapshot

times t1, t2 and the existence of a unique solution to the above problem.

Our question is as follows.

When does the above equation have a unique solution?
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Notations and Basic Facts on ∆Sn

∆Sn : the Laplacian on the unit n-sphere Sn.

Vl : the l-th eigenspace of ∆Sn . (l = 0, 1, 2, · · · .)

λ(l): the l-th eigenvalue of ∆Sn .

d(l): the dimension of Vl .

Then we have

λ(l) = −l(l + n − 1), d(l) =
(2l + n − 1)Γ(l + n − 1)

Γ(l + 1)Γ(n)
.

We denote by {Ylm}, (l ∈ Z≥0, 1 ≤ m ≤ d(l)) the set of spherical

harmonics on Sn. (Note that {Ylm} forms a CONS in L2(Sn).)

We do not need an explicit expression of Ylm. All we need is

∆SnYlm = −l(l + n − 1)Ylm, (l ∈ Z≥0, 1 ≤ m ≤ d(l)).

3 / 39



Notations and Basic Facts on ∆Sn

∆Sn : the Laplacian on the unit n-sphere Sn.

Vl : the l-th eigenspace of ∆Sn . (l = 0, 1, 2, · · · .)

λ(l): the l-th eigenvalue of ∆Sn .

d(l): the dimension of Vl .

Then we have

λ(l) = −l(l + n − 1), d(l) =
(2l + n − 1)Γ(l + n − 1)

Γ(l + 1)Γ(n)
.

We denote by {Ylm}, (l ∈ Z≥0, 1 ≤ m ≤ d(l)) the set of spherical

harmonics on Sn. (Note that {Ylm} forms a CONS in L2(Sn).)

We do not need an explicit expression of Ylm. All we need is

∆SnYlm = −l(l + n − 1)Ylm, (l ∈ Z≥0, 1 ≤ m ≤ d(l)).

3 / 39



Notations and Basic Facts on ∆Sn

∆Sn : the Laplacian on the unit n-sphere Sn.

Vl : the l-th eigenspace of ∆Sn . (l = 0, 1, 2, · · · .)

λ(l): the l-th eigenvalue of ∆Sn .

d(l): the dimension of Vl .

Then we have

λ(l) = −l(l + n − 1), d(l) =
(2l + n − 1)Γ(l + n − 1)

Γ(l + 1)Γ(n)
.

We denote by {Ylm}, (l ∈ Z≥0, 1 ≤ m ≤ d(l)) the set of spherical

harmonics on Sn. (Note that {Ylm} forms a CONS in L2(Sn).)

We do not need an explicit expression of Ylm. All we need is

∆SnYlm = −l(l + n − 1)Ylm, (l ∈ Z≥0, 1 ≤ m ≤ d(l)).

3 / 39



Notations and Basic Facts on ∆Sn

∆Sn : the Laplacian on the unit n-sphere Sn.

Vl : the l-th eigenspace of ∆Sn . (l = 0, 1, 2, · · · .)

λ(l): the l-th eigenvalue of ∆Sn .

d(l): the dimension of Vl .

Then we have

λ(l) = −l(l + n − 1), d(l) =
(2l + n − 1)Γ(l + n − 1)

Γ(l + 1)Γ(n)
.

We denote by {Ylm}, (l ∈ Z≥0, 1 ≤ m ≤ d(l)) the set of spherical

harmonics on Sn. (Note that {Ylm} forms a CONS in L2(Sn).)

We do not need an explicit expression of Ylm. All we need is

∆SnYlm = −l(l + n − 1)Ylm, (l ∈ Z≥0, 1 ≤ m ≤ d(l)).

3 / 39



Notations and Basic Facts on ∆Sn

∆Sn : the Laplacian on the unit n-sphere Sn.

Vl : the l-th eigenspace of ∆Sn . (l = 0, 1, 2, · · · .)

λ(l): the l-th eigenvalue of ∆Sn .

d(l): the dimension of Vl .

Then we have

λ(l) = −l(l + n − 1), d(l) =
(2l + n − 1)Γ(l + n − 1)

Γ(l + 1)Γ(n)
.

We denote by {Ylm}, (l ∈ Z≥0, 1 ≤ m ≤ d(l)) the set of spherical

harmonics on Sn. (Note that {Ylm} forms a CONS in L2(Sn).)

We do not need an explicit expression of Ylm. All we need is

∆SnYlm = −l(l + n − 1)Ylm, (l ∈ Z≥0, 1 ≤ m ≤ d(l)).

3 / 39



Notations and Basic Facts on ∆Sn

∆Sn : the Laplacian on the unit n-sphere Sn.

Vl : the l-th eigenspace of ∆Sn . (l = 0, 1, 2, · · · .)

λ(l): the l-th eigenvalue of ∆Sn .

d(l): the dimension of Vl .

Then we have

λ(l) = −l(l + n − 1), d(l) =
(2l + n − 1)Γ(l + n − 1)

Γ(l + 1)Γ(n)
.

We denote by {Ylm}, (l ∈ Z≥0, 1 ≤ m ≤ d(l)) the set of spherical

harmonics on Sn. (Note that {Ylm} forms a CONS in L2(Sn).)

We do not need an explicit expression of Ylm. All we need is

∆SnYlm = −l(l + n − 1)Ylm, (l ∈ Z≥0, 1 ≤ m ≤ d(l)).

3 / 39



Solution of the Cauchy problem for KG equation

We start with the Cauchy problem for the Klein-Gordon equation on Sn.

(CP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u(x , 0) = f0(x), ∂tu(x , 0) = g0(x),

Let

f0 =
∑
l≥0

d(l)∑
m=1

alm Ylm, g0 =
∑
l≥0

d(l)∑
m=1

dlm Ylm.

be the eigenfunction (Fourier series) expansions by {Ylm} of f0 and g0

respectively. Then the solution u of (CP) is given by

u(x , t) =
∑
l≥0

d(l)∑
m=1

(
alm cosλM(l)t + dlm

sinλM(l)t

λM(l)

)
Ylm(x).

where

λM(l) =

√(
l +

n − 1

2

)2

+M2.
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For t ∈ R, we define an operator St : C
∞(Sn) → C∞(Sn) by

C∞(Sn) 3 F =
∑
l≥0

d(l)∑
m=1

Flm Ylm

7→ StF :=
∑
l≥0

d(l)∑
m=1

Flm
sinλM(l)t

λM(l)
Ylm ∈ C∞(Sn).

Then the solution u of (CP) is rewritten as

u(x , t) = S ′
t f0(x) + Stg0(x).

where S ′
t = ∂tSt .
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Snapshot problem for the KG equation on Sn

Next, we will consider the snapshot problem for the Klein-Gordon

equation on the unit n-sphere Sn.

For t = 0, t1, t2 (0 < t1 < t2) and for f0, f1, f2 ∈ C∞(Sn). we consider the

following problem.

(SP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2.

We call the above problem the snapshot problem for the Klein-Gordon

equation on Sn and the data u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2 the

snapshot data of (SP). (For simplicity, we sometimes call the triplet

{f0, f1, f2} the snapshot data of (SP).)
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Uniqueness of the solution to the snapshot problem

First, we consider the uniqueness of the solution to the snapshot

problem. Let us assume that f0 = f1 = f2 = 0 and thus assume that the

Fourier coefficients of f0, f1, f2 are all zero.

Then we have

dlm sinλM(l)t1 = 0, for ∀ l , andm (1 ≤ m ≤ d(l)),

dlm sinλM(l)t2 = 0, for ∀ l , andm (1 ≤ m ≤ d(l)).

If for all l , sinλM(l)t1 6= 0, or sinλM(l)t2 6= 0, namely, if

| sinλM(l)t1 |+ | sinλM(l)t2 | > 0, for ∀ l ,

we have dlm = 0 for all l and m (1 ≤ m ≤ d(l)), and thus we have

g0 = 0. Since f0 = g0 = 0, by the uniqueness for the Cauchy problem, we

obtain u = 0, which proves the uniqueness of the solution to the

snapshot problem.
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Summarizing the argument above, we have

Theorem

The uniqueness of the solution holds for the snapshot problem for the
Klein-Gordon equation on Sn if and only if

(#) | sinλM(l)t1 |+ | sinλM(l)t2 | > 0, for ∀ l ,

8 / 39



Next, let us consider when condition (#) does not hold.

Theorem

The uniqueness of the snapshot problem does not hold if and only if the
following (a) and (b) hold.

(a) t1/t2 is a rational number.

(b) We write t1/t2 = p/q in lowest terms and put τ := t1/p = t2/q.

If n is odd, then
(π
τ

)2
−M2 is a square integer.

If n is even, then 4
(π
τ

)2
− 4M2 is an odd square integer.

Note that for any given t1, t2 only finitely many M’s satisfy condition (b).

The proof is straightforward, so we omit it.
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Compatibility condition

We note that the snapshot problem

(SP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2.

is overdetermined.

In fact, as we mentioned, for two given smooth functions f0 and g0, the

Cauchy problem for the Klein-Gordon equation on Sn

(CP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u(x , 0) = f0(x), ∂tu(x , 0) = g0(x),

has a unique solution.

So we need a compatibility condition on three functions f0, f1 and f2.
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Compatibility condition

By the formula u(x , t) = S ′
t f0(x) + Stg0(x) and by the snapshot data,

{
f1 = u(·, t1) = S ′

t1 f0 + St1g0,

f2 = u(·, t2) = S ′
t2 f0 + St2g0,

we have

St2(f1 − S ′
t1 f0) = St2St1g0 = St1St2g0 = St1(f2 − S ′

t2 f0).

Therefore, we have

Proposition (Compatibility condition on the snapshot data)

If the snapshot problem (SP) with the snapshot data {f0, f1, f2} has a
solution, then f0, f1 and f2 satisfy the following compatibility condition.

St2(f1 − S ′
t1 f0) = St1(f2 − S ′

t2 f0).
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Existence of the solution to the snapshot problem

Let us go into the existence of the solution to the snapshot problem.

(SP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2.

Let us write f0, f1, f2 as

f0 =
∑
l≥0

d(l)∑
m=1

alm Ylm, f1 =
∑
l≥0

d(l)∑
m=1

blm Ylm, f2 =
∑
l≥0

d(l)∑
m=1

clm Ylm.

We put b̃lm := blm − alm cosλM(l)t1, c̃lm := clm − alm cosλM(l)t2. Then

the compatibility condition St2(f1 − S ′
t1 f0) = St1(f2 − S ′

t2 f0) is rewritten as

b̃lm sinλM(l)t2 = c̃lm sinλM(l)t1.
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Here we introduce the following condition.

(D)

{
There exist positive constants C and ρ such that

| sinλM(l)t1 |+ | sinλM(l)t2 | ≥ C (1 + l)−ρ, for ∀ l ≥ 0.

We call the above condition the Diophantine condition. Let us assume

the Diophantine condition (D). By the compatibility condition

b̃lm sinλM(l)t2 = c̃lm sinλM(l)t1., we put

dlm :=
b̃lmλM(l)

sinλM(l)t1
=

c̃lmλM(l)

sinλM(l)t2
.

By the assumption that f0, f1, f2 ∈ C∞(Sn), the Fourier coefficients

{alm}, {blm}, {clm} of f0, f1, f2 are rapidly decreasing respectively as

l → ∞, and so are {b̃lm} and {c̃lm}. Therefore, by (D), {dlm} is

well-defined and is also rapidly decreasing.
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By using the above {dlm}, we define a function g0 by

g0 =
∑
l≥0

d(l)∑
m=1

dlm Ylm.

Since {dlm} is rapidly decreasing as l → ∞, we have g0 ∈ C∞(Sn).

Moreover, we see that {
f1 = S ′

t1 f0 + St1g0,

f2 = S ′
t2 f0 + St2g0.

Therefore, the solution u to the Cauchy problem

(CP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u(x , 0) = f0(x), ∂tu(x , 0) = g0(x),

satisfies u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2.
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Summary of the construction of the solution

We start with the three functions f0, f1, f2 ∈ C∞(Sn) satisfying the

compatibility condition

St2(f1 − S ′
t1 f0) = St1(f2 − S ′

t2 f0). For the Fourier

coefficients {alm}, {blm}, {clm} of f0, f1, f2, we put

b̃lm := blm − alm cosλM(l)t1, c̃lm := clm − alm cosλM(l)t2..

We assume the Diophantine condition (D) and put

dlm :=
b̃lmλM(l)

sinλM(l)t1
=

c̃lmλM(l)

sinλM(l)t2
.

Next, we define g0 by g0 =
∑
l≥0

d(l)∑
m=1

dlm Ylm. Then the solution u to the

Cauchy problem (CP) with the Cauchy data u|t=0 = f0, ∂tu|t=0 = g0

satisfies u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2.
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We started with the three functions f0, f1, f2 ∈ C∞(Sn) satisfying the

compatibility condition

St2(f1 − S ′
t1 f0) = St1(f2 − S ′

t2 f0). Moreover we

assumed the Diophantine condition

(D)

{
There exist positive constants C and ρ such that

| sinλM(l)t1 |+ | sinλM(l)t2 | ≥ C (1 + l)−ρ, for ∀ l ≥ 0.

Then we proved the existence of the solution to the snapshot problem.

So we arrive at the question.

Is the Diophantine condition (D) necessary and sufficient for the

existence of the solution to the snapshot problem?

We have the following.
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Main theorem

Theorem

We assume that the three functions f0, f1, f2 ∈ C∞(Sn) satisfy the
compatibility condition

St2(f1 − S ′
t1 f0) = St1(f2 − S ′

t2 f0).
Then the snapshot problem

(SP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

∂t2 u(x , t),

u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2.

has a unique solution if and only if the following Diophantine condition
(D) holds.

(D)

{
There exist positive constants C and ρ such that

| sinλM(l)t1 |+ | sinλM(l)t2 | ≥ C (1 + l)−ρ, for ∀ l ≥ 0.

We note that if (D) holds then | sinλM(l)t1 |+ | sinλM(l)t2 | > 0 for all

l ≥ 0. Thus we have the uniqueness of the solution.
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Outline of the proof of the “only if” part.

We briefly explain how to prove that the snapshot problem has a unique

solution only if the Diophantine condition (D) holds.

Let us consider the

composition of the following two mappings.

the space of Cauchy data {f0, g0} ∈ C∞(Sn)× C∞(Sn)

−→ the space of solutions u of the K-G equation

−→ the space of snapshot data {f0, f1, f2}

with the compatibility condition.

If the snapshot problem (SP) has a unique solution, the above map

{f0, g0} 7→ {f0, f1, f2} is continuous and bijective. By the open mapping

theorem, the inverse map {f0, f1, f2} 7→ {f0, g0} is also continuous, from

which it follows that the Diophantine condition (D) holds.
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What happens if (D) does not hold?

If the Diophantine condition (D) does not hold, there exist f0, f1 and f2

satisfying the compatibility condition such that the snapshot problem

with the snapshot data {f0, f1, f2} does not have a solution.

More precisely, if (D) does not hold, the image of the mapping

{f0, g0} 7→ {f0, f1, f2} is a proper subspace of the space of snapshot data

with the compatibility condition.
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Two sufficient conditions

In general, it is a difficult problem to check if a given sequence satisfies

the Diophantine condition.

In what follows, we give two different

sufficient conditions for the sequence {| sinλM(l)t1 |+ | sinλM(l)t2 |}∞l=0

to satisfy the Diophantine condition (D).

1 Sufficient condition by a non-Liouville number

2 Sufficient condition by a badly approximable number
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Sufficient condition by a non-Liouville number

The first sufficient condition is as follows.

Theorem

If the ratio t1/t2 is an irrational number and not a Liouville number, then
the Diophantine condition (D) holds.

From now on, we will explain the definition and the properties of a

Liouville number.
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What is a Liouville number?

Definition

A Liouville number is a real number x with the property that, for every
positive integer m , there exists a pair of integers (pm, qm) with qm > 1
such that

∣∣∣∣ x − pm
qm

∣∣∣∣ < 1

qmm
.

By definition, a Liouville number is a real number which is very closely

approximated by a sequence of rational numbers.

The following is a famous example given by Liouville.

x =
∞∑

m=1

10−m!
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Properties of Liouville numbers

Let L be the set of Liouville numbers. The following are known in

number theory.

Known facts

1 Any Liouville number is a transcendental number.

2 L is an uncountable set and dense in R.

3 The Lebesgue measure of L is zero.
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As a consequence of the above theorem and the main theorem, we have

Theorem

We assume that the snapshot data{f0, f1, f2} satisfies the compatibility
condition. If the ratio t1/t2 is an irrational number and not a Liouville
number, then the snapshot problem (SP) with the snapshot data
{f0, f1, f2} has a unique solution.

As we mentioned, the set of Liouville numbers is a measure zero set. So

the above theorem asserts that for almost all t1 and t2 the snapshot

problem (SP) has a unique solution.
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Sufficient condition by a badly approximable number

The above theorem asserts that the snapshot problem (SP) has a unique

solution if t1/t2 is neither rational nor a Liouville number. So one may

think of the following question.

What happens if t1/t2 is either rational or a Liouville number?

Even though t1/t2 is rational or a Liouville number, if we choose a good

snapshot time, we get a unique solution of (SP).

We give the second sufficient condition.

For simplicity, let us consider the case when t1/t2 is irrational.
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We have the following.

Theorem

We assume that the snapshot data {f0, f1, f2} satisfies the compatibility
condition.

If t1/π or t2/π is a badly approximable number, there exists a
constant M0 > 0 such that for 0 < M < M0 the snapshot problem (SP)
with the snapshot data {f0, f1, f2} has a unique solution.

From now on, we will explain the definition and the properties of a badly

approximable number.
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What is a badly approximable number?

Definition

An irrational number y is called a badly approximable number if

there is
a constant c > 0 such that ∣∣∣∣ y − p

q

∣∣∣∣ ≥ c

q2
,

for all rationals p/q.

In contrast to a Liouville number, a badly approximable number is badly

approximated by rationals. Moreover, it is known that the set of badly

approximable numbers is thick in the sense that its Hausdorff dimension

is 1. In this sense, there are sufficiently many badly approximable

numbers, So the above theorem asserts that there are sufficiently many

good snapshot times to get a unique solution of the snapshot problem.
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Properties of badly approximable numbers

Let B be the set of badly approximable numbers. Then the following are

known in number theory.

Known facts

1 Any quadratic irrational is a badly approximable number. For

example,
√
2, .

√
3, 1 +

√
5, · · · are all badly approximable numbers.

2 B is uncountable and dense in R..

3 The Lebesgue measure of B is zero.
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Markov constant

In order to give M0 in the statement of the theorem, we introduce a

number theoretical quantity called Markov constant.

For a real number x , we define m(x) by

m(x) = lim inf
q→∞

q||qx ||,

where ||y || denotes the distance from y to the nearest integer. In number

theory, m(x) is called the Markov constant of x .

By definition, we see that an irrational number x is a badly approximable

number if and only if m(x) > 0.

For example, the largest and the second largest Markov constants are

given respectively by

m

(
1 +

√
5

2

)
=

1√
5
, m(1 +

√
2) =

1

2
√
2
.
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Idea of the proof

Let us consider the case when n is odd.

It suffices to prove that there

exist some C > 0 and ρ > 0 such that

| sinλM(l)t1 |+ | sinλM(l)t2 | ≥ C (1 + l)−ρ, for ∀ l ≥ 0.

Now let

M0 := max


√

2πm(t1/π)

t1
,

√
2πm(t2/π)

t2

 .

We assume that 0 < M < M0. Then there exists a positive integer l0

such that

| sinλM(l)t1 |+ | sinλM(l)t2 |

≥ 2

3π
× t21 (M

2
0 −M2)

(2l + n − 1 + 2M0)t1 +
π
2

, for l ≥ l0.

The Diophantine condition (D) follows from the above inequality.
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Are there any other badly approximable numbers?

As we mentioned, any quadratic irrational is a badly approximable

number. But are there any other badly approximable numbers?

If you use continued fraction expansions, you can make uncountably

many badly approximable numbers. For a real number x , let

x = a0 +
1

a1 +
1

a2 +
1

a3 + . . .

be the continued fraction expansion of x .

Then, the following theorem is well known in number theory.

Theorem ( Steuding “Diophantine Analysis,” Theorem 5.9 )

x is badly approximable if and only if its partial quotients
an (n = 0, 1, 2, 3, · · · ) are bounded.
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Examples of continued fraction expansions

1 +
√
5

2
= 1 +

1

1 +
1

1 +
1

1 + . . .

(the golden ratio)

√
3 = [1; 1, 2] = 1 +

1

1 +
1

2 +
1

1 +
1

2 + . . .
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Some Remarks on M0

As we stated, if 0 < M < M0, and if {f0, f1, f2} satisfies the compatibility

condition, then the snapshot problem (SP) with the snapshot data

{f0, f1, f2} has a unique solution.

In addition, M0 is given explicitly by

M0 := max


√

2πm(t1/π)

t1
,

√
2πm(t2/π)

t2

 .

where m(tj/π) is the Markov constant of tj/π, (j = 1.2).

The above M0 seems to be optimal for the following reason.

Suppose that t1/π is a badly approximable number. Then there exists

c > 0 such that ∣∣∣∣ t1π − p

q

∣∣∣∣ ≥ c

q2
,

for all rationals p/q. The Markov constant m(t1/π) gives the upper

bound of such c . More precisely, we have the following.
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For any ε > 0, we have ∣∣∣∣ t1π − p

q

∣∣∣∣ ≥ m(t1/π)− ε

q2
,

except for finitely many rationals p/q.

In fact, the above inequality gives the key estimate

| sinλM(l)t1 |+ | sinλM(l)t2 |

≥ 2

3π
× t21 (M

2
0 −M2)

(2l + n − 1 + 2M0)t1 +
π
2

, for l ≥ l0.

If m(tj/π), (j = 1, 2) are small or tj/π, (j = 1, 2) are large, then M0

becomes small. In such a case, we can observe the motion of only a light

particle.
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Remark on a 2-snapshot problem

In our snapshot problem

(SP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

t u(t, x), (t, x) ∈ R× Sn,
u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2,

we give three functions f0, f1 and f2 at three different times t = 0, t1 and

t2 in order to get a unique solution. In fact, fot almost all t1, t2 (unless

t1/t2 is a Liouville number), we get a unique solution.

But in the case when M = 0, it makes sense to consider the following

2-snapshot problem.

(SP2)

{ (
∆Sn −

(
n−1
2

)2 )
u(t, x) = ∂2

t u(t, x), (t, x) ∈ R× Sn,
u|t=0 = f0, u|t=α = fα.

We call the above equation the shifted wave equation on Sn.

37 / 39



Remark on a 2-snapshot problem

In our snapshot problem

(SP)

{ (
∆Sn −

(
n−1
2

)2 −M2
)
u(x , t) = ∂2

t u(t, x), (t, x) ∈ R× Sn,
u|t=0 = f0, u|t=t1 = f1, u|t=t2 = f2,

we give three functions f0, f1 and f2 at three different times t = 0, t1 and

t2 in order to get a unique solution. In fact, fot almost all t1, t2 (unless

t1/t2 is a Liouville number), we get a unique solution.

But in the case when M = 0, it makes sense to consider the following

2-snapshot problem.

(SP2)

{ (
∆Sn −

(
n−1
2

)2 )
u(t, x) = ∂2

t u(t, x), (t, x) ∈ R× Sn,
u|t=0 = f0, u|t=α = fα.

We call the above equation the shifted wave equation on Sn.
37 / 39



In the above (SP2), we give two functions f0 and fα at two different

times t = 0 and t = α.

For simplicity, let us consider the case n is odd. Then we have the

following.

Theorem (Christensen-Gonzalez-K-Wang, Adv. Math., (2024))

The 2-snapshot problem (SP2) with the snapshot data {f0, fα} has a
unique solution if and only if α/π is irrational and not a Liouville number.

In particular, for almost all α, (SP2) has a unique solution.
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