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Introduction

KdV type eq. (FKdV) diu+ 8, f(u) — 8 DZu =0, (t,x) ER xR J

® u = u(t,x) : real-valued unknown function

® 1<0<2 D?:=F1¢°F=(-82)°/2 (F: the Fourier transform)
o =2 - KdV equation, o =1 ‘- Benjamin-Ono equation

Aim of this study

To observe phenomena of travelling wave solutions to (fKdV)
with nonlinearities f(u) = u? + u?, wherep, g € N, 2 < p < g < oo.
Especially, to classify of the phenomena by the parity of indices p and q.

Example ¢ =2, p =2, ¢ =3 - the Gardner equation
(deduced by Miura-Gardner—Kruskal (1968))
Remark We can also consider nonlinearities of the form f(u) = —uP + u9.
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Introduction

(fKdV) Osu + 8z (uP + u?) — 9, DJu =0 J

Notation H?/2: L2-based Sobolev space

Assumption (solvability of (fKdV))
Vuo € H°/2, 3T = T(||uol|go/2) > 0, INu(t) € C([0,T), Ho/?)

with conserved energy E and mass M,

1 1 1
E(’U) = EllD;/zv“i2 - m/R'DP*—l dx — m Avq+1 diB,

1
M(©) = |loll3:

4
Remark This assumption is satisfied if 3 < o < 2. (Shown by Molinet-Tanaka (2025))
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Introduction

(fKdV) Bsu + 8, f(u) — 8, D%u = 0 ]

Travelling wave solution u(t,z) = ¢(x — ct) (¢ > 0: wave speed)
The function ¢ € H?/2 solves the following stationary problems:

(SP) D’¢p+cop—f(¢) =0, z€R J

The action S¢(v) = E(v) + cM(v)
1 8 1
where B(v) = _||Dg/ ]2, - / F(u)de, F(s)= / F(&)ds'. M) = [0l
R 0
We can see that S, € C2(H°/2,R), S’(v) = DZv + cv — f(v)

Definition ¢ € H°/?2isa ground state of (SP)
<= S.(¢) = inf{S.(v) : v € H°/?\ {0}, v is a solution to (SP).}

Question 1 The existence of ground states to (SP).
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Introduction

(fKdV) Bsu + 8, f(u) — 8, D%u = 0 ]

Stability and instability --- Orbital stability

Definition
® U(¢)={veH?: inf [lu — ¢(- = Y)llm-» <7} dE€HTZ r>0
Yy
@ A travelling wave ¢(x — et) is (orbitally) stable
<= Ve >0 36 > 0s.t

if up € Us(), then the solution u(t) € C([0,00), H?/?) to (fKdV)
exists globally in time and satisfies u(t) € U.(¢) for all £ > 0.

@ A travelling wave ¢p(x — ct) is unstable :<=> not stable in above sense.

Question 2 When travelling waves to (fKdV) are stable or unstable?
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(fKdV) Bsu + 8, f(u) — 8, D%u = 0

(fKdV) with single power nonlinearities f(u) =u?P, p€N, p > 2.

@ Stationary problem with single power nonlinearity
DIy + e — 9P =0
have a unique positive, even ground state . for each ¢ > 0.
(Weinstein (1987), Amick-Toland (1991), Frank-Lenzmann (2013))

® Due to the abstract theory by Bona-Souganidis-Strauss (1987),
p < 20 +1 = The travelling wave 9.(x — ct) is stable for all ¢ > 0.
p > 20 +1 = The travelling wave 9.(x — ct) is unstable for all ¢ > 0.

® Foro=2andp=20+1=25 (L3-critical KdV eq.)
The travelling wave ¥.(x — ct) is unstable for all ¢ > 0.  (Martel-Merle, 2001)
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Previous results in this study

(fKdV) Biu + 85 f(u) — 8xD%u = 0
(SP) D¢+ cop— f(¢) =0

(fKdV) with double power nonlinearities (our problems)

fw)=uP+u? (pgeN, 2<p<qg< o0

Considering non-odd nonlinearities, the existence of travelling waves to (fKdV)
varies by the parity of indices p and q.

Existence of nontrivial solutions to (SP) (K., 2024, to appear)

q p Even Odd

. : 3 Positive, even solution
3 Positive, even solution ) i
Even 3 Negative, even solution

?# Negative solution ,
fo=1 ¢c¢K1

3 Positive, even ground state 3 Positive, even ground state

Odd
3 Negative, even solution 3 Negative, even ground state
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Previous results in this study

(fKdV) Biu + 85 f(u) — 8xD%u = 0
(SP) D¢+ cop— f(¢) =0

(fKdV) with double power nonlinearities (our problems)

fu)=uP+u? (pgeN, 2<p<qg< )

Stability of travelling wave solutions (K., to appear)

Assume q is odd, and let ¢, be a positive, even ground state to (SP) for ¢ > 0.
() p<20+1 = Atravelling wave ¢.(x — ct) is stable for ¢ < 1.
Example: (p,q) = (2,3) - the Gardner eq.,
o=2 (p,q) = (3,5) - qis L3-critical.
and more...
(2) g <20 +1 = Atravelling wave ¢.(x — ct) is stable for ¢ > 1.
Example: 1 <o <2, (p,q) = (2,3) - the only case for (2)
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(fKdV) Biu + 85 f(u) — 8xD%u = 0
(SP) D¢+ co— f(¢) =0

Theorem (K., preprint)

Assume q is odd, and let ¢, be a positive, even ground state to (SP) for ¢ > 0.

(1) 204+1<p<qg = Atravelling wave ¢.(x — ct) is unstable for all ¢ > 0.
Example: o = 2, (p,q) = (5,7) : p is L2-critical.

(2) p<20+1<q = Atravelling wave ¢.(x — et) is unstable for ¢ > 1.
Example: 1< o0 <2 p=3, ¢qg:odd

Remark We can also obtain the classification of unstable travelling waves for (fKdV)
with f(u) = —uP 4+ u9.
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Outline of proof

Sufficient condition ¢, : a ground state of (SP)

Proposition 1

Put ¢>2(w) = A%qsc()\a:). (L2-norm invariant scaling)

If 82S5(¢2)|a=1 < 0, then a travelling wave ¢.(x — ct) is unstable.

With some identities of ¢,
Idellfst: _ga+1 (@—1{a—(20+1)}

lpellstE, “p+1 (p—1)(20 +1—p)

(%)

02S.(¢d)|r=1 < 0 <=

® 20+1<p<q = (%) holdsforallec>0.

® p<20+1<q = (%) holds for ¢ > 1 by approximation.
Lemma 1
¢ : a positive ground state to (SP) for ¢ > 0, $c(m) = c_ﬁqbc(c_%m)
= ¢o — P1,4in H°/2 as ¢ — +o0,
where 1y 4 is the unique positive ground state of DZ + ¢ — 99 = 0.
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Outline of proof — Proposition 1

Hereafter, we assume 8% Sc(¢))|a=1 < 0.

Strategy of proof

@ Construct a Lyapunov type functional J 4 (v) which is bounded in a neighborhood
of a ground state ¢

@ Under the contradiction assumption that a travelling wave ¢.(x — ct) is stable,
find a solution u(t) to (fKdV) that makes |J 4 (u(t))| diverges as t — +o0.

® The proof relies on the variational properties of ground states.
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Outline of proof — Proposition 1

Lyapunov type functional

Ja(v) = /Rv(az 4 2(0)®a(@)de. v E UL, (¢o) A>1

1 x
o Ape= do+a0ude (= nhor) B(@) = [ Adely)dy
® pcCP(R), pa(xz)=p(x/A): acutoff function, @ s(x) = ®(x)pa(x)

® ¢ >0, 2:U.(¢:) — R: C?mapping s.t.

Z(¢e) =0, (v(-+ 2(v)), 0x¢c)L2 = 0, and other properties
(Modulation theory, cf. Bona-Souganidis-Strauss)

= |Ja(v)| < CAY2 for v € U, (¢.)
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Outline of proof — Proposition 1

Time derivative of Ja(u(t))

% a(u(t)) = —(Sc(u(t), 0a(w(t)m-or2,m0r

0a(v) = 0:PA(- — 2(v)) + Fa(v)8:2' (v), Fa(v) = — /Rv(:v)aw@A(w —2(v)) dz

Lemma 2
Put Pa(v) = (S.(v),04(v)) gr—o/2 pros2.
Then, 3Ap > 1, Jup > 0, Jgg € (0,e1] st Sc(de) < Se(v) + wpo|Pa, (V)|

for all v € Ug, (¢c).
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Outline of proof — Proposition 1

Key to the proof of Lemma 2

@ Variational characterization of ground states
¢ : a ground state to (SP)
> Sc(¢c) = inf{Sc(v) : v € H?/?\ {0}, K.(v) = 0}
where K.(v) = (S/(v), V) g—o/2,go/2 - the Nehari Functional
@ Properties of A¢.
(s Adc)r2 =0, (SV(Pe)APcs Ade) H—or2,p1o/2 < 0
® Convergence of 04 (¢dc)
04(¢c) = Ag. in H/? as A — +oco.
Here,
Oa(6e) = 0uBa+ Fa($)0:7 (9. Fa(d) = = [ 6:(@)0:8a(2) de
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Outline of proof — Proposition 1

Proof of Proposition 1

Suppose that a travelling wave ¢.(x — ct) is stable.

L Sé(d)c) =0, 8§Sc(¢2)|>\=1 <0 = du; >0st Sc(d)i_”l) < Sc(d’c)

® By contradiction assumption,
Jul=H1(t) € C([0, 00), H/?) with ul=#1(0) = ¢l —H1,
ul=Hi(t) € U., () forallt > 0.

® By lLemma 2 and the conservation laws,
01 = Sc(@e) — Sc(¢, ™) < polPao (u' ™ (1)),

d 5
ie. |—=Ja,(ulTHF(t))| > 2 >0
dt Ko

=, 1i+m | Ja, (u*~#1(t))| = 400, which contradicts the boundedness of Ja, in Ug, (¢c).
—+o00
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Summary and Future works

Summary

@ We observe conditions where a travelling waves to (fKdV) with f(u) = u? + u?
becomes unstable.

® The proof relies on the variational properties of ground states to (SP).

Future works
® Determine whether “nontrivial solutions” to (SP) is a ground state or not.
® Analyze the stability of a travelling wave constructed with an excited state of (SP).

® Observe (fKdV) with f(u) = FuP — u?.
(The existence of ground states is difficult.)

Thank you for your attention!
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