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Proposition 1. m > n 0 E[M,, | F,] = M,.

Proposition 2 (00000000 ([1]12.1)). D00 m>n0000, X,,
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E[(Myy — My)*] = E[M;] — E[M;] (1)



Proof.

E[(M,, — M,))?] = E[M2, — 2M,,M,, + M2
E[M2) — 2E[M, E[M,, | F,)])] + E[M?]
E

(M) - E[M]

O

Proposition 3 (([1]9.7, 14.6(b))). v 00000000 (M) 00000
000 ¢¥(M,) O submartingale, 0 O

oo E[w(Mn+1)] 2 E[w(Mn)}
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(X,Y) := E[XY]

o0o0000oOoDOOo0oDoOoDOoOooOOg, 00 Hirbelt OODODOODOOO
oo.
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K := lim E[M?] = sup E[M?] < occ.
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Proposition 4 (([1]12.1)). L200000000000 L20000.

Proof. m >n 000000000 (Proposition 2) D0000 n— o000
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Proof of Proposition. n 0 fixO0OOOO. F/, 000000 YOOo4oooo
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(M, Y) = E[MnY] = E[E[MyY | Fol| = E[Y E[My, | Fu]] = E[M,Y]
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E[MyY] = (My,Y)= lim (M, Y) = E[M,Y].
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P( sup |My —My|>a) < —SE[|M,— M,
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P(limsup |My, — My,| >a) = lim P(sup |My — M,| > a)
n n<k n n<k
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= limlim P(lim sup |M — M,|> a)
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3.1 00000000000

M?2 0 submartingel 00000 2200000 Jensen 000000000
0000000, |M,| O submartingel 0 000000000 |2|00000
Jensen 00 000000000D0. 000000 EM2]0 E[|M,]0D0DO
oo0o0oooo0oooooooOoooo.

[?000000 EM2)00000000 (00)000 maritingaleM,, O
00 (L»000000000,0000000000000000000D
oo
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00000000 (Proposition 2) 00000000000 lemmaO00O.

Lemma l. 00O m>n0 K>00000
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L1+ K23 E[(M,, — M,)? : M < K] < B[(M)] — ER(M,)

M := sup | M,,|.

Proof. OO DOODOO
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E[yp(Mp)]

> BR(M,)] + Bl (My)(My — M) + = inf 4"(2)E[(My, — My)? < 5

gobobooboobooobgon

2 |zI<K
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E[(Mp)] = Elp(M,)] >
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Lemma 2. P(M =c0) =0

Proof.

P(M > a) = P( lim sup |My| > a)
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= lim P(sup |Mg| > a) < — lim E[|Mg]]
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Proof. E(M,,)]000000000000000000 lim E[p(M,,)] =:
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Theorem 1 (([1]14.1)). M, 0 L'0000O.

Proof. 000000000000 DOOODO. MO M, 0O M., O M, O
['0000000.00 (000000000)0000000000000
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E[M,Y] = lim E[M,, Y] = E[M,Y]= lim E[M, Y]=E[M. Y]
k—o0 k k— 00 k 0

Mo O MO Foo=0(U,F) 0000000 My = ML, O
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1
P( sup |My — M,|>a) < —E[|M,, — M,|]
n<k<m |al

oo000oO0 L‘ooooo
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P(limsup |My, — M| > a) = limlim P(im sup |M; — M,|>a) < —
n n<k n m m n<k<m |a|

e O0OOOOO

P(lim sup |My, — M,,| # 0) = 0.
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Theorem 2 (Dunford-Pettis). (Xx)xea O (Q,F,P) 0000000000
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3.6 submartingale

X, O submartingale DO 0. OOOO
AAy = E[X, | Fact]l = Xpo1, Api=Y AAy, M, =X, —Xo— A,
k=1

0000 Ap O F-0000000000. 00
E[M, — Mp_y | Fp_1] = E[Xp — X1 — AAy | Fuet] = E[Xy | Fuoit] = Xnoy — A4, =0

ogoooo M,0000000D000O0.
X, 0000000000000000 L'00o00o0oooon

0 < E[A,] = E[M,] + E[A,] = E[X,)] — E[X] < 2sup E[|X,,|] < 00
n
000000000000

0 < Ef[supA4,]=FE[lim A,] <2supE[|X,]] < co.

n—oo

000 4,000000000,0000M,=X,—-Xo—A,000000
0O00.000000000 L'000,0000000.

000 4,0000000000,00000 (00000000000
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0000 Ef(M_,)] 00000 (Proposition 3)0 000000000
ogbOoOoboOobooobooo.

000000 “0”’000000000000D0000obooooooon,
(M_p)nen000D00DO (Proposition 10) 00000000000 Lemma 3
oboooobooooobo,0boooboobooog.
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E[MuY] = lim E[M,Y] = E[M,Y]

0o
My = E[My | F_s].
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4.1 0O0OO0OO0OO0OO0OO0OOOO

obooooOoboooobobooobooboooobobooobooono
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Proposition 6 (0000000000 ([114.6)). ¢ >0, 0000000
g:[0,00) = ROOODO

1
P(igE‘Mﬂza)S@

00000000 MarkovOQOOOQO
googd.

Markov 00000 g(x) =22000000 Chebyshev 00000000
00 g(z)=2?200000000000000 Kormogorov’s inequality 0
O0000000. 00 |M|0O0D000O0 submartingale, g(x) =2 000
000 Doob’s submartingale inequality 0 0 0 O O .

MarkovO OOODODODOOO0O gz) = 2”(p > 1) 0 g(x) = %0 > 0) O
O000000000000.00y¢g(x)=2,000000

Elg(|My]) : sup [M| > a
k<n

uoooboooooobooogn

1
P(sup |[My| > a) < —E[|M,|” : sup |Mg| > a]
k<n af k<n

googoog:

Proposition 7 (Doob’s L? inequality([1]14.11)). p > p >10

2

o
Efsup | Mil"] < (p) M,
k<n p—p

Proof. p>p0 FubiniDOOOODOOOODOOOODO

E[sup | My |] E[/ PaP Lsup, .., |My|>a} da]
k<n 0 -

= / pa? ' P(sup |[My| > a) da
0 k<n
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e 1
/ pa?~' — E[|M,|" : sup |[My| > a] da
0 aP k<n

pE[IMnI’)/0 S VN YAPH )

—L B[ M, |° sup | M [P~
b—p k<n

L+4=10000 Holder00DO0OO
Elsup |[MyP] < —L—E[|M,|**]3 E[sup [My|P®—#)]
k<n p—0p k<n
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4.2 00000

Proposition 8. 00 200000

1. L'0000 lim  sup sup/ |X\|dP = 0.
e=0 4:p(A)<e xeA J A

2. lim sup/ |X\|dP =0
K—ooxeA J| x5 |>K

Proof.

KP(X\>K)< [ |X)|dP < BIX| < sup BIX,|.
|XA‘>K AEA
Loooooooooooonno Ko
1
sup P(|Xy| > K) < —sup E|X,| < e
A€A K ea

oo

lim sup/ |X)\|dP < sup sup/ | X x| dP
K—ooxeA J X \|>K A:P(A)<e A€AJ A

ugbo1=2000.
000 KODOOO

/\XA|dP§KP(A)+/ X[ dP
A [XA|>K
go

sup sup/ |X)\|dP§K5—|—Sup/ | X\ dP
A:P(A)<e AeA J A XeA J|Xy|> K

goo

lim sup sup [ |X,|dP < sup/ | X\ dP
=0 4.p(A)<e AeA J A AeA S| X\ |>K

gboob2=1000.
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10000000000 bbooboobobooboobbooboon
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00000000000000000LYY000000.

Proposition 9. p> 10000
L'00 «00000 «Lr00
Proof. 000000 100000000. 00000 HélderOOOOODO

ElIXal1a] < E[X\/I7E[; )7
= E[IX\|"]7P(A)'"%

< P(A)'" % sup E[|[Xy|’]".
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D= D=

obooooobooooooon

Proposition 10 (([1]13.4)). E[|X|] < co 0000 (E[X | G)gOOODO
RN

Proof. 000 M, KOOOO

N

Ellqyexig>y|EIX 1G]] < E

E[E

E[|I X1 x>k}

E[|X|> M]+ MP(|E[X | G]| > K)

Lexg>xyE[X] | 6]

[ X1 exi0)>k73 | 9]

IN

E{X| > M] + 22 B[X]]
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Proposition 11. (X )xea 0000000000 N eANDODOODO Y] <
IXA|O00 A€eADODOOO (Yy)yvex D000DO.

Proof. 000 100000000.(2000000000000OOOO) O
00000 (Dooonooooooooooo.

Theorem 3 (([1]13.7)). 00000000000 X, 00000000 L
oooo.
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Proof. 00 XODOOOOODODOUODOO FatuOO O QOQ
B[ X[ = Efliminf | X,,] < liminf B[ X,

0,00000000 ['00000000,000000 X0O000.00
0Y,=X,-X000000.

00Yy,00000000000.

000 K,e0O000O

lim E[|Y,]] < lim (supE[|Ym| Y| > K]+ KP(|Y,] > ¢) +5)

n—oo n—oo

= supE[|Yy]:|Ym| > K] +¢
m
oob. K,eOOOUODOOODOOOooOOoO

lim E[|Y,|] = 0.

n—oo
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